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Equazioni differenziali ordinarie. —• Contractive mappings and 
periodically perturbed non-conservative systems. Nota di R o l f  R e i s s i g , 

presentata (#) dal Socio G. S a n s o n e .

R iassunto. — Questa Nota si collega ad un’altra di J. Mawhin sui sistemi periodici 
conservativi perturbati.

La Nota di Mawhin si basa su un teorema di rappresentazione astratta in uno spazio 
di Hilbert.

L’Autore prova che con un procedimento più diretto, proprio dei problemi vibratori, 
si perviene ad un’estensione del risultato di Mawhin anche per sistemi non conservativi con 
smorzamento lineare.

Consider the differential equation 

( 0  x ” +  ex' +  g  (x) =  e(t) — e( t  +. 2tt)

where c is a real constant, g  (x) eC 1 (R) and e (t) fiC° (R).

Following an idea of M awhin [8] let us prove:

THEOREM i. Equation (1) admits a uniquely determined solution x(f)  =
t=z X (t 27t) i f

(2) m 2< q  ^  g' (x) ^  p < (m +  i)2 V x  e R

(m a non-negative integer).

T he proof is based on B anach’s contractive m apping principle; it is 
constructive since the Picard iterative m ethod can be applied in order to get 
ap approxim ate periodic solution.

Let H be the complex function space L 2 [ o , 2 n\ supplied with the 
inner product

2rt

(x , y)  =  ( 2 t c ) - 1  J x ( t ) p  (t) d t
0

and with the corresponding norm  || x  || =  (x , x)1/2. It is a well-known fact 
th a t this H ilbert space is separable; the functions cpn (t) =  emt (n integer) 
form a complete ON-system. Hence each function x  (f) € FI can be represen
ted as a (norm convergent) Fourier series

+00
X 00 5Ü n (0 ’ “  (x j tyn)'

n— — 00 (*)

(*) Nella seduta del io maggio 1975.
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Introduce the subspace D L consisting of all functions x  (t) eYL which 
possess first and second order Lebesgue derivatives in H and which satisfy 
periodic boundary conditions:

x  (o) =  x  (2 tz) , x ' (o) =  x ! (2 7c) .

Define the linear operator L  : D l -> H,

x  I—> L  x  =  x n -f- ex '.

Then differential equation (1) can be generalized as

(3) l .x  —  ~Nx =  y

where x  and y  € H (arbitrary). T he nonlinear operator N: x  i—> ■— g (x )  
m aps the H ilbert space H into itself since the function g  is linearly bounded,
I g  (x) I ^  p  I x  I +  I g  (o) I . According to M awhin a real constant v , m 2 <  
<  v <  (m  T  i)2, is chosen, and (3) is replaced by

(4) A x  —  B x  =  y

where A  =  L +  vl , B =  N -j~ vi (I operator of identity in H).
Let us show th a t A  : DL-> H is one-to-one, A (DL) =  H, and A -1 is com

pletely continuous. The classical solution of equation

(5) x "  +  ex' A  vx =  e {£) =  e (t +  2 tc)

with periodic boundary conditions can be represented in the form

2n

(6) x  (t) =  J  k ( t -— s) e (s) d .9
0

by m eans of the Green function k (t) =  k (t +  2 tu) which is continuous and 
piecewise smooth: k' (t) e C° (o , 2 7u), g ' (o + )  — g ' (2 71 —:) =  1. Using an 
arb itra ry  y  € H and introducing the functions

2rc

^  (0  =  (K y) (t — s ) y  (s) ds,
0

2n

v (/) =  (K ' y) it) =  j k '  (t -  s) y  (s) ds,
6

iv (t) — y  {t) —  vx (t) — e v (t) 

verify th a t x  (/) € D L , v (t) e C° , w (t) € L2 and
t

x  (t) =  x  (o) +  j v (s) ds [x (o) =  x  (2 tc)],
0
/

v (/) =  v (o) +  j W (s) dj* [v (o) — v (2 7u)].
0

we can
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Note th a t an approxim ation

{ ä } c C °cH  , H>- ■— y n II -> o (n -> oo)
yields

(Kyn) (t) -  (Ky ) ( t ) , (K ' (0  -  (K ' y ) (t)

as n —> oo., uniform ly with respect to t €■[o , 2 n]. Consequently, we obtain 

A K y  — y  V j € H , i.e. A K  : identity  in H.

