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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Seduta del 13 marzo i ÿ j 6  
Presiede i l  Presidente della Classe B e n ia m in o  S e g r e

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Matematica. —  On cohomology with bounds on complex spaces 
Nota di P a t r i c k  W. D a r k o ,  presentataw dal Corrisp. E. M a r t i n e l l i .

R iassunto. — In [3; Teorema 2] R. Narasimhan ha stabilito un teorema di isomorfi
smo di tipo Leray, in presenza di limitazioni date da una crescita polinomiale. In questa Nota 
si stabilisce un teorema che generalizza quello accennato, basando su uno schizzo di dimostra
zione dato da Narasimhan nel caso da lui considerato.

i .  H o lo m orph ic  S e c t io n s  w it h  G ro w th

Let O be an open subset of some Cn and <p a plurisubharmonic function 
on Cl with the property that there are constants Kx >  o, K2 >  o, K3 >  1, 
K4 >  o such that z e  Cl and | z — E, | <  exp (— Kx 9 (z) — K2) imply £ e D 
and exp 9 (Ç) <  Kâ 9 (z) -J- K4. The pair (Q , 9) is then said to satisfy the 
condition (H). For a bounded O in Cn this condition is almost equivalent 
to that given in [2], and Cl is then a domain of holomorphy.

Suppose Q is bounded and the pair ( t i , 9) satisfies the condition 
(H) , 0 is the structure sheaf of Cn and p  >  o an integer. A section 
f =  CA,- - - ,fp) e  V (Cl , GP) is said to be of 9-growth if there are constants 
c >  o, , p >  o such that

I / 0 ) I =  l/i 0 ) 1+  • • • + 1 fv  10 ) ^  ‘ exP (p? (?))

for all zeC l. We then denote all sections of CP over Cl of 9-growth by
r v (Q,0*).

For the definition of 9-growth for coherent analytic sheaves we require 
the closure of £i to have a fundamental system of neighbourhoods each of

(*) Nella seduta del 13 marzo 1976.
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which is a domain of holomorphy. If F is a coherent analytic sheaf on a 
neighbourhood of £2, the by Cartan’s Theorem A there is an exact sequence

CP -A_* F -> o

of 0-homomorphisms in a neighbourhood of Q, where p  >  0 is some integer, 
and / e  F (£2 , F) is of 9-growth if f e  r 9 (£2 , F) — x r cp(ü  , CP)), It is shown 
in [1] that 9-growth for coherent analytic sheaves as given here is well defined.

Let (X , x0 ) be a complex space and Y a relatively compact open subset 
of X. Y is said to be 9-admissible in X, if there exist a bounded open set £2 
in some Cn and a function 9 on £2 so that (i) the pair (£2 , 9) satisfies the con
dition (H), (ii) £2 has a fundamental system of neighbourhoods which are 
domains of holomorphy and (iii) there is a neighbourhood Y' of Y in X and 
a closed imbedding 7) of Y' in a neighbourhood £2' of £2 such that y)-1 (£2) — Y. 
If F is a coherent analytic sheaf on X and y).* (F) is the oth direct image on 
£2' we define (Y , F), sections of F on Y of 9-growth by

r„ (Y , F) =  { f e  T (Y , F) : 7)* ( / )  e T, (£2 , ^  (F))}.

2. Cohomology with Bounds

In the preceeding, 9 was a single function on some open set £2. In this 
section it is a collection of functions 9 =  {9<}<ei> where I is some index set, 
there is an open bounded subset £2j of some Cn* such that the pair (£2* , 9*) 
satisfies the condition (H) and 9 $ > o o n  £2$. By a 9-admissible open cove
ring { U ^ g i of a complex space ( X ,x0 ) we mean an open covering of X 
such that for each i , is 9 -admissible in X.

Note that if {UJ*ei is a 9-admissible open covering of X and 
U ^ fy U ^ n  • n U ^  is a finite intersection of open sets of the covering, 
then there are p  functions 9 such that U ^ n U ^ n  •** f iU ^  is 
9^ ...^-admissible in X. Let ŷ  be the imbedding of a neighbourhood of 
U* into a neighbourhood of the closure of ŷ  (U*) in some CnL Then, for 
instance, in the case of the intersection of two open sets there
is a holomorphic map hlf2 of a neighbourhood of Y)̂  (U*x rvU i2) into a 
neighbourhood of yj*2 (U^ n  U*2) such that y)Ì2 =  klf2° y and a holomorphic 
map h2il of a neighbourhood of r\Ì2 (U^ D U*2) into a neighbourhood 
of rjh (U»J n u <2) such that 7]fl =  On i)(,(U ( ln U f|) let <p,-1>i2 be
defined by <pil>i2 (z) =  max (cp̂  (z) , <ph (zj) and on yj<2 (U^ n U <2) let

0 0  =  max («Pii ( V  0 0 ) , 9 i2 0 0 )- Then, the pairs (U ^ n U jJ , 9<1>i2),
(■»]i2 (U * in U i2), <pi2>il) satisfy the condition (H), and U ^ n U j , is both 
9ii,inadmissible and 9^,^-admissible in X.

