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Equazioni differenziali a derivate parziali. — Nonoscillation 
Criteria fo r  E lliptic Equations of Order 2 m. Nota di E. S. N o u ss a ir  
e N. Y o sh id a , presentata ^  del Socio B. S e g r e .

R iassunto. —  Vengono stabiliti criteri di non oscillazione per equazioni a derivate 
parziali ellittiche d’ordine pari.

Nonoscillation criteria for elliptic operators have been developed by m any 
authors. We refer, in particular, to G lazman [2], H eadley [3], H eadley and 
Swanson [4], K reith [5], Kuks [6], Kusano and Yoshida [7], N oussair [10], 
P iepenbrink [11], Skorobogat’ko [12], Swanson [13] and Yoshida [14] 
for second order elliptic equations or systems, and to Kusano and Yoshida 
[8] and Yoshida [15] for fourth order elliptic equations or systems. In  this 
paper we establish nonoscillation criteria for elliptic equations of even order. 

Consider the linear elliptic operator L defined by

(0 L« =  (—)"* 2  D“ (««9 (a) Dp u )  —  c(x) u ,

where coefficients are defined in an unbounded dom ain R  of «-dim ensional 
Euclidean space ET T he boundary 3R of R is supposed to have a piecewise 
continuous unit norm al vector at each point.

Points of En are denoted by x  — (x1 , • • - , x n). The differential operator 
D a is defined as usual by

D a =  D i (1) • • • D l in) , a =  (a (1) ,• • - , a («)) , I a I =  2  a (0  >
i=1

where each a (7 ), i =  1 , • • •, «, is a nonnegative integer. T he coefficients 
<sa3 are symmetric, i.e., a0̂  =  a^af and smooth enough to m ake all the partial 
derivatives involved in L  exist and be continuous in R, the closure of R.

A  bounded dom ain N C R  is said to be a nodal domain for L  if there exists 
a nontrivial function w  e C2m (N) n  Cm (N) such that L w  =  o in N, Y f  w  =  o 
on 3N for all a with | a | ^  m —  1.

The operator L  is said to be oscillatory in R if it has a nodal dom ain outside 
of every sphere centred at the origin.

T he operator L  is said to be nonosdilatory in R  if it is not oscillatory in 
R, i.e., if there exists a num ber r  >  0 such tha t it has no nodal dom ain in R r , 
where

R r =  R  n  {Y e En : j x  | > r } .

f*) Nella seduta del 12 aprile 1975.



5 8 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LIX  -  Ferie 1975

L et the finite set of multi-indices a be ordered in an arb itra ry  m anner, 
in a sequence S =  { oq , a2 , • • •, a* }, where oq =  (oq (i)  , oq (2) , • • •, oq (»)), 
Each oq (g) (1 — I , 2 , • • •, k) (g =  I , 2 , • • •, n) is a nonnegative integer,
n

2  &i(ç) =  rn, and k  is the num ber of the multi-indices a. W e can arrange 
<7=1
the coefficients aa$ in the form of a k 'X k  m atrix  M s defined by

Ms =  (<Z<x̂ cy) > 2 J J — 1 > 2 , • • •, k  .

It is easy to verify th a t the sets of eigenvalues of all m atrices obtained using 
any perm utation of the sequence S are equal.

Let X (x) denote the smallest eigenvalue of the coefficient m atrix  M s ; 
and let a denote a subset of the set of all multi-indices a with j a | =  m, 
and L 0 be the operator defined by

(2) L 0 u — (— )m 2  Da (X (x) Da u) — c (x) u.

Theorem i. I f  fo r  any choice of a the operator La is nono s dilatory in R, 
then the operator L is nonoscillator y  in R.

Proof. Suppose to the contrary tha t L 0 is nonoscillatory but L  is oscil
latory. T hen we can choose r  >  o such tha t L 0 has no nodal dom ain in R r . 
Since L  is oscillatory, there is a nodal dom ain N f C R f and a nontrivial solution 
ur of the boundary value problem

=  o in N r , D a ur =  o on 3N r for |oc|  — I.

