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Analisi m atem atica. —  On the convergence of approximate itera
tions fo r  an abstract equation. N ota d i T a d e u s z  J a n k o w s k i ,  presen
ta ta  (*} d a l Socio G. S a n s o n e .

R iassunto. — In questa Nota si studiano soluzioni approssimanti di una soluzione 
dell’equazione astratta x = f ( x ) .

i. Introduction

M any A uthors have been interested in the solution of an abstract equation

( 0  x = f ( x ) .

T he most simple approxim ate solutions of this equation are the simple 
iterations xn+1 — f f e n) , n =  o , 1 , • • • (see [3]-[8]). Because of the rounding 
error or error in the evaluation of / ,  in place of the sequence {xn} another 
sequence {x^}  is produced (for a more detailed discussion of this problem  
see [5]).

The sequence {xn } m ay be generated in a variety  of ways. In  papers 
[3]—[5], [7] it was considered the convergence problem  for a sequence {#*} 
such that

P fen+1 > f  fen )) N  O ,

where the p has the properties of a metric. The approxim ate iterations ofn 
can be also of the form

'bi-rl ~  fn  fen) > 72 =  0 , I , * * - ,
(see [3]-[S], [7]), or

fe) -̂ n ~  fn  fen) > n =  O , ! , • • • ,

(see [1], [3]—[5], [8]), or of sim ilar form (see [2]-[5]) where f n is convergent 
t o / .

In  this paper we give conditions under which the sequence (2) and

gn {gn > gn—l) j ^  ̂ ^ , ’ • ’ ,

are convergent to the solution of Eq. (1). There are estimations better than  
the known ones.

2. Preliminaries and lemmas

Let G denote a partia lly  ordered set (an ordering relation is denoted 
by < ; we write u  <  v iff u  <  v or u =  v)\ there exists in G an element o 
such th a t o <  u  for any u  e G. M oreover, a relation u +  v is defined in G

(*) Nella seduta dell’8 marzo 1975.



278 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LVIII - marzo 1975

and for any  non-increasing sequence {un} C G  there exists a unique element 
u € G  called the lim it o f the sequence {un} and we write u — lim  un

n-> 00
or U n \ u  (the precise definition of the set G is in [6] or [4] or [2]).

Suppose th a t
A ssum ption Hj. T he function 0 : A -> G  , A G G  is non-decreasing- and 

such that:

1) o € A and if k € A, then u  € A for any u  <  k\
2) if un € A , n  =  o , I , • • • , and u ^ a  u  then a ( u f i \  a (u );
3) u  =  o is the only solution in A of the equation u  == a (u).

W e state the following

LEMMA i (see [4]). I f  A ssum ption  H x is fu lfilled , the sequence {§n}C G  
is convergent to the element o and there exists b e  A such that S0 +  a(b) <  b, 
then fo r  the sequence {zn} o f the fo rm

Zq =  b , zn+1 ~  Sn +  a (zn) , n — o , 1 , • • •,
we have z fA  o.

By induction we can prove the following

Lemma 2. Suppose that Assum ption ts fu lfilled  fo r  the function  
d : A x A ^ G ,  and  that the sequence {cn } C G  is such that cn\  o. Moreover 
let the elements u 0 and  ux o f the sequence { un } be such that u -1 <  u 0 and  
ci +  d (ui > u o) ^  ui and  un+i =  cn +  d (un , un_P) , n =  r , 2 , • • •.

Then we have un+1 <  un , n =  o , 1 , • • •, and un\  o.

Proof\ W e have u% =  ct +  d (ux , u 0) <  ux <  u 0. By induction we get 
un+i un , n =  o , I ,*•*.  According to A ssum ption H i we obtain the 
assertion of the lemma.

Rem ark 1. It is easy to see that the assertion of Lem m a 2 rem ains true 
if tjiere exists b e  A such th a t cx +  d (b , b) <  b and ux =  ==

3. The main space R

, Let R  denote an abstract space such tha t for some sequences { xn } C R 
there exists a uniquely determ ined limit lim xn == x  € R. M oreover, for any

w—>00

V  f  R and 3 6 G the sphere S {x , b) =  [ ï f R , p  (x , V ) <  b\ is a closed set 
where the function p : R x R - s - G  has the property of a metric. T he space 
R is complete in the following sense: if {rw} C G , r „ \ o  and for {x n } C R 
the Cauchy condition p (xn , xn+m) <  cn , n  , m  =  o , i , • • •, is satisfied, then 
there exists a lim it y  6 R  of sequence { xn } (see also [4] and  [6] or [2]).

: A ssum ption H 2. T he function /  : S (x*, b) R  , x* e R , b e A has the 
property:

1) for any x  , y  6S(^;*, b) we have

P (J(x) , f ( y ) )  <  a ( p  (x , y ) ) ,
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where the function a satisfies A ssum ption and b~\-b =  2 b € à ,
2) there exists a q e A such that

? (#*, /  (#*)) <  q and q -f  a (Jf) <  b .

Assum ption H 3. Suppose that

0  fn  : S (**, =
2) for any ^  j e  S (**, £)

P (À W  /»O ')) <  an(p (* , t ) )  , n =  o , I , • • • ,

where the functions satisfy A ssum ption H , (except 3)) , 2b 6 A,
3) for any  v 6 A we have an(v) <" æ(w) , n =  o , 1 , • • •, where the fune- 

tion a satisfies Assum ption Hj.
A ssum ption H 4. Suppose th a t

1) hn : S (#*, b ) x S  (x*, b) -> R , ^  =  o , i , • • ■,
2) for any  x  , y ., s , t  £ S(at*, b) , n =  o , I we have

PO«<A ,T ) , ^ » 0  , 0 ) ^  dB(p(^r , j) , p ( y  , / ) ) ,

where the functions d„ (d„ : A X A -> G) satisfy A ssum ption H , (except 3)), 
2 b 6 A,

3) there exists the function d : A X A ^  G satisfying A ssum ption H x 
and such th a t for u , v  £ A we have dn (u , v) <  d (u ,v )  , n  — o , 1 , • • •,

4) there exists a q 6 A such th a t for n =  o , 1 , • • •, we have

P (%*, hn (x*, x*)) <  q and q -f- d (b , b) <  b .