If 9^...^  , are two of the p  functions derived as above such that
U « = U ^ n  ••• n U ^ «  =  ( i i v , î p )  is both 9^,..., ̂ -admissible and 9^,...,^-
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admissible in X, then it is easy to see that

r . , , ..... ,, (U . F> =   (U . F) for any

coherent analytic sheaf F on X. We shall therefore write (Ua , F) for each 
one of the r 9ii> ^ (Ua , F).

Now let (X , x0) be a (paracompact) complex space and F a coherent 
analytic sheaf on X. Let dl =  {U*}*ei be a locally finite open 9-admissible 
covering of X for some 9 =  As in [3] we define the bounded (alter
nate) ^-cochains of °U with values in F as those Cochains

c =  C«)6 c s ( ^ , F) =  i x  r  (uœ, F ) ,
a€l?+1

U a =  U^0 n  * * • n  , a =  (i0 , • • •, iq), which are alternate and satisfy

Tcp (Ua , F) for all ae  l q+1.

We denote by C% (fU , F) the space of bounded cochains. The coboundary 
operator

maps C* (4 f , F) into C*+1 (<# , F). If Z% («f, F) =  {ce C% (<&, F) : Sc =  0} 
(Ql, F), then as usual B  ̂ (fll , F) Ç Z% {fit , F), and we define 

Hç (fil , F) =; Z% (fll , F )/B | (<%l , F), and call it the bounded cohomology of 
with values in F. We then have the following

Theorem . Let ¥  be a coherent analytic sheaf on a complex Space X and 
let °U be a locally-finite open 9-admissible covering of X. Thenffor any q >  o, 
the natural map

H® (^  , F) -> H'7 (X , F)

is an isomorphism.

3. Proof of the Theorem

Since, that ( f l , F) H° (X , F) is an isomorphism is clear, we prove 
the theorem for the case q >  1.

We shall need the following

Lemma [i ; Theorem 2.1]. Let (X , x0) be a complex space and Y a 9-ad
missible subset {where 9 is a single function) i Let Gr and G2 be two coherent 
analytic sheaves on X and X:G1 ->G 2 a surjective x0 -homomorphism. Then 
the induced map

r , (y , go - * r<p(Y,G2) is surjective.
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Let g =  (Uao , u ai , • • •, U Ujé) be in the nerve of °li and U io G ° ïl, 
U i;L€ ^  , • • -, U ^ e  °U with ] er I n  U^0 n  n  • *-Ui 9^9. There is a holomo-r 
phic map hav of a neighbourhood of 73̂  (Uao n  U av) into a neighbourhood of 
Y]av (Ua0 O U«v) such that Y]av =  ^ o7ja() i <  v <  and a holomorphich map hix 
of a neighbourhood of Y]ao (Uao fi U*x) into a neighbourhood of 73-*'x (Uao n  U*A) 
such that Y]ix =  , o <  À <  . Let

9 a 1 ,a2 , - • • , a £ , î 0 - • =  m a X  ( 9 a 0>9 a i ° ^ a 1 >* * *, 9 a ^ ° ^ a ^  > 9 i o ° ^ 0  >* * *>

On 73(x0 (I CT I n U io n • • • n u^). Then the pair

(^0 (IG I o  U i0 n  * * • n  u , ; , 9ax>- • • ,<*£ko>* ••

satisfies the condition (H). If Y)ao* (F) is the oth direct image we write

r 9 (7)ao ( M n u i0n • • • n u <f) , 73 ao*(F))
for

L«1(.• • • ■ • ,i,(%, (10  I n u io n v h n • • • n uiç) , >]«„* (F)

and set

(I o | n u i0n • • • n u i?, F) =  { / e  r ( I a  |n u ion • • • n u i?, F) : ( / ) e

■ ' e L  (rJ«0 (k lnU{on • ■ • n u iÿ) , y]«0* (F))}.

