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Equazioni differenziali ordinarie. —  A n oscillation criterion for  
a fourth order integrally superlinear differential equation. N ota  di 
D a v i d  L o w e l l  L o v e l a d y ,  p re s e n ta ta (#) da l  Socio  C. S a n s o n e .

RIASSUNTO. ■—  L ’A utore dim ostra che sotto opportune condizioni tu tte  le soluzioni 
dell’equazione non lineare del quarto ordine {r(t) u" (t))" +  ç{t )f{u(t))  = o  sono oscillatorie.

I. I n t r o d u c t io n  a n d  r e s u l t s

Several A uthors (see, for example, F. V. A tkinson [i], J. W. M acki 
and J .S .W . W ong [3], and G. H. R yder and D .V . V. W end [4]) have 
obtained oscillation theorems, for equations such as

u {n) 00 +  q ( t ) f  (u (t)) =  o ,

based on the idea of hypothesizing for q enough to ensure tha t every bounded 
solution of

u (n) (fj _p q =  o

is oscillatory and hypothesizing tha t /  is integrally superlinear in the sense 
tha t if a >  o then

0 0

(1) j f  ( x f 1 d x  < 00
a

and
—  a

(2) I /  U p  dar >  —  00  .
— 0 0

The extension of this type of result to the second order equation

(r(*) « '(*))' + ? ( * ) / ( «  (*)) =  o

is easily accomplished through a Liouville transform ation (see W ong [5. § 6]). 
In  the present note we shall show that the same type of result holds for the 
fourth  order equation

(3) (r( t )u" {t))" + q { t ) f { u ( t ) )  =  O.

(*) Nella seduta del 12 aprile 1975.
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In particular, we shall prove the following theorem.

T h e o r e m .  Let r  be a continuous function  fro m  [o  , 00) to (o  , 00) and  
let q be a continuous function  fro m  [o , 00) to [o  , 00 ). Suppose that

0 0

(4) J  r  (.s-)“1 ds- =  00 ,
0

and
00 t

(5) j* (  j" (t-— s) sr (j)“1 di'j  q (/) dt =  oo .
Ó Ó

L et f  be a continuous nondecreasing function  fro m  (■—  0 0 , 0 0 )  to (—  0 0 , 0 0 )  
such that x f  (x) >  o i f  x  =(= o and such that (1) and  (2) are true i f  a >  o. Then 
every solution o f (3) is oscillatory.

O ur concept of solution here us as follows: If  z  is in [o , 00), u  is a
continuous function from [z ,0 0 )  to (—  0 0 , 0 0 ) ,  u  is twice differentiable on 
(z , 00 ), r u n is twice differentiable on (z , 00), and (3) is true whenever t >  z, 
then u  is said to be a solution of (3). Note th a t it follows from [2, Theorem  1] 
th a t (4) and (5) ensure the oscillation of every bounded solution of

(ru")"  +  qu =  o .

Also, it follows from [2, Theorem  3] that, with the hypotheses of our present 
theorem , every bounded solution of (3) is oscillatory.

II. P r o o f s

Let u be a nonoscillatory solution of (3). If u is eventually negative 
then — u is a solution of

(r (t) v"  (/))" +  q 00 / *  (v 09) =  o ,

where / *  is given by / *  (x) =  — / ( — x). But / *  satisfies all the hypotheses 
required of/ ,  so we m ay assume that u is eventually positive. Find a in \z , oo) 
such th a t u is positive on \a , oo). On \a , oo), let vx =  u  , v2 =  u!, v 3 =  ru " , 
and zq =  (ru ")’. Now

v[ =  vz 

v\ =  v z\r
(6)

va =  v 4

=  — q f ( v  1)

on [a , 00). Thus v 4 is nonincreasing on [a , oo). If  v 4 is ever negative, then 
(6) and (4) say th a t vx is eventually negative, a contradiction. Thus v 4 (t) >  o 
whenever t > a ,  and lim v 4 (t) =  v 4 (00) exists, ^4( o o ) > o .  Also, v 4 (t) >  o

t—> OO
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if t >  a. For if b > a and v 4 (b) =  o, then v 4 it) =  o whenever t >  b. Thus 
v4 (t) =  o and q (t) =  o whenever / >  b. But this contradicts (5), so v 4 (t) >  o 
whenever t >  a. Thus v 3 is increasing on [a , 00). Now either v 3 <  o on 
[<2 , 00 ), or there is b >  # such th a t v 3 > 0  on , 00). First suppose v3 < o  
on [a , 00). Now z/4 (00 ) =  o, since z/4 (00 ) >  o would yield a contradiction. 
Also, za2 is decreasing on [a , 00 ), and v2 can never he negative just as v 4 above 
could never be negative. Thus v2 (00 ) >  o. Since v2 (00 ) exists, (4) and (6) 
say tha t v 3 (00) — o. Since v 4 (0 0 ) =  0, if t  >  t >  a then

T

SO
0 0r

v i 0 ) =  I q ( s ) f  {u (s)) di' .

