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Equazioni differenziali ordinarie. — A n  extension o f some oscil
lation theorems o f M aw hin and Sedziwy. N ota di R o l f  R e i s s i g ,  

presenta ta (#) dal Socio G. S a n s o n e .

R ia ssu n to . — L’Autorè estendendo alcune note di J. Mawhin, S. Sedziwy e di altri 
autori considera un’equazione differenziale vettoriale non autonoma di ordine n contenente un 
termine di richiamo non lineare. Mediante un’applicazione del teorema del punto fisso di 
Leray-Schauder l’Autore prova l’esistenza di almeno una soluzione periodica con lo stesso 
periodo della forza esterna. Le condizioni imposte sul termine non lineare sono abbastanza 
generali e non implicano la limitatezza di tutte le soluzioni dell’equazione.

Consider the n—th  order vector differential equation

Let us study the existence of T-periodic solutions. Some results concern
ing this problem  are contained in the papers [i], [2], [3], [4], [5], [7], [8]. In 
the papers [2], [3] the restoring term  f  (x) =  col (/* (* ) , ■• •  , f m (*)) is subject 
to conditions relative to the components f i (x ) whereas the conditions in the 
papers of Sedziwy [7], [8] are referring to the behavior of | / ( * )  | =

=  ) f l  +  • • * + fr n  and of (x  , /  (*)) =  X1f 1 +  • • • +  Xmfm  aS | 3C | -> OO. 
T he second type of conditions seems to be more natural. T he aim of this note 
is to prove existence theorem s on the basis of such conditions and to give an 
extension of some previous results of M awhin, Sedziwy and of other authors.

T h e o r e m  i .  A ssum e that

(0  ? 00 =  d e t (\ n h l mJr  Xn k 1 A 1-\- • • • -f- A n_f) =  o  => X =J= r<ùi

(O X{n)+  Ax x ^ 1' +  • • • +  A n_k X{h) +  f ( x )  =  p  (t)

where 1 A, k  AL n  — 1 and

x  =  col (x1} • • • , x m) c R m (m >  1)

/  0*) j P (f) — p  (t -f- T) are continuous functions 

A i {i i S, n —  k ) are constant real m A m -m atrices.

and

(zt) in  case k  =  1 : An_x =  A (transposed matrix).

(*) Nella seduta del 12 aprile 1975.
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A ssum e that
T t

(Hi) p  (s) ds =  o, i.e. P (/) =  j 'p  {s) cU — P (t + T ) .
0 ò

Let {aj} be a positive, monotone-increasing, divergent sequence, and let 
B̂ - =  {x fi Rm : a.j A | x \ A. 2 aj}.

F inally  assume that

(ivr) o ^  C <  i : F (f) =  sup | / (x )  | A F ( i  +  r c) , inf _>
1*1 By |x 'j2c

co as j  -> 00

or

( id ’) o < c A, i : F (r) A F-}- 1r\rc (rj >  o sm all enough)

{x ’f i p ) ^  »7] (o <  & <  i) on B,- ( j  e N).

Then equation (1) adm its at least one T -periodic solution.

C o r o l l a r y  i. L et zi =  +  i or Zi =  — i ,  and let E =  diag  (^  , • • • , zm). 
Then Theorem 1. is valid  also when (it) is replaced by

^  ^»-1 — A-n-l E

and when (x , f  (pc)) in  (iv f)-(iv") is replaced by

( E x ,  f  (pc)) £1 f x (x) ~f~ * * ’ fm  (•*()•

In order to prove the theorem  by means of the Leray-Schauder degree we 
choose a positive constant a (sufficiently small) such that

<Pa QO =  det (Xn Im +  XK'"1 A, ! ■ • • +  X* alm) =  o => X =j= rcoi (r integer).

This is possible since the roots of cpa (X) =  o are continuous with respect to a 
and since

cpa (o) =  am >  o , cpö (X) =  Xkm 9 (X) [9 (X) according to (i)]. 

A fter th a t we deal with the auxiliary equation

(2) * <n) +  Aj 3C(,*-1)+  • • • +  A n_k x (k) +  ax -= [Ip (f) +  ax  — (x)

where o A u A 1 and

fu  0*0
I +  (A

/ ( * )
I —ti

i-e. /o (— *) =  —2 2 / ( — *)> fo (*)•
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The T-periodic solutions of equation (2) are determ ined as the continuous 
solutions of an integral equation of H am m erstein type:

T

x  09 =  ^  (0 ) =  ( G (t — s) {\Lp (s) +  ax (s) —  (x (s))} ds.
0

T he Green m atrix  G (/) =  G ( /+ T )  is of class Cn~ 2 whereas the derivative of 
order n ■— 1 is piecewise continuous: G(n“ 1} (o + )  — G ^-1) (T —) =  \m .