It is easy to get the following

I ur L 0 ur dx  = j  ^ ( ^ a Ur f  c (x ) Ur j  dx ^  j  u r L  u r dx =  o.

Hence, the smallest eigenvalue of the problem

L 0 u  — Xu in N r , D au =  o on 3N r for | a ] ^  m  —  i

is nonpositive by  a well known result (see, e.g., A llegretto and Swanson [ i ]).
Since the smallest eigenvalue increases to infinity as N r shrinks to the 

em pty set (see N oussair [8]), there exists a dom ain N r C R r which is a nodal 
dom ain for the operator L 0 . This contradicts our assum ption and proves the 
Theorem .

T he following integral inequality  is known [2, pp. 83].

Lemma. For any real-valued function u if) € (o , 00)
00

0

22m 
[(2m ~- i)!!]:

00

where (2 m  —  i)M =  (2 m 1) (2 m  —  3) I.
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Proof. W e can easily obtain the integral identity

oo oo X oo

J x ~ 2m u2 (x) dx  =  2 j  x~2m d x  j  u (t) - f  d t  =  —-  J t l~2m u (t) d t .
0 0 0 0

Hence, by m eans of the Cauchy-Schwarz inequality we have

oo oo

f  x - 2m u2 (x) d x  < -----------   f  x 2m-2 ( 4 ^ Y  d x .J w  -  J [ d x /
o 0

Repeating the above procedure, we obtain the desired inequality.
For the following nonoscillation theorem  we shall assume tha t the 

dom ain R  is contained in a cone with vertex angle less than  tt, and that R 
contains a half line. W ithout loss of generality assume tha t

(i) R  C C a — { x  € En : x 1 >  I x  | cos a}

for some a , o <  a <  tu

<ii) { x  =  (x1 , o ) e R n } C R .

N otation. Let

c+ (x) =  m ax {c (x) , o} , 

g  (f) =  sup { c+ (x) , x  =  i t , x) e R } , x  =  ,x„)

THEOREM 2. L e t \ ( x ) be bounded below in R  by some positive number X0. 
Then the operator L  is nonos dila tory in  R  i f

lim sup t  m I g  (f) d t <

cx

A 2 m  —  I

where a. _ (2 m — i) ! !
2m

Proof. Choose S >  o large enough such th a t for all ( t , x) e R s ,

o

'■ /
Xn .

This is possible by hypothesis and the assumptions m ade on the dom ain R. 
Suppose to the contrary  th a t L  is oscillatory in R. Then there exists a



ÓD Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LIX  -  Ferie 1975

nontrivial solution v$ of (1) w ith a nodal dom ain N« C R$. Thus

o =  J  hv$ d x

» . i l  X  (D % s)2 —
J Li a I =m Ao J

g(Xl) 21
“ x ~  d x  .

Let us be the extension of vs to all of En which is identically zero 
outside N r . Then

00

N 8 E51“ 1 ̂

However
CO
r

(4) 1 g  O l) «8 Ol
s

0 0 0 0

— 2 j  Us
s y 1 j

Vx

U8 1 — 2 m  2m—1 1 j /  \  1y  1 y  1 dyL \ g  (Xi) d x1 .

By the choice of & and the above inequality (4), we get
00 00 00

f g O i) « » d^i <  x° { / y * 2m“ « d^i )  { / d V 2m( ~ |v )  d^ i
s s a

From  the last inequality  (5) and the Lemma, we have

1/2

{ 1) 2 lJ «r dL  2;  J j  dL

which contradicts inequality  (3). This completes the proof.
By choosing the set or so th a t the operator L 0 has a simple form, we can 

obtain several nonoscillation criteria for the operator L.
Suppose m  — 2 p . T hen  we can choose L a as

L a u =  AP: (X (x) A? u) —• c (x) u.

