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Analisi m atem atica. —  A  Nullstellensatz fo r  analytic ideals of diffe
rentiable functions. Nota di W illiam  A . A d k in s  e Jo h n V. L eah y , 
presentata dal Corrisp. A . A n d r eo t ti.

R i a s s u n t o . — Si dimostra una estensione del teorema degli zeri di Hilbert per un ideale 
di funzioni indefinitamente differenziabili e generato da funzioni analitiche.

i. Introduction

In [1] Bochnak proves that a real ideal of C°° functions which is finitely 
generated by analytic functions is equal to the ideal of all C°° functions which 
vanish on the zeros of the ideal. This theorem is proved by showing that 
if an ideal is real then the regular points of the ideal are M-dense in the sense 
of Malgrange. Then by the M-density theorem of Malgrange the closure of 
the ideal is determined by applying the W hitney spectral theorem only at 
the regular points. The theorem then follows from the reality of the ideal 
and the fact that any ideal of C°° functions which is finitely generated by 
analytic functions is closed.

In this paper we prove that for any ideal of C°° functions which is gene
rated by analytic functions the ideal of C°° functions which vanish on the 
zeros of the ideal is equal to the closure of the real radical of the ideal. This 
theorem has Bochnak’s result as a corollary; however it is proved by a dif
ferent method.

2. Preliminaries

a) Let A  be a commutative ring with identity and 81 an ideal of A. 
Then 81 is a real ideal if whenever a\ +  • • • ' + c?rs  81 , ^ g A  if follows tha t

R
81 for I <  i  <  r. The real radical of 81, denoted by V81, is defined to be 

the intersection of all the real prime ideals of A which contain 81. It is not
R_

difficult to show that f8l =  { a e A : 3>& G N , e A for i < i  < s  with
R _

a2k +  % + • • •  +  a2se 81 } and that 81 is a real ideal if and only if 81 =  V81.
R__

If A is a noetherian ring then it can also be shown that V81 =  
— pj D • • • H ps where { Pi , • * •, ps } consists of the minimal elements of 
the set of all real prime ideals of A containing 81.

The paper by Dubois and Efroymson [2] contains complete proofs of 
all the preceding remarks on real ideals. Also see Galbiati-Tognoli [3].

(*) Nella seduta del 14 febbraio 1976.
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b) If D is any open subset of R71 let (O) denote the R-algebra of 
all real valued C°° functions on D and sd (Q) the R-subalgebra of ê  (O) whose 
elements are the real analytic functions on fi. We give $  (fi) the C°° topology. 
If E is any subset of ê  (fi) and X any subset of fi let V (E) =  { x e  fi : f ( x )  =  o 
V /e E } and Ie (X) =  { f e  E : f ( x )  — o V x e  X}. Moreover, if x0e Q, let E ^  
(respectively X ^) be the germ of E (respectively X) at x0. We also define 
V xq (E^0) =  V (E )^ and I ^ 0 (X^) =  I e (X )^ . Denote the closure of E in 
& (fi) by Ë. Let IFXq denote the R-algebra of formal power series at x0 and

T *o : **o  =  ê  (Q)*o ^  the ta y lor m a P- L et ^ X° (X *o) =  Txo  ( I#*° (X *o)) (“> ^ z o

C) Proposition. I f  fi is an open subset of Rn and  J (->- sd (fi) is an ideaf 
then J - ^ ( f i )  n ^ ( f i )  =  J.

r
Proof. Suppose that f — 2  h % f^  J • ê  (fi) fi sd (fi) where f xe J and

i=1
h ^ e è  (fi) for I <  i <  r. Let e =  e ( / , / i  ,• • - , f r) be the sheaf of ja/-ideals 
generated by / , / i  ,** * ,/r . Consider the sheaf homomorphism 9 : jd r -> c
defined by 9 (gix > * • * >grx) =  gix  * f i x  H------- Vgrx' frx where g ixe sd x for
I < i  < r .  Note that for x e  fi

fx  =  T * /  =  S  (T* A,) (Tjj/i) =  i )  (T , Ai) • A .
£ = 1

r
Since gPx is faithfully flat over sdx we have that f x — ^  gix * where

i—1
for I <  z < r .  Thus 9 is surjective and there is an exact sequence 

of sheaves o sdr -> e —> o where J T =  ker 9. Since c and sdr are
coherent, Cdf is coherent. Hence H 1 (fi , JT) =  o and the map T (D ,<3/r) 
T ( f i , e )  is surjective. Since / e r ( f i , e )  it follows that f e  J. Therefore 
J •«? (O) H j /  (fi) Ç= J and since J J (fi) fi «s/ (fi) is obvious, we are done.

C o r o lla r y . I f  J • ê  (fi) is a real ideal in ê  (fi) then J is a real ideal 
in sd (Q).

Remark . Unfortunately, the converse to the above corollary is false in 
general. For example, it can be shown that the ideal (x8 (x\ +  x%) — xl) •
• sd (R3) (-> sd (R3) is a real ideal in sd (R3), but (x3 (x\ +  x%) — xl) • ê  (R3) 
is not a real ideal in S  (R3).