Define the Banach space X =  {x (t) e C° (R) : x  (t +  T) =  x  (t) , || x  ||x — 
=  sup I x  (t) 1} and the Banach space X* =  X X R with norm  Il x  llx +  I (A |. 
The operator 0  ̂ : X*->- X , (x  , fi,) 0^ x is completely continuous on each 
subset B* =  B x  [o , i ] C X* ,  B C X  bounded. If  SR =  {x e X : || sc ||x <  R} 
is such th a t (I —  °  on 9Sr for o (a. £1- i, then the Leray-Schauder
degree

d [I —  0  ̂ , S r , o] =  d [I — 0O, SR , o]

is odd (i.e. nonzero) since 0O (—x) =  — 0O ac. Hence

(I — 0^) x  — o for at least one x  € SR , o ^  fi, X i .

Such a ball SR exists, for example, if the T-periodic solutions of (2) are a 
priori bounded (independently on fi,).

Note I .  Define (r) =  sup | f ^ ( x )  I ; then (r) satisfies the estim ate 
(iv') or (iv") since ^ ~ r

sup I /„  (x) I ^  sup I / ( x )  I .
\x\ = r \x\ = r

T aking into account th a t

( u  (* ) , *) =  X T  ( / ( * ) ,  * 0 + ——- ( / ( —  * ) , — *)

we obtain
inf (/[* (x) , *) ^  in f ( /  (*) , x) ;

\x\ = r , \x\ = r

therefore, also the second part of condition (iv') or (iv") is valid for /^ (x ).
Now, ( let x (t) =  0  ̂ {x (t)}  e X, and let || x  ||x =  H , inf | x  (t) |* =  h. 

The dérivative y  (t) =  x ^  (t) is a solution of the differential equation

(3) +  A, y * -* “1) +  • • • +  A n_k y  =  HP (/) —  U  (* (0 )

which is considered as a nonhomogenous linear one (noncritical case). Con
sequently, y  (t) satisfies an integral equation of Ham m erstein type

T

y  (0  =  [  Gk (t —  s) \[J.p (s) — /(, (* (s))} d j 
0
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from which we conclude:
T

y (l) (t) =  j' Gk+i {t —  s) {\i.p (s) —  f,j_ (x (s))} ds,  I s  i n —  k  —  i

ò

[G*+i (t) =  Gjj.̂  (t) only piecewise continuous in case i  =  n —  k — i]. D e
noting II p  ||x =  P 0 we derive the estimates

II y (<) ||x =  II ^ k+i) ||x  <  Pt+i (P 0 +  F„ (H)) , o ^  n —  k  —  I

and a corresponding estim ate for — x <ni by virtue of equation (3).
The coefficients pk+i depend upon the m atrices A, , ■ ■ •, A n_k and upon the 
period T.

In case k  >  i we have for t  ^  t ^  t  +  T

t

I X«-» (t) — (T) I =  I J y  (s) ds I ^  T II y ||x ^  Pt T (P0 +  F„, (H)).
T

Each com ponent of the derivative x a~1} possesses at least two zeros on the 
interval [ o , T ] .  Let x f ~ 1} ( t)  =  o; then

I x<i ~ X) (f) I ^  p*T (P0 +  (H)).

Considering this estim ate for i ^  i  m  we conclude th a t

II x « -1* llx ^  Pt-1 (Po +  (H)).

Repeating this argum ent, if necessary, we find

(4) Il llx ^  Pi (Po +  F* (H)) , I < i £ n ,

Pt as described above.

Note 2. Let | x  (V) | =  h ,_ | x  ( t" )  | =  H (o  ^  t ' ,  t "  T); then h ^  
=  H  I x. ( t ')  ■— x  ( t" )  I > H - PlT ( P 0 +  F ^ H ) ) ,

(5) °  ^  +  (i-e. 2 h ^ H )  if H ^ H 0

by virtue of condition (iv') or (iv") in connection with Note i. In case c =  i 
the estim ate is ensured if, for instance 4 px T  7] 1.

Subsequently, let us assume that

H =  2 dj ^  H 0 ( j  sufficiently large).

