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Equazioni a derivate parziali. — Nonlinear stability problems 
for a hyperbolic partial differential equation. Nota di A n n a  M a r i a  

M i c h e l e t t i  e F r a n c e s c o  Z i r i l l i ,  presentata (*} dal Socio B . S e g r e .

R iassunto. — In questa Nota preventiva si tratta della stabilità dinamica del pro
blema 0.1, 0.2 (0.3), 0.4, 0.5 rispetto alle condizioni iniziali della soluzione banale e degli 
stati stazionari un (x  , X). Si dànno condizioni necessarie e sufficienti per la stabilità dinamica.

I n tr o d u c tio n

T he equation

(0.0) ^  +  r ^ - A U ~ X U + ( 3U s =  o

has been used to describe the dynam ics of a variety  of problems. I t  can be 
considered the tim e dependent G inzburg-Landau equation in the presence 
of a dissipation term  (T >  o) and in the absence of an  electromagnetic field 
describing a superconductor [7]. M oreover the mechanical model of 0.0 in 
one space dim ension is the following: a series of anharm onic oscillators with 
a common axis. T he axis is fixed in space, the oscillator oscillates in parallel 
planes. Furtherm ore, the oscillators are interconnected by an axial torsion 
spring. T he spring resists the relative ro tation of neighboring oscillators. 
Finally, some friction force is active. W e call this system continuous anhar
monic oscillator.

W e shall consider the linear dynam ic stability of the static states of the 
equation 0.0; m ore precisely;

Let Q C R m be an open bounded connected set with SQ enough regular. 
W e shall study 0.1, 0.2, 0.4, 0.5 (or 0.1, 0.3, 0.4, 0.4):

(0.1) a u  +  r —  - x u  +  ß u 3 =  0 on Û X [ o  +  00),

(0.2) U  =  0 on aO x [0 +  00),

(0 :3)
8U . TT _  +  yU =  O on a ß x [ o  +  00) y >  0

(0.4) U (x , 0) =  F (pc) on 0 ,

CO-5) ^ - ( x , o )  = G(x) on O.

(*) Nella seduta delibi giugno 1975.
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There exists an Ü* arb itrarily  close to Q such th a t problem  0.6, 0.7 
(or 0.6, 0.8).

(0.6) —  Au —  \ u  +  — o on Q*,

on aQ*, 

on aO* y >  o

has infinitely m any  branches starting  from the eigenvalues of the correspon
ding linearized problem. W e call this solution static deflected states un (x , X). 
T he un (x , X) are equilibrium  states and they can be interpreted as excited 
states of the superconductor in the G inzburg-Landau equation framework. 
In  the following we give necessary and sufficient conditions in order to have 
the linear dynam ic stability  w ith respect to the initial data  of the solution 
Mn (x , X) and u  ~  o. Analogous work for the sine Gordon equation (Joseph- 
son junction) is contained in [1 ].

(0.7) u =  o

(°.8) —  +  y^ =  o

§ I . T h e  e l l ip t ic  problem

T he equilibrium  states (static states) are the tim e independent solutions 
U (x ,t)  =  u (x)  of 0.1, 0.2, 0.4, 0.5 (o .i, 0.3, 0.4, 0.5), so th a t they  satisfy 
the nonlinear elliptic problem  1.1, 1.2 (or 1.1, 1.3):

( i- i)  — A u -—* Xz£ +  ß^3 =  o on Q,

(1.2) u =  o on aO,

0 *3) —  4- yU =  o on aO y >  o.

Since problem  1.1, 1.2 (1.1, 1.3) is well known, we m erely sum m arize some 
of its properties.

T h eo rem  i . i .  The first eigenvalue X0 of the the linearized problem corre
sponding to i . i ,  1.2 (or i . i , 1.3) is a bifurcation point fo r  1.1, 1.2 (or 1.1, j . j ) .  
The bifurcation set is a regular branch concave in a suitable left neighborhood 
of X'o cmd no bifurcation w ill occur fo r  X <  X0.

Proof. See reference [2]. Moreover:

T h e o re m  1.2. The branch starting at X0 of the nonlinear problem i . i , 
I »2 ( i . i ,  1 .3) exists m  [Xo , Xc[ and  ||^x|| —̂ ~b cis X —̂ Xc.

Proof. See reference [6].
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Problem  1.4, 1.5 (1.4, 1.6):

(1.4) — L u —  Xu =  o on £2,

(1.5) u — o on a£2,

(1.6) —  +  yu =  o on a£2 y >  o,

where £2 C R m is an open bounded set, m ay in general have m ultiple eigen
values.

In  the study  if the bifurcation problem 1.2, 1.2 (1.1, 1.3) it is very useful 
to have only simple eigenvalues (odd m ultiplicity) [3].

So it is natu ral to ask if there exists a “ little deform ation ” of £2 such 
th a t on the resulting £2* problem  1.4, 1.5 (1.4, 1.6) has only simple eigenvalues.

T h eo r em  1.3. Let £2 C R m be an open bounded set of C3 class. They in 
any z-neighborhood of C3 class there exists an open set £2* such that problem 
J.4, x.5 (1.4, T.6) has only simple eigenvalues \  with eigenfunctions ^ .

Proof. For problem  1.4, 1.5, see [4]. For problem  1.4, 1.6, see [5]. 
Let C3 (Rw) be the Banach space of the continuous three times differen

tiable functions vanishing with the first three derivatives at infinity, equipped 
with the norm

l/lc -  =  sup m ax { | f  (x) | , \ f  ( x ) \ f ' ( x ) \ f "  (x)\) .