3. The Nullstellensatz

In [6] Risler proved that if Jx (-> s l x then YJx ( y x (J*)) = ] x if and only 
if ]x is a real ideal. Since sdx is a noetherian ring, our previous remarks on 
the real radical of an ideal in a noetherian ring show that Risler’s theorem 
can be stated as follows.

R __
Theorem (Risler). I f  ]x ^  s t xt then U * (V.(J*)) =  1]x .
We will also need the following theorem of Malgrange [4].
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Theorem (Malgrange). I f  X̂ . is the germ at Rn of a real analytic 
variety, then

I ^ ( X x) - ^ x = l ^ ( X x).

Theorem. I f  Q is an open subset of Rw and  J sé  (O) an ideal of real 
analytic functions on Q, then

R
Î (Q) QJ Q ,g  (Q))) =  yj . g  (Q) g  (Q).

Proof. Since S (Q) (V (J • <$ (Q))) is a closed ideal in S  (Q) which contains
R _______ __

the ideal yj-<?(Q), we have

R
y J • S (Q) s  I^<£2> (V(J • (Q))).

The reverse inclusion will follow from W hitney’s spectral theorem if we show
R __________

that T x (I'r<ß) (V ( J . ^  (£2)))) ç  T x ( f j -^ (O ))  for all * e V ( J - / ( 0 ) ) .  Let * 
be any point in the analytic subset V (J • S  (Q)) =  V (J) of Then we have

1) Is** (V 0 ) * ) - ^ * =  r ^ ( V  (J)*) by Malgrange’s theorem, and

2) 1 h =  I ^ (V * (L ) )  =  I ^ ( V ( J æ)) by Risler’s theorem.

To combine 1) and 2) we need the following.
R R

Lemma ? O' j - # (Q))*.
R__

Proof. Let /^.G i j x . Then there exists <pixe séx for 1 < z  < r  and
k e  N such that f xh +  <pL H------- b J^* Let U be an open neighborhood
of x  in ß  and / ,  9 i , • • *, <pr elements of sé (U) which represent f x , q>lx , • • •, cpw 
on U. Then there exists g1 , • • • ,g s in J and hx , • • •, h8 in sé  (U) (shrink U if

s
necessary) such that f 2jc +  9i +  * * * +  9r == 2  on U. Let (Rn) such

i=l
that (x) =  i in a neighborhood of # and supp 41 — U. Then

+  (? i-^ )2 + — I- («Pr-'p*)2 =  2i=l
R _________

on D and hence ty- feÌJ-é(CX) .  Since ^ = 1  near * it follows that
R,_________

/a-G (f  J a n d  the lemma is proved.
We now have

3) I '*  (V (J-«f (Q))*) =  £  { 1 T s f ß j ) x- ^ x =  T x {1}.g(Q-j)

for all x e  V (J-«f (Q)). Since T* (I*<ß) (V (J - ê  (Q)))) is clearly contained 
in I ^ : ( V ( J . « f  (O))*), we have

T* (I*(Q> (V (J • *  (Û)))) £  T* (yp 7(5j)

for all a;g V ( J ^ ( û )) and the proof of the theorem is complete.
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C o r o l la ry .  Let H (-> £  (£2) be an ideal generated by -finitely many real 
analytic functions. Then l S{Q) (V (H)) =  H i f  and only i f  H is a real ideal 
in £  (£2).

Proof. If I^(fì) (V (H)) — H then H is clearly real. Now suppose that 
H is real. Since H is generated by finitely many real analytic functions H is 
closed [4]. Hence ___

R__ __
l ' !Q) ç y  =  yH =  H =  H .

4. Examples 

There is an ideal J (R2) such that

J -S (R2) 5  y ] . *  (R2) <= y J . g  (R2) c  i j . é  (R2) =  l s‘iR2) (V (J • g  (R2))) .

/  x  od x& \
Example I .  If Ep (x) =  (1 — x) exp y -~  -f — d— • + — j for i g R ,

where p n are chosen large enough so that f ( x )  and

( x \
A  (*). =  X  ■ Ï Ï E J  — 1 converge uniformly on compact sets. Define g  e sé  (R2) 

»=1 \ w /
by g  (x , y)  =  (pd +  y 2) f  (x) and let J =  (g) • sé  (R2) (-^ sé  (R2). Clearly

R
J • ê  (R2) ç  1/J.#(R2). Since f 2 (x , y)  =  x f  (x)e 1} - £(W)  and M  1 J -^ (R )2

____________ R ________
we have f j  -<^(R2) c= f j  (R2). The W hitney spectral theorem gives 
R R
Vj.*(R*) =  (p , / j ) • £  (R2) and it is easy to see that f x $ i ] - £ ( R 2). Hence
R
Vj-<^(R2) ç  y j.« f(R 2).

The following example shows that the theorem is not true for ideals which 
are not generated by real analytic functions.

Example 2. Let J i l f  (-> £  (Rn) be the ideal of all C°° functions on Rw 
which are flat at OG Rw. The W hitney spectral theorem shows that is 
closed, and it follows easily from Leibnitz5 rule that Jt™ is real. Hence

0 =  M l?  but
T # ( R n ) 0°°)) =  ({o}) =  ^

7. RENDICONTI 1976, vol. LX, fase. 2.
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