As a consequence of (5) we have h ^  a$ and *  (t) e B̂ - for all t. From  equation 
(2) we derive:

(*<«> +  A1 *< -«  +  . . .  + A n_k x <» — pP', *) +  (/^ (* ) ,* )  =  o ;
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integrating this equation from o to T  and taking into account tha t in case 
k >  I

(x (n) -)-••• --- fxP', x) — (3C(n-1) +  A 1 x {n~2) 4- . . .  4- A n_k X{k~x) --- [JlP , x ) !

--- (x in~1] 4“ • • • --- (J.P , x r)

we find:
T T

(6) J  (x , /p, (*)) d / =  J  (x (n~v  +  A 1 x (n~2> +  • • • +  A n_k x**-1» —
0 0

—■ piP , x') d t.
Hence

T

(7) f  (x , fv. (*)) dif ^  p (P 0 +  F„ (H))2 , p =  p ( A j , ■ • • , A n_k ; T).
0

In case k  — i condition (ii) yields:

(A^—1 x  > x) (x ) A n_i x̂ ) =  — (An_i X , X) ;

consequently an estim ate of type (7) is still valid. 
B y virtue of (iv') we deduce from (7) and (5):

inf. (»’/(«)) ^  p /  P0 F ^H ) p /  P0 +  F ^ F \
=  T \ * ‘ +  *  /  =  T \  «5 +  )

which contradicts condition (iv') provided that j  is large enough. Therefore 
H =(= R  =  2dj for such an index j .

A  sim ilar argum ent holds on condition (iv");

#7] T
Po +  F +  2CY)

) ’

it yields a contradiction if j  is sufficiently large provided th a t y) <  OT p“1 2~2c.
W hen the conditions of Theorem  1. are modified according to Corollary 1. 

the last part of the proof (behind Note 2.) m ust be changed in a simple way. 
F inally  we still discuss the vector differential equation

(8) x {n) 4 - / ( * )  =  p  (/) , n ^ i

or the auxiliary  equation

(9) x {n) 4- ax  =  \Lp (t) +  ax +  /^ ( x )  , o ^  ^  1.

If  o <  a <  con,

d e t (Xn lm 4- a lm) =  Çkn +  a)m =  o => o <  |"X'| <  co .

Let x  (t) be a T-periodic solution of equation (9). Proceeding as above we
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derive the estim ate (4) where pt- =  p.; (T). A fter th a t equation (6) m ust be 
replaced by

T T

or 0
(x  > f[i (x )) d^ — (X (x \  P) dt in case n — 2 v +  1 (v ^  0)

T T

/ ( * > /*  (*)) & =  ( -  0 V f  I * ' I2 dt-pf
0 0 0

n =  2 v +  2 (v è  o).
Instead of (7) we have

P) d / in case

and 0

(x  ? /lx (x)) ck — P Po (P 0 P|x (f~0 ) if ^  — 2 v -f  I or if n =  4 v

T

J(*  . /* (*)) df ^  P (P0 +  F* (H))2 if « =  4v +  2.

Completing the proof like above we can verify the following theorem. 

T h eo rem  2. A ssum e that
T

(i) I P 00 d / =  o.

Furthermore, assume that in  the cases n =  2 v +  1 , ^  =  4 v,

(Ü0 o ^  £ <  I : F (r) ^  F (1 +  r c) , i n f , ^ 0 0  as j  -> 00
By | * | c

(k") o <   ̂ I : F  (r) F +  7] r c (y) >  0 sm all enough)

o B , ( > 6 N ) .
! 3C I .

Ä  case n  =  4v +  2 2^2 restoring term f  (x) is assumed to fu l f i l l  condition ( iv )  
or (iv") o f Theorem I.

Then equation (8) admits at least one T -periodic solution.

COROLLARY 2. Theorem 2. remains valid  when (x , f  (pc)) is replaced by 
(E*;, / (* ) )  where E == diag  (Sl • • • , zm) , | e* | =  1.

Note j .  Sedziwy [8] studies equation (1), case k  =  1, proposing a con
dition of type (iv"), case c =  1, which is partly  weaker and partly  stronger:

I /  (x)  I  ^  Y )  I  *  I . f ° r  \ x  \ ^  Ç  ( y j  > 0  s m a l l  e n o u g h )

0* > / 0*0) ^ 1*1 1/ 0*0 I for all * , S’ inf | / ( * )  | >  P 0 .
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