But the converse, KA;r =  x  \/x  e D L , i.e. KA : identity  in D L, is valid, too: 
W hen A u  — o , u  € D L this function can be assumed as C2; but the classical 
homogeneous boundary value problem  adm its the only solution u ( i)  — o. 

Sum m arizing we have K =  A “ 1, a bounded linear operator defined on H:

sup I (K y ) (t) ] ^  2 7r II k \\ II j/ II .
t

Let X be an eigenvalue of A -1 , 9 (t) a (normed) corresponding eigenfunction:

A “ 1 9 =  X9 (9 e D l  , X ==|= o)
or, equivalently:

X ( 9 " +  C(?f+  V9) =  9 [9 (o) =  9 (27r) , 9 ' (o) =  9 ' (27r)] .

Then we calculate:

9 (f) =  emt (n an arb itra ry  integer),

X =  Xfl =  ((v  —  n2) +  ine)*1.

The norm ed eigenfunctions of A -1 form the complete ON-system m entioned 
above. Therefore A “ 1 can be described in the following simple way:

y  = 2  =  A T 1 y  = 2  an cpn where an =  bn.
n n

As a result,

Il A “ 1 II ^  Il A “ 1 9n II =  I X J  =  ((v -  n*f +  »» ^ ) - 1/2 Vn  e N

and

Il A -1 II =  sup 1^—Z i  g  sup I X„ I .
it y\\ neN

Hence

(7) Il A -1 II =  sup I Xn I ^  m ax ((u —  m F f1, {(m +  i)2—■ u)“ 1)
w e N

(norm  of A “ 1 in case c — o).
In  order to show th a t A “ 1 m aps each bounded subset of H into a compact 

set consider a sequence { y n } C H (|| y n || rgl R) and denote x n =  A ~ 1 y n .
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Since
sup I x n (t) I ^ 2 T i \ \ k \ \ \ \ y n \\ ^  X,

t

sup I xn it) I ^  2 71 II k! Il II y n II <  X '
t

the sequence { x n (t)}  is equibounded and equicontinuous, and it contains a 
uniform ly convergent subsequence. Clearly, the (continuous) limit function 
of this subsequence is also its lim it in the H-norm.
Consider, once more, equation (4) which can be w ritten as

(8) *  =  A " 1 B x +  A ” 1 y .

T aking account of the estimate:

I ( B * 0  (t) —  (Bx2) it) I =  I v (xx it) —  * 2 it)) —  (g  (xj (t)) ~ g  (x, (t))) I

^  Y I * 1  00 — x 2 it) I (a.e.)
where y — m ax (| q — v | , | p  -— v |) we conclude that

(9) II B*i —  B*2 II ^  y II x x —  x 2 1|.

Thus, the m apping

(10) u  A “ 1 Bu  -f  A “ 1 y

of H into H is a contraction in case

( h ) : y!] A “ 1 H <  I

which is realized by a suitable choice of v (see M awhin [8]): 

p  +  m2 <  2 v <  q (m  T  i)2.

Now B anach’s fixed point theorem  is applied; replacing the arb itrary  y  e H 
by a (2 7r)-periodic function e (t) € C° the uniquely determ ined fixed point of 
(10) becomes a periodic solution in the classical sense.

M oreover, consider the vector differential equation

(12) x ” C x'-\- grad  G (x) =  e (t) == e (t +  2 7r) , x  € Rn

where ■ G (x) € C2 (Rw),

H (r) =  ( G ^ )  = : H ^ ( r ) e C 0,

e (/) e C° (R),

C =  diag (<q , • • •, cn) , real constants.

T he oscillation problem  can be solved in the same way as in case n — 1:
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In the H ilbert space (H)n with the inner product (x1 , yf) +  • • • -fi (xn , y n) 
the differential operator and its inverse are determ ined by col (A 1 x ly • • - , A nx n) 
and col ( A f 1 y 1 , ••• , A ” 1 y n), respectively. H ere A,- denotes the operator 
A  of Theorem  1 in case c =  .

