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TOMMASO RuggERI, Astatic coordinates and inequalities, ecc. 3 8 s

Fisica-m atem atica. —  Astatic coordinates and inequalities in 
Cosserat’s continuum^. Nota di T ommaso R uggeri, presentata 
dal Corrisp. G. Grioli.

RIASSUNTO. — U sando una naturale estensione delle coordinate astatiche ed iper- 
astatiche della teoria classica dei continui si stabiliscono delle corrispondenti proprietà di me
dia per lo stato tensionale nel caso dei continui di Cosserat.

La presenza della parte emisimmetrica dello stress restringe le quantità  dei valori medi 
d i prodotti elio stress per coordinate che nel caso classico era possibile esprimere in funzione 
della sollecitazione esterna. Inoltre, non perm ette di determ inare i valori medi delle coppie 
di contatto.

T u ttav ia  è possibile stabilire delle lim itazioni inferiori per la densità di energia poten
ziale elastica in funzione della sollecitazione esterna.

La validità del teorema di Clapeyron perm ette a volte di avere informazioni sulla 
deformazione stessa del continuo.

Infine, nel caso di rotazioni vincolate, si fà un ’applicazione al problem a dell’equilibrio 
di un solido sollecitato da una coppia di braccio nullo e da due coppie concentrate.

i .  G e n e r a l  r e m a r k s

T he linearized equations of the statics of the Cosserat continuum  are:

P* ÏU

^ iJc,k T  &ilm ~  P-jf-M-ï
(2)

n t  = f i
(in <**)

where C* is the volume of the natu ral state, a^ its boundary, <E>̂  and 
are respectively the m atrices of the stress and of the couple-stress, F and M  
characterize* the forces and the m om ents and k — d/dyjc.

T he classical ^-hyperastatic coordinates are, as is well known [1]:

(3) =  — çb I [  P * y ï y l y s F r  dC* +  j  y l  y \ y \ f *  der* j •

From  (x ,i) 'a n d  (2,1) we have:

(4) C  =

where the upper bar denotes the m ean value in C* and

(5) 7] +  T + X  =  n {n =  o , I , 2 ,• • •) .

(*) W ork supported by the Gruppo Nazionale per la Fisica M atem atica, C.N.R. 
(**) Nella seduta dell’8 marzo 1975.
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In  the same way it is natural to introduce the corresponding /z-hyper- 
astatic coordinates related to the moments:

(6) B$£v =  — M r dC* +  I  y \ y \ y \  fn*  d<T*
C* o*

with

(7) y y, v =  n  —  I (n >  1) .

Putting:

(8) C^v =  lmy \ y t y l

we obtain, from  (1,2) and (2,2) (taking into account (6) and (8)) the relation 
(sim ilar to (4)):

(9) B &  _ C « ,  =  V rk( y l y t y l ) tlc.

H ow ever we m ust observe tha t (for n — 1) while eq. (4) determines 
all the m ean values of the eq. (9) does not determ ine all the m ean values 
of the In  fact in this case eq. (4) does not give all the m ean values
of the type (but only some of them) and this implies the presence
of m ore unknow ns in the eq. (9), precisely the C ^ v .

Rem ark I. T he cardinal eqs. can be written:

( *&  =  o

(10) +  — = 0

( B®,, +  <̂ ioo —  0̂10 =  o •

2. S o m e  p r o p e r t i e s  o f  t h e  m e a n  v a l u e s  o f  t h e  s t r e s s

In  the following, we consider the cases n — 1 and n =  2 and therefore 
we rew rite the ^-hyperastatic coordinates in the more convenient form:

( T 0  a rs — I J  P* y 8 Fy dC^ +  J y 8 f f dcr  ̂j
c*

(12) brst =  — I j  p* y r y s F t dC# +  j y r y s /*  d(7# j
C *

(*3) B „ =  —  2 -  I I  p# y s M r dC# +  j  y ,m *  der* j

(*4) =  zrim ®imy 8

(*S) ^rst ~  1 (ß s tr  4“ &rts ^rst)'
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The relations for the m ean values, in this case, are:

(16)

(17)

( 18)

(19)

Or

Jrst

Br

ÿr Q>ts +  ys $>tr 
. Ç  _  ï ï t

Srst — y t  O(rs) +  y s 0[rt] +  y ,  0[SJ] . 

Putting  T ,s =  0 (r<), from (14) and (19) it follows:

(20) 

w ith

(21)

yt SrS£—f- A rst

A rsf 2 mtr ^ m s ~f~ ^mts ~̂"mr) •

Rem ark I I .  It is easily seen that in (21), it is possible to substitute 
to C m its deviator:

(22)

— Cik — — Cjj §ik , i-e.,

A rst (ßm tr ^ ms ^mts ~̂"mr) •

Furtherm ore, we observe that A rst =  o when r — s — t and consequ
ently the T rsy t with r  =  s — t are determ ined in term s of the external 
forces.

It is not difficult to verify tha t [2]:

(23) I 9 mn R «  R Im dC# >  C* qiUm ( r 7* + g  >
c* M  '

■ — Iik lm  R/m

where is a m atrix , qiUm are constant the coefficients of a positive 
definite or semidefinite form  and:

(24) p? =  i / ^ d C * .