D efinition. T he elliptic operator L 0 definid by

L 0 u  =  Ap (A (x). A? u) —  C (x) u :
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where A (x) >  o in R, is said to belong to M [L0 ; R r] for some r  >  o, if for 
every bounded subdom ain Q of R r the functional

V [ « ; f l ]  =  J  [(\ —  A )(A p u f  +  (C —  c )u i] d x
Q

is nonnegative for all u e C2p (CÏ) such th a t D a u  =  o on 3Q for all
I a I N  2 p  —  I .

Theorem 3 (m  =  2 p). The operator L  is nonosdilatory in  R  if] fo r  some 
r  >  o, there exists an elliptic operator L 0 €M  [La ; R r] and vector functions  
(<Pi , * • *, <p2p)> Old , * * •, of class C2 (R r) such that

(i) 9Z <  o in  R r , I ^ l  ^ p  —  I , (?i g  o in  R r , p  ^  2 p —  2 , 

?2^-i <  o [resp. ^  o] in  R r , A<?2p — C ^  o [resp.>  o] in  R r ,

(ii) A (Acpp+j) +  A 9p+r9p-z T 2V (Acp^+z) • V ^ _ z ^  Acpp+z+1/92?_/_1

R r , o N  I <L p  — I ,

(iii) —  A+p-z — I V<]!p-i  I2 4 - ^  o in R r , o ^  I  ^  p  — i,

(iv) bounded subdomain O of R r the relation

V u  —  u V ^1 ^  o in Q 

holdsfor a ll nontrivial u  e C 2p(Q) such th a tD * u  =  o  on 3 Q fo r  all | a | <J.2 p —  1.

Proof. Theorem  1 implies th a t it is sufficient to prove th a t L a is non- 
oscillatory in R. Suppose to the contrary that L 0 is oscillatory in R. Then there 
exists a nodal dom ain N f C R r and a nontrivial solution u r of the boundary 
value problem

L 0 u r — o in N r , D a u r — o on 3N f for j a | ^  2p  —  1.

By the hypothesis L 0 €M  [La ; R r] and G reen’s form ula we have

(6) o '=  J  u r L a uT dx N  J  [A (A39 u f f  •— Cu2] dx  .

A pplying G reen’s formula, we get the following identities:

(7) O =  f  P£  2  D; [D j (A<pP+i) ( S ’- 1- 1 urf  -  D j ((A*’- ' - 1 u t f )  A ^ , ]  clr
J. 1=0 i= l  
Nr

±= f S  [(Ap ur)2 A (A fp+l) —  2 A 9p+l (A*-1- 1 ur) A *-1 ur —
J  Z=0 

Nr

-  2 A9p+I IV (Ap~z_1 ur). I2] dx ,
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(8) o =  2 f  2  X  Di [A9p+I (A"-'-1 urf  Dj V i]  dx
J 1=0 1

Nr

=  2 f  X  ^ )3 V (A9p+l) • w »  +  M P+1 (A3’- ' - 1 o 2 A V , +
J  1=0
Nr

+  2 Açp+, (A*’“3”1 «,) W i  • v  (A*”-*-1 *,)] d* .

From  (7) and (8) we obtain the integral indentity

(9) j  [A (A33 urf  —  Cur\ dx =  (  [ a  (A33 ut — 9p A*’"1 ^,)2 +
N , Nr

+  X  ^ 9p+i+1 «, -  V h  A33"3- 2 u $  +  (A<p2p -  C) 4] dx +
Z =  0 T p - l  — 1 J

+  j  X  [ a  (A9p+z) +  Afp+i 9P_J +  2 V (A9p+j) • V V , —
Nr  ~ °

-  — ^ 1  ^ ■ ' “1 dx 2 f  X  A?p+, [ I v  (A*-*-1 *,) I2 -
^ p - Z - i  J  J  Z=0

Nr

-  2 (A*-*-1 ur) V V «  • V (A3’-*-1 Ur) +  ( -  A V *  +  9p-i) i ^ 1 ̂ ) 2] dx,

where we have set <p0 =  1. W e note th a t the integrand of the th ird  integral 
on the righ t hand side of (9) can be rew ritten as follows:

X  A9P+i [ I V (A*'*-1 ur) I2 -  2 (A*-*"1 a,) V V , • V (A33-3-1 «,) +
1=0

+  (— A’V-, +  <Pp_,) (A11“3-1 urf ]

=  X  A%+l [ I V (A33- 3- 1 Ur) -  A*-3- 1 ur V V , I2 +  (— a V ,  -  
1=0

-  I V V -, I2 +  ?P-i) (A33- 2- 1 ur)2] .