The inverse operator has the properties discussed above; evidently, its 
norm  is equal to m ax (|| A x 1 1| , • • •, || Afi1 1|). The operator originating in the 
nonlinear term  of the differential equation can be shown to possess a Gâ
teaux derivative; an estim ate analogous to (9), with the same value y, can 
be derived via L agrange’s form ula (see Vainberg [9], and com pare M awhin 
[8]) if we propose th a t ql  ^  H (x) ^  p i  \fx € Rn (I : n X n  unit m atrix).

Therefore M aw hin’s theorem  can be generalized as follows:

THEOREM 2. Equation  (12) with an arbitrary real diagonal m atrix C 
has one and only one (2 iz)-periodic solution i f

C13) m2 I < q l  ^  H (x) ^  p i  <  (m  +  i)2 I

(m a nonnegative integer).

COROLLARY. 'The assertion of the theorem holds, too, in the more general 
case when

C — C* an arbitrary real nX n  matrix.

Determ ine an orthogonal m atrix  Q (Q* =  Q “ 1) such that 

QCQ* =  D (diagonal m atrix) 

and transform

y  =  Qx.

Then equation (12) is transform ed into 

D  y "  +  D /  +  gradÿ G (Q* y ) =  Q e (t) ;

note tha t

grad y G =  Q grad* G ,

(G w J  =  Q ( G ^ ) Q * .

Ah im m ediate consequence of the last form ula is that the Hessian m atrix  of 
G (Q y )  satisfies condition (13). Thus, Theorem  2. is valid in case of 
equation (14).

In case c — o of equation (1) M awhin has indicated an existence theorem  
(to be proved via Schauder’s fixed point theorem) when a weaker version of 
condition (2) is supposed.

Theorem  3. Equation  (1) admits at least one (2 E)-periodic solution i f  

m 2<  q E>g(x)lx A  p  <  (m  -f  i)2( iS) \fx  : \ x  \ E  h .
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W e give an outline of the proof starting from the operator equation (8) where 
y  € H is arb itrarily  chosen. T he equation being solved it is clear how to proceed 
in order to establish the assertion of Theorem  3.

To begin with define

■ * . . \ g (x )  , \ x \ ^  k
g  w  =

( 0xlh) g  (h) sg n x ) , \ x  \ s  h.

and

ix ) — g  \X) — g - i x )  tl O (x)  ! ^  8].
Hence

I vx  — g  (x) I ^  y  I x  I +  8 (linear boundedness),

and x  ( / )  (Bx) (t) — vx (t) — g  (x (t)) is a m apping of the H ilbert space 
H into itself for which

(16) ||B * || ^ y | | * | |  +  S.

This m apping is continuous. Assum e th a t B x  is not continuous at x 0 e H .  
T hen  there is a positive num ber e0 and a sequence { x k } C H such tha t

\\xic —  X0II -> o (k -> 00) , Wgt— goW  ̂EoV/è 6 N

where the abbreviation g  (t) =  — (Nx) (t) =  g  (x (t)) is used. W ithout loss 
of generality  we can assume th a t

x ic (0 x o (0 (k 00) almost everywhere on [o , 2 71].

T he sam e is true w ith the sequence {g k (t) }:

gh (t) -> g 0 {t) ik  -> 00) a.e.

T aking  into account th a t the Lebesgue integral is absolutely continuous, and 
applying E gorov’s theorem  (see H ew itt-S trom berg [2]) as well as Lebesgue’s 
dom inated convergence theorem  we can show that ||gh — g 0 ||-> o (k -> 00) 
in contrast with the assumption.

Since A  1 is a compact operator the m apping (10) is completely conti
nuous on each bounded subset of H. A closed ball S r is m apped into itself 
when r  sufficiently large:

'■ ^ ^  T II A ” 1 II r +  Il A ” 1 II (\\y  y +  8),. Y » A “ 1 [ |<  1.

According to Schauder’s theorem it contains at least one fixed point 
which is a solution of (8).
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