Let

*/M  = (M  n U : U e «} , c* Wl <T I, F/l a I) =
= .{* = fo)e C« Wl (7 I, F/| a !) : r„ (| a | nUp0n • • • nUp?, F)

for èach

ß =  (ßo,ßi,---,ß,)},Bg (ßl\ <7 I, F/| o I) =

=  s c r 1 W l er I , F/l a I) , Z| (4T/I (7 I, F/l C7 I ) =

=  CJ («r/ I or I, F/l <7 I) : 8c =  0}

and

H* m  a I, F/l a |) =  Z| (<8f/| a | , F/| <r |)/B| (*/| a | , F/| cr |) 

for ç > i .
Now, because °U is a locally finite covering and the closure of | g | is com

pact °U\I g  I is a finite covering of | g | ; %j\  g ] — {| g  | o U x ,* • • , | g |n U J ,  
say. Let

tq«o (k I) = v » W  (F) = F' > u- =. 7)a# (I (71 n Ui), I < i < i
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and

Set

Cl (« ' , F'/V) =  {c =  (c3) C« (* ' , F'/V) : cß e r v (U^ n - n U ^ . F ' )

for each

ß =  (ßo , • • •, ßs)} , B | (<T, F'/V) =  s c r 1 (« ' F '/V ), Z% (<T F'/V) =

=  R e  C% (<T, F'/V) : Sc =  0}

and

H« ( « ' , F'/V) =  Z* (« ' , F'/V)/B| (U', F'/V) for q >  i.

As in Leray’s Theorem to prove the above theorem it is enough to show 
that (^ /| <7 I , F/j cr |) =  o for all nerves cr of ^  when q >  i. And because 
of the imbedding, to prove that (^ /| or | , F/] a |) =  o for a particular 
a — (Uao, • • •, U a,) it is enough to prove that (%', F'/V) =  o.

Since V is a domain of holomorphy and its closure has a fundamental 
system of neighbourhoods each of which is a domain of holomorphy, there 
is a terminating chain of syzygies

tj) o -> 0Vr tF' - 1 . .  .(f*  F' -> o

in a neighbourhood of the closure of V, where 6 is the structure sheaf of Cfa° 
and r  is a natural number:

To prove that ( ^ ' , F'/V) =  o we use induction on the length r  of the 
terminating chain of syzygies. When r  — o the exact sequence (i) reduces to

(2) o F ' - ^ o ;

thus, in this case we need only show that ( # ' ,  (ffV)  =  o for q >  1 , p  >  1. 
This is done by induction on p . When p  =  1, that (# ' , 0 /V) =  o is simple 
to demonstrate because of the finiteness of the covering of V. When p  >  1 
from the exact sequence of sheaves

o -> 0  -*  ov -*  (p- 1 -> o 

we get for each ß =  (ß0 , • • *, ß̂ ) an exact sequence

(3) ; o - ^ r 9 ( u ; , 0 ) ^ r 9 ( ^

having used the lemma in the exactness of (3) and where

Ug = Up0n ••• nUß?.
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From (3) we get the exact sequence

(4) 0 -  CJ e*', 0/V). -  C£ («', 0 P/V) c* («  , t f^ /V )  -  o .

And from (4) we get a long exact sequence of bounded cohomology groups

(5) . . .  U% c r , 0/V) -* H* ( <  0P/V) -> H‘ (« ', f l^ /V )  ->

-> H^+1 (<T, 0/V) -

(<T, 0/V) .= H ‘+1 («', 0/V) =  o, hence

H* («', 6PM  ^  H* (<T, (P^/V);

thus by induction

H* ( « ' ,  (PVM  =  0  for q >  I , p  >  I .

To conclude the proof of (<?/', F/V) =  o for all q >  1 assume that
G) == o for all ÿ >  1 when G is a coherent analytic sheaf on V which 

has a terminating chain of syzygies of lenght < r  — 1. The exact sequence 
(1) can be reduced to the two shorter exact sequences

(6) o  >■ 0Vl R —> o ,

o -> R -> @Po F'-> o ,

where R is the kernel ofqxg. By the induction hypothesis H | (%', R/V) =  o 
for all q >  1. From the short exact sequence in (6), using the lemma again, 
we get a long sequence of bounded cohomology groups

(7) • • •. HJ(<r, 0Po/V) — H* (<r, F'/V) -* H«+1 (-r, R/V) • • •

Sincte, also H%(*%’, <PPo/V) =  o for all q >  I, we get that H%(ß’, F'/V) =  o
for all q >  i. Q.E.D.

The author wishes to thank Prof. R. Narasimhan from whose comments 
he got the idea of the proof.
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