Sim ilarly
00

v 4 (s') cb ,

00 00

if t >  a. If  t > / > æ  then
T

so , s in c e  ^  (0 0 ) >  o,
00

r

v2 0 0  >  —  I (»3  (•?)/?• (-S')) d i'

OO 0 0  0 0

q (a) f ( u  (a)) da d.9 .

Thus, if t >  a )
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t 0 0  0 0  0 0

> q  ( t ) /  (u  ( t ) )  d ’ ds
Z °

à a j  d£ j

OO OO OO

=  (/ — a) j  (s)-1 j  ^ j q  ( g ) / (u (g)) d<rj d ^  ds

t

■/ (<

* Z
OO OO

+  (* - « )  K O  U  (* ) /(«  (a)) d G ) d Ü  ds
K

OO OO

H
/ ( /  q (g) /  (u (a)) da j  d£ j dj

a s £
t 0 0  0 0

=  (  f  (s -  O r (J)-1 d h  ( J  ( J  ÿ © /  (« © )  dlA d h
a  t s

t s 0 0

+  I  (  I  -  «) r  © - 1 (  I ^  © /  (« © )  dÇ )  d ,
a a s 7

t s 0 0

> f [ f a - œ ) r  a r 1 d d ) ( f q  ( D /  (u {D) diA d*
a a s

t 0 0

=  ( f  (t — s) (s —  a ) r  (s y 1 d h   ̂J  q ( s ) / ( u  (s)) d h
a t

t s

+  [ ( [ ( '  — V & - a) r  ( ^ r 1 d d)  q CO/ (« (0) d-f
a a 

t s

~  f ( f  (s ~ & t é ~ a) r  © -1 dç)  q (s ) / ( u  (0) dj  .

Now L ’H opita l’s Rule says that

I (S -Z)  { l - a ) r ( l ) - '& l

lim —
S —>  OO

l(s — QZr<Sr1dZ

I ,

so (5) ensures

(7) (t —  l)  (% — a) r  (£) 1 d£ j  q (t) d t  ■■ OO .
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Let 9 be given on [a , oo) by
t

? 09 =  q 09 J  (t — s) (s  — a) r  (j)-1 dr .
a

Now the above com putations show that
t

U it) >  j" cp ( s ) f  (u (s)) ds
a

whenever t >  a. Let w  be given on [a , oo) by
t

w ( t )  =  J  cp ( s ) f  (u 0 )) ds .

Now, if t >  a, 

so, if / >  b >  <2,

(*) =  cp (# ) /(«  09) >  <? ( t ) f ( w  (0) ,

t t

z e /  ( j ) / ( z e ;  (Y )) ds >  J ” cp (s) ds , 
b b

o o  w(t) t

j  f  (V)-1 dx >  j  f  (x)"1 dx >  J  9 (j) d j .

w(b)

But (i) and (7) say tha t this is impossible, so we have a contradiction. Thus, 
in the case “ v 3 <  o on [<2,00) ” , the proof is complete.

Suppose th a t there is b >  a such tha t v 3 >  o on \b , 00). Now v2 is 
increasing pn [b , 00). Since z/3 is increasing,

t

v2 (t) =  Wj (£) +  j* (z>3 (j)/r (j)) d j
b

t

>  »2 (£) +  »3 (£) J  r  (j')-1 ds
b

whenever t~>b.  Thus (4) says there is c~>b such that v2 > o on [c , 00). 
Now, if t >  c,

t

u  if) — u (c) j  V2 (s)
c

t

>  j  V2 (s) d j

37 . —  R E N D I C O N T I  1975, V o i .  L V I I I ,  f a s e .  4 .
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^ 2  (D +  J  Os (Dlr  © )  d f )  dx
C C

t  S

>  j  (  j  Os (Dlr  (D) d ^  dx

(0  — x) vs (s)/r (x)) dx

l  S

=  J (t — ■ s) r  (j)"1 (c) +  j  v4 (D d£ j  dx
G C

t  S

>  J’ (t —  s) r ( s y 1 ( j  v4 (Ç) d$) dx
p C

t s 0 0

>  j  (t -  S) r (s)-1 ( J  (  f  q (* ) /(«  (a)) d a )  d* )  ds
c e t

t 0 0

> J ( t - s ) r  (s)'1 ( s - c ) ( f ç  ( D f  (u (£)) d* )  d ,
c s

t  0 0

' =  (  j  (t — s) 0  — c) r  (x)“1 dx) ^ J  q ( s ) /  (u (s)) dx)

t  S

+  J  (  J (x -  l) ( l  —  r  (D~* d ç )  q ( s ) f  (u (x)) dx
C C

t  s

>  J  (  j  (x -  Ç) 0  -  x) r  ( g f 1 d f )  q (x ) /  (« (x)) dx .
C C

Now an argum ent virtually  identical to tha t used in the first case gives a 
contradiction, and the proof is complete.
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