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Analisi funzionale.—■ Absolutely A — p  summing operators. Nota 
di B. E. R hoades, presentata dal Socio G. S a nso ne .

R iassunto. — L’Autore definisce alcune classi di operatori A —p sommabili e ne 
prova alcune proprietà.

D e fin it io n . Let E and F be normed spaces. An operator T  : E -> F 
will be called an absolutely A — A  summing operator, I <  p  <  oo, if, for each 
finite sequence {xf$ c= E, there exists a constant C >  o such that

/  k /  oo \ P \ V P  /  k /  oo \ P \ V P(0 ( S IE  anj II Txj II ) ) <  c sup ( 2 ( 2 ani I (X) . a ) I I I •\n=l \j=1 / /  ||a||<l \n=l \j=1 J /

where A is a m atrix with nonnegative entries such that the sum on the right 
hand side of (i) is finite. The smallest such constant such that (i) is satisfied 
will be denoted by ha,p (T).

A corresponding definition can be made for a matrix A, which is not 
nonnegative, by replacing each anj in (i) with | anj |.

Proposition i. For each fixed  A, the set of absolutely A —- p  summing 
operators is a normed space under the norm 7tA>3, .

Proof. Let S , T be absolutely A — p  summing operators. Using Min
kowski’s inequality,

(k /  oo \ P \ l f p

S ( S y « , I K s  + T ) * , i i j  J <

(k /  oo \ P \ V P  t  k i  oo \ P \ l f p2 (2«*iis*,ii) + (2 ( S ^ iit^ ii) ^
n=1 \ j  = 1 J ! \n=1 V = 1 / /

(k /  oo \ P \ V P

2 ( 2 anj I [xj » a ) I I I <
n-1 V“ 1 / /

< oo .

Moreover, tza,v (S +  T) <  tca>2? (S) +  nA>p (T).

PROPOSITION 2. For each fixed  A ^  o, every absolutely A — p summing 
operator is bounded, and  || T || <  7uA,p (T).

Proof. Since A ^  o, there exists an integer j  such that anj >  o for some 
integer n. For this choice of j ,  set Xj =  x  , =  o , n ^  / .  Then (1) becomes

(ä  \ i Ip I h \ llp
2  («* II T* ID" ^  *A,P (T) sup I 2  I {* , «) I)* .
n=l / |MI<1 \n-l J

(*) Nella seduta del 14 febbraio 1976.
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which reduces to
/  k \ i Ip  /  £ \ i /î>

Il T x  I! I 2  ali  I <  ’'A,v (T) sup I {* , 0) I I £  avnj ).
W i  /  | |d l< i W i  /

Thus II T x  II <  7UA.P (T) Il * Il ; i.e., || T || <  *a,2? (T).

Proposition  3. I f  ¥  is a Banach space, then the set of absolutely A — p  
summing operators, fo r  each fixed  A, is a Banach space under the norm ha,v (T).

P roposition 4. Let E , F , G be normed linear spaces. 7/  T e B (E , F) 
and S : F -> G is an absolutely A — p  summing operator, then ST is an abso
lutely A  —-p  summing operator and tca,p (ST) <  || T || 7Ua,p (S).

The proofs of Propositions 3 and 4 follow closely the corresponding 
results in [1] and [2], and will therefore be omitted.

00
P roposition 5. Let A  satisfy 2  anj >  $ >  o fo r  each n. Then every

j=i
absolutely A  — p  summing operator is compact.

Proof. Suppose there exists an e >  o and an orthonormal sequence {<en} 
such that II Ten || >  o , n — 1 , 2 ,3  , • • •. Then

£
/  k \  1/2? /  k /  0 0  \ p \ l [ p  I k /  0 0

s q  < s w  < m s
\w=l / W-=l \i=l J  J  \ n = l  \ j = 1

<  ka,p (T) sup ( 2  (  2  anj I [e,, « ) |ì
IMI<1 \n=l \j= n J

œnj II T es [I

1/ 2?

<  OO,

1/ 2?

I <

a contradiction.
Therefore || Ten || o for every orthonormal sequence {en}, and T is 

compact.
In [3] the Author established several results for classes of generali zed- 

Hilber^-Schmidt (GHS) operators. The definition used there is of course not 
unique. Other definitions can be made, which will yield a class of GHS opera
tors satisfying the properties estrablished in [3]. We list here two other such 
defin tions.

Let A satisfy:

(i) A e  B (7 2) ,
OO / OO 00 \ 2

(ii) 2 2 « - I ~  c>0 >k— 1 \  n—1 j - 1 I
(iii) &rik — O for each n and k

Let T e B (Hx , H 2) , separable Hilbert spaces. T is called II GHS if, 
for every orthonormal basis {en} of H j , and a fixed A satisfying conditions (II).

00/ 00 OO \ 2
2 I X ank 2 ani II II I <°° •1 \n=1 j=l /
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Let A satisfy:

(i) A e B (/2) ,
oo /  oo \  2(ni) (Ü) 2 2^-

n=1 \ j=1 /

(iii) anlc >  o for all n and k .

T is called III GHS if, for every orthonormal basis {^} of H j , and a fixed 
A satisfying conditions III,

oo /  oo \ 2

2 1 2  IIV- il ) < ° °  •
n -1 \ j —l !

Proposition 6. Let E , F be Hilbert spaces, T absolutely A — 2 
ming operator. Then T A III GHS.

The proof follows immediately from (i) by setting x$ =  e$ .

Comments i). The definition (i) reduces to [2] when A is the identity 
m atrix.

2) Definition (1) can be replaced by other definitions, and the corre
sponding Propositions 1-6 will remain true. For example, one might re
place (1) with

(2)

or with

(00 t o o  \ 2?\ 1  lv /  00 t o o  \ P \ V p
ank I 2 j  II Il I I C sup ( a ^  I 21 anj | \xj , ^) | j I »

n=1 1 /  /  l|a|J<l\?i=l \;'=l /  /

/  0 0  /  0 0  0 0  \ p \  1 / 2 ? /  0 0  /  0 0  0 0  \ P \ 1 / P

( 21 I 21 IS a n o II ü J I < C  SUp I I 21 2 a n j | [ x j  | I I •
\ k = l  \n=l j =1 / / ||a]|<l U=1 \ji=l j = l  /  J

Using [2] gives a generalization of [i].

Open questions, i) Does definition (i) possess the monotonicity pro
perty? That is, if i <  p  < q <  00 and T is an absolutely A — p  summing 
operator, must T  also be an absolutely A — q summing operator? If so, is 
KA.p (T) >  TZA.q (T) ?

2) Is the converse of Proposition 6 true?
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