Hence, the hypotheses im ply tha t the right hand side of (9) is positive. This 
contradicts (6) and completes the proof.

THEOREM 4 (m — 2p). The operator L is nonosdilatory in  R i f ) fo r  some 
r  >  o, there exists an elliptic operator L0 € M [L0 ; Rr] and a function  
w  € C42> (Rr) such that

(i) (— i j  A1 w  >  o in R r , o <  I <  p  — I ,

(ii) J — i)p+rA?(AAp a / ) ^ o .  in R r , o ^ l ^ p  —  2 )

(iii) A2>~1 (AAP w) <  o [resp. ^  o] in  Ry ,

(iv) L0w  ^  o [resp. > 0 ] in Rr ,
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Proof. Define the vector function (<pi, • • •, <p2j)) and , • • •, by 

<Pj =  A' w! A'" 1 w , I £ l £ p  ■ , rpp!l =  a 1 (AAp a/) /(AAP~*-1 «/),

o  ^  ^  p ----  I ,

?2*> =  A27 (A à v w )l(A w ) , ^  =  log ((—  O*-1 à 1” 1™ ), iC L lç L p .

It is easy to see th a t the following identities hold:

A  (Acpp+j) +  A 9 p + i +  2 V  (A 9j,+j) • V<Jv_{ =  A 9 P+i+1/9p_i_1 ,

— I ,

' I V<Jv-î |2 +  9 p - i  —  0 > o ^ .  'l -zULp—  I ,

A92P —  C =  L 0 w jw  , V« — uV^-l =  w'SJ iu /w ) .

Hence, the conclusion follows from Theorem  3.

Theorem $(m =  zp)- Let X(#) be bounded, below in R by some positive 
number X0. Then the operator L  is nonosdilatory in R  i f

lim sup co (f) <  o fo r  2p <  n ^  4p ,
r->  00

2p
lim sup r4p co (V) <  IT (»/2 +  2^ — 2 *̂)2 X0 fo r  n > 4 p  ,

r->oo i= i

co (r) =  m ax c (x) and S r =  R n  {# € Ew : | at | =  r}  .
a: e Sr

Proof. T aking

L 0 ^  =  X0 A22> ^  —  co ( I #  I ) u  ,

we see th a t L 0 e M [L 0 ; R r] for some r  >  0. The function w  =  ] x  \ s satisfies 

z - i  i

Alw  =  IT (s — 2î) X n  (p +  n — 2 j )  I * |a_2î, i ^  I  ^  2 p  ,
i=0 i=l

L0w =  (X0h (s) —  \ x  f v ( | * |  )) I * |s- 4p,

1 2p
where A (f) =  XT (? —  2 i) X IT fa +  ^  — 2 /) . Letting s — 2 p  — n (2 p  <  n)>i=0 j —1
it si easy to see th a t

(— I y A* w  >  0  in Rr (o ^  I Sg p  - - 0 .

(— i)p+l Ap+lw =  0  in Rr (0  ^  I ^  p  - -  0»

L0ar =  — o> ( 1 *  1 ) \ x  I2?-”.
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Consider the case n >  4 p .  Putting  s =  2 p —  n \2, we see that 

(— i)1 Al w > o  in R r (o ^  I ä  2 p  —  1) ,

2 p
h (2 p  —  n\2) =  JT (ffl2 +  2 p  — 2 i f .

i=1

Hence, the conclusion follows from Theorem  4.
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