W e suppose th a t the elastic potential energy of the continuum  m ay be 
expressed as a sum of two positive forms. The first depending on the T ik, 
the second’ on the :

(25) W Ç T rs) =  ç mmT ikT lm : W  Q¥rs) =  q'mmY ik ^ lm.

U sing twicp (23) with R,-* =  T a. then  with R** =  Tj* we get:

(26) j (W ' +  W ”) d C * > C ^ q mm ( T a T ^ + g ^ p Ä j  
C*
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T he second m em ber depends only on the external forces and on the undeter
m ined param eters Cmq,

3. A  L o w e r  b o u n d  f o r  t h e  e l a s t i c  p o t e n t i a l  e n e r g y

Now we suppose th a t the continuum  is a Cosserat-continuum  with 
constrained rotations. In  this case the potential energy assumes the form [3]:

(27) V  (e„ , (x,s) =  V ' (srs) +  V ” G O

with

(28) V ' (ers) =  \  {X (s^)2+  2 \Lzilc e^}

(29) V "  (|Ars) =  \  I 2 * (BR& +  Cfoi) (B +  C) (fi,u +  [x22)2 J

where the siJc characterize the deform ation-m atrix and \iik =  cùi>k — 
co denotes the local rotation and s is the displacement, X and (jl are the 
Larné’s constants; B and C the structural constants satisfying the inequalities:

(30) B >  o ; I C I <  B .

In  (29), the term  corresponding to r  =  s — 3 is absent in because
R* =  o (r * =  (4 P). r,s

T he constitutive equations are: 

dV'
(3 0  =  -p- — Srs 2as rs

'Ts 'f >33 ^rs — =  B(Xrs---C[Xsr---- (B -f- C) ((Xu +  (X22) ^rs ■

Classically the (31,1) can be inverted and V ' (e,,) transform s into
W ' (T„):

(32) W '(T rs) = ~ { T « T tt +  A (T i,)2} , A =  —  I  ,
4P* 3 A ~r 2 P

By contracting (31,2) w ith Srs we have:

1 3^33 =  —  3 (B +  C) (|xu  +  g,22)

substituting in (31,2) we find:

'Fr?:’ =  —  Bfx„ —  C[xsr therefore (irs =  ca (CY,(P  —  BvF;(sD)).

Inserting this value in (29), rew ritten in the form:

V ' ^ K B ^  +  C ix̂ ) ^ ,
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we finally obtain:

(33) W " (¥„) =  -7 b2L C2)

From  (25), (32) and (33) it follows:

(34) Çiklm — Jjy (ßil àjcm +  8 lm)

(35) Çiklm 2 (B2_C2) ^^im ^kly

(26) is analogous to the relation obtained in the classical case with sym m etric 
stress, but while in this case the second m em ber is completely determined, 
it now depends on the unknowns CTS.

Proceeding as in the classical theory in presence of unknowns con
straints, it is natural to choose Crs in such a way th a t the second m em ber in 
(26) is minim um . W e note th a t the m inim um  cannot be zero (see R em ark II).

Putting

(36) Qikt ^ikt H- ^ ïk t

(37)
3

&iklm ==: T im -f- r  QiJct Qlmt
t=1 9t

(38) ^  (f-'pq ) Çiklm G iklm

(39) L (CS?) =  çïkim (Bg? -  Cg>) (Bg> -  C £ })

the m inim um  condition is:

We have:

QJ> .O
 

S

+ CD ,0
 

cd II 0

dH
3C(D)mq

3
-  ^ ik lj  rst _  I 1 f/,G  „ 1 ^  _ Ì 

Çiklj -Wd) on 2 I^  ^ l l t  ^mtq ~T~\liq t ^mti)SArst 3C ^  2^ t=i P,

3L
3G(d)mq

= -  (B (P m  -  Cm ) -  C ( B $  -  C£>)}

thus

(40)
 ̂ 3

0 » 2~ {hQllt &mtq H~~ ^mtii '

{B (B™1? -  c ^ )  -  c  Ä  -  O )  =  0.
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By contracting with zqmr we find:

(41 ) +  Srf-Qr«}-i  ?) B — c  i™ (Bä?-C £>) =  o,

while the sym m etric part of (40) gives: 

(42)

Putting now:

2^ 21  2 { Q i q t  e m.ti +  Q im t  z q ti} ß“T r  ' ' C(^)) — O.
t—1 Pf "T-

(43) (l +  2 h) S m  8r,} +  —■*_ c  zqmr

(44) s mq 2^ 2̂ ^ i q t  z mti ^ im t z qti)  ~\~ ß _|_ Q B(4 )

qq O , Smq mq j  •

(41) and (42) become:

(45) ^ 2  4 - K 1 +  2 k ) A m  K t  ~  K t t }  +  —  e «mr C% =  Sr~ t= 1 Pt °  ^

(4 6 ) jS  ä2 {-^-iqt z mti 4" ^ i m t  z qti} “K g _j_ q  — Smq .
Z^ t=  1 p

Rem em bering the definition (22) we get:

(47)
I

(48)
I

41*1

+  1

2  2 { ( T +  2  z mtq Cmq $rt  i  z mtr +  ö -------- p  z mrq ^m q  —  $ r£=1 P/ 15 V

2  2 {2^(mi) ^tt ‘ +  (zmti Zjtq +  Zjtm) +

I * p(°) _ 0
' B +  C m(i '

These eqs. determ ine the components of Cmq in term s of Sr and smq. 
For the sake of sim plicity we give the solution when in the central 

ellipsoid of inertia is spherical (pf =  p2 V/ =  1 , 2 , 3).
In  this case (47) and (48) reduce to:
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where

(SO I

2 k
_  3 +  , I

4 up2 1 b — e

(5 2) I

~2b -  3 +  14W2 1 B +  C

Thus the m inim izing expressions of the second m em ber of (26) are: 

(S3) C'mq b s mq ~T~ S r .

Consequently we have: 

b(54) A r8t \ 2  S rst S tsr S frs b b imj  (&sji &nttr~\~ £mts ^ rji)} V4MP2
k c* * ^  cv r. CV . . b

+  2 (2 ^  8 rs S, 8 ts S s 8 tr) +  ß-qrp; ( zmtr ßm  +  z mts C r )

with

(55) Sr =  <S'« -  (! +  2 S nr) 4 - — -e  B&>.

4. A n a p p l i c a t i o n  o f  t h e  p r e c e d i n g  t h e o r y

We consider an elastic homogeneous and isotropic solid sollicitâted by 
two forces in equilibrium . Let /  be the distance between the points Kb 
and K " of applications of the forces, Q the middle point, A/ the value of 
the lengthening of the fibre K ' K ", /  the intensity of the couple with the 
sign +  or —  corresponding to traction or pressure.

We talfe the reference fram e G , y 1 , y 2 , y 3 where G is the center of 
mass of C* and its axes are the principal axes of inertia. Let K ' == (y'r) f

K "  =  ( y r ) , Q == (xr) and u  =   ̂ =■= (qq); x  =  GQ , x x  and a =  x  u.

W e easily obtain (see [4]):

( 5 6 )  —  C ^ a r8 pr <p8

(57) — C „Sr8( = f l c p r cps x t

(58) B „ =  o .

Taking, into account (53) and ( 54)? eT  (26) after some calculations becomes:

(59) I W dC*
c*

f  /2 I

Te ( i + q
I

2E02 [ ( /  +  r ) a 2- ( / + / ) V ]
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with

(60 )

(61 )

(62 )

f  .. _ ....(B +  C) (I +<7)2

? 2 =

3( i+<7)(B +  C) +  2p2 E

(B -C )  ( i -g )»
(3 — a) ( B —-C) +  2p2 E

(1— 3«) ( i + o )  ( B - C )  
(3 - a )  (B — C) +  2p2 E

> 0

>  o

where E and <7- are respectively the Young m odulus and the Poisson 
coefficient.

The first term  of the second m em ber of (59) coincides exactly with the 
classical one.

However we observe th a t (59) cannot give the classical results if 
B =  C =  o, because the theory in this case is no more valid. In  fact if 
B =  C =  o the quadratic form which expresses the density of elastic potential 
energy, considered as a function of all the variables zrs and \ir8 is not 
positive definite and the relations stress-strain cannot be inverted (see (30)).

Rem em bering also tha t — 1 <  <7 <  1 /2 , E  >  o and tha t r  <  ç2, a2 <  ;r2, 
we can see th a t the inequality (59) has the second m em ber smaller than  the 
classical one.

This could be expected, for in this case we substantially have a larger 
structural deform ability of the continuum  and consequently the presence of 
the unknow n param eters Crs.

A still g reater difference with the classical theory appears when 
besides the two forces also two concentred couples exist in the points K ' 
and K " with the respective m oments m k  and — m k (m  >  o , 1z =  1 , k -u  =  o).

In this case the B rs are not zero; in fact:

(63) — C* B rs =  m l kT k s .

The inequality  for the energy now becomes:

(64) f w d c „ > ^ -  [f  [ - l ( i + ^ )  +  _ l _ I ( / + r ) a . _ ( / + ? V ‘]]  +

ò*
+  4W2________ ____________

[(B +  C) (1 +  a) +  2p2 E]2

It is clear th a t the second m em ber of (64) m ay be larger than  the 
corresponding classical term .

R em ark I I I . In the theory of Cosserat’s continuum  with contrained 
rotation the Clapeyron theorem  holds:

(65p 2 ( w  dC# =  SL
C*

where SL is the work done by the external forces in the displacement from 
the unstressed state to the actual state of equilibrium .
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By using (59) and (64) eq. (65) can give inform ations on the strain of 
the body.

In  the just considered case we have:

(66) SL = /  I A/ I +  m  |AQ |

where | A£2 | denotes the modulus of the relative rotation.
If  m — o eqs. (64)-(66) yield a lower bound for | A/ |. On the contrary 

if /  =  o we have a lower bound for | AQ |.
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