DEFINITION. Let Q C R m be an open bounded set of Class C3. W e call 
^-neighborhood of class C3 of £2 the set

W e =  { Q' G Rw I Q' =  (I +  + H Q ) ; ÿ e C 3 (Rm) ; | ^ |c, <  s}

(I : Rm -> Rw is the identity).

THEOREM i .4. Problem 1.1, 1.2, (1.x, 1.3) on the set £2* has infinitely 
?nany bifurcation points Xw , Xn +  00 corresponding to the eigenvalues of 
1-4, 1-5 J *6) on £2*. The bifurcation sets are regular branch un (x , X).

Proof. I t is an im m ediate consequence of Theorem  1.3 and of standard 
results of bifurcation theory  [3]. §

§ 2. T h e  s t a b il it y  problem

W e w ant to use the linear dynam ic theory to test the stability of the trivial 
solution u  =  o and of the static states un (x ; X) for fixed X (we write in the 
following un (x) for un (x , X)).

W e consider the one param eter families of initial data  F ( x , y)) and 
G (x , 7]) and the corresponding solutions U  (x , t , f )  of 0.1, 0.2, 0.4, 0.5
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(0.1, 0.3, 0.4, 0.5) such tha t

U  (x ; /  ; o) =  um (x) , F  (x , o) =  un (x) , G (x ; o) =  o.

<?uThe linear stability  problem  for V (x , t) =  (x , t , o) is the following:

(2'■0 V « ■—■ AV + r v « - *4 v + p « J v  == 0 on i t +X oo[ ,

(2.•2) V =  0 on d i f X i—
1

0 + oo[ ,

(2.■3) = O on d i f

+01 _1
X oo[ ,

(2.•4) V 0  ; 0) =  -SF f 
(* ■■ °) -  F° (x) on i f ,

(2 •5) V , ( x , o )  = dG ,
- W (x -0) ^ G ° ( x ) on i f ,

W e first test the stability of the trivial solution u =  0. Because { ip.
is a complete orthonorm al set of L 2 (Q*) we assume th a t F°, G° have a con
vergent expansion

F° (*) =  SF* (*) , G° (*) =  ZG* (*)•

The solution of 2.1, 2.2, 2.4, 2.5 (2.1, 2.3, 2.4, 2.5) with un (x) =  o and
(̂0) ~  'h *s:

V (* 0  =  SS* (/)**•(*)

where Sk (t) are solutions of

(2.6) s k (/) +  r s k (t) +  x̂ . ŝ . =  o ,

(2.7) S*(o) =  F j,

(2.8) Sk (o) =  G°k .

Prim es denote the differentiation with respect to t. A n analysis of the solutions 
of 2.6, 2.7, 2.8 shows th a t the state y  =  o is stable for any value of X (T , Xk 
are positive).

W e now test the stability of the deflected static states un (x). Consider 
the following eigenvalue problems:

(2.9) . — A9 O ) —  (X(n) un (x) —  ß?4 (*)) 9 (*) =  f*9 (x) on Q*

(2.10) 9 =  o on aQ*

(2.11) +  y(p =  o on aO*.

From  the regularity  properties of un (x) (they are critical points of a vari
ational problem) it follows th a t problem 2.9, 2.10 (2.9, 2.11) has an infinite



7i6 Lincei — Rend. Sc. fis. mat. e nat. — Vol. LIX — dicembre 1975

sequence of eigenvalues ^  bounded below with eigen function cpj such that 
lim [Lj — +  00 and +  00 is the only accum ulation point of the sequence

i - ^ + 0 0  n

{{*>}•
W e suppose now th a t the initial data  F°, G° have expansions in terms 

of :

F°(*) =  2 F ^  , G°(*) =  ZG;<p,.

T he solution V  of 2.1, 2.2, 2.4, 2.5 (2.1, 2.3, 2.4, 2.5) will be of the following 
form:

v  =  s s ,(o < p ,(* ) ,

where Sj satisfies the following differential equation

(2 .1 2 ) S j  +  r s ,  +  y.j S j  =

(2 -13) s ; .(o) =  f “ ,

(2 .1 4 ) S ' j ( p )  =  G Ì ,

th a t  is

Sj (t) — o f  exp p f  t  +  aj exp pj  t , 

where p f  are the roots of

(2-T5) P* +  Yp +  [Lj =  o

and a f  are fixed by the initial conditions 2.13, 2.14.

T h e o re m  2.1. A  static state un (x  ; X) is linearly dynam ically stable fo r  
A i f  and  only i f

ai  =  0 j  =  o , I , • • •, m,

where m  =  m ax {n  | <  o} . (Remarks: m  is always finite).

Proof\ T he roots of 2.15 are

^ ± _  —- r ± 1/r2 — 4 w

Re p f  < 0  m eans linearly dynam ically stable, when Re p f  >  o in order to 
have stability  is necessary and sufficient a f  — o so we are done.

Concluding, the static deflected states un (x , A) such th a t the correspond
ing problem  2.9, 2.10 (2.9, 2.11) has negative eigenvalues are not linearly 
dynam ically stable, for an arb itrary  disturbance. However, following 
Theorem  2.1 they are stable for suitable restricted disturbances.

T he static deflected states un {pc , A) such th a t the corresponding problem  
2.9, 2.10 (2.9, 2.11) has not negative eigenvalues and the trivial solution 
u =  o are linearly dynam ically stable for an arb itra ry  disturbance.
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