4. Convergence of approximate iterations

Let us recall the existence theorem  from [6] (see also [4] and [2] or [3]).

Theorem i. I f  A ssum ption  H2 is fu lfilled  then there exists in  S(x*, è) a 
unique solution x  o f Eq. (1) which is the lim it o f the sequence { xn} o f the fo rm  
x 0 =  x  , xn+1 =  /  (x„) , n — o , I , • • •.

W e can now form ulate two theorem s on the convergence of sequences 
of approxim ate iterations to the solution x  of Eq. (1). The sequences of 
approxim ate iterations m ay be defined by the relations x n+1 =  f f i x f  and 
T» =  fn  O'») for n  =  o , I , • • •, or gn =  hn(gn , gn_f) , n =  I , 2 , ■ • •, where 
{ f n}  and {hn} are sequences convergent to the function /  (the elements y n 
and gn are fixed points of the function f n or hn respectively; see also 2) of 
Theorem  2 and 2) of Theorem  3). Now we get

Theorem 2. I f  Assum ptions  H 2 and  H s are fu lfilled  and  i f

0  x 0 X j x n-hl fn  (A») > ^  O , I ) * * ’ ,

2) p ( fn (xn) , f  (xff) <  S , i>o ;C y,

3) P ( f n  (x*) , x * ) < q  , n  =  o , I , • • •,
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4) the sequence { y n} o f the fixed  points y n o f the functions f n has the 
property:

(p) 9 CLh-i > yn) V- z , s0 <Ç q̂
(J>) P O o  , x*) <  b,

then there exists in  S (x*, b) a unique solution x o f E q . (1) and

(3) p( x n , x ) < z n , P (yn , x ) < z n +  zn , n  =  o , I , • • • ,

where the sequence {zn} is defined in Lem m a i  w ith an instead o f a and  with  
zn instead o f Sn.

Moreover i f  z =  S — o then

lim x n =  lim y n — x .
n~> 00 n-> 00

Proof. We see th a t for any function y n A ssum ption H 2 is satisfied: 
by Theorem  1 above, y n exists and y n 6 S (x*, b) , n  =  o , 1 , • • •. Since 
x 0 € S (x  , b) and

p(xn+1 , X*) <  P ( f„(xn) , f„(x*)) +  p ( f n(x*) , X*)

<  a n(P  (*n , x *))  +  9  , n  =  O , I , • • • ,

we get xn € S (#*, b) , n =  o , 1 , • • •.
F urther we have

P Ç-̂ n+ 1 ) J V l )  <  ?(fn(xn) , fn(yn)) +  P (yn, dni l )

<  an(p (xn , y j )  +  e« , n =  o , I , • • •.

Pu t w n =  p (xn , y n) y n — o , I , • • • ; then we have

f w0 <  <5,
1 w„+i <  +  sn , n =  o , I , • • • .

By induction, we obtain wn <  zn <  zn , n =  o , 1 , • • •, and from Lem- 
rpa I with s =  § — o  we get the assertion of Theorem  2 .

Rem ark 2. Theorem  2 is sim ilar to Theorem s 2 and 3 [4]. In paper [4] 
the condition 4) is replaced by p(yn , x ) < b , n  =  o ,  1 , • • •, and there are 
given the adequate estimations with the function a instead of an.

Rem ark 3. Let

a (u) =  L u  , L  6 [o , 1) , u £ A.

T hen A ssum ption and the condition 3) of A ssum ption H 2 are satisfied 
b P q f i — L )-1 . M oreover if we put

an (u) =  Lw u  , L n e [o , L] , u e A , n  =  o , 1 , • • •,
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then the estim ations (3) are fulfilled with the sequences {zn} and {zn} of 
the form

( 0̂ =  b ,

< n

I 2n+ 1 =  S  ^n-i T~ K b , n =  o  , I , • • •,
I i=o

and

*0 =  6,
n n ^

*n+1 =  n  L i Sy-i +  sn , e_! =  b , ^ =  o  , I , • • •.
i~0 i = j

Theorem  2 contains some results of [i] for the case Ln =  L , »  =  o , i , - - - .

Rem ark 4. If  the condition (a) of Theorem  2 replaced by: there exists 
y e S (x*y b) such that

? (yn ì y)  T  Sw. \  § , §0 T  ^  <  y,

then

p (xn > y)  <  A > h =  o , I , • • • ,

where =  b , j>n+1 =  a * ( /n) +  2 Sw +  V h  , » =  o , 1 .
M oreover, if & =  o then

lim xn =  y  .
n-> 00

Indeed, it is easy to see that

w 0 <  b ,

^Vh ^  ttn (w fi  ~f~ ~b n̂+1 > n =  O y I , • • • ,

where =  p (% , y n) (see the proof of Theorem  2).
Now, if & =  o then we have

P (*» , y )  <  p (*» , Tn) +  p O'» , ÿ ) \  O .

Theorem 3. I f  Assum ption  H 4 is fu lfilled  and  i f

1) /  : S(;r*, b) ->  R  .

2) p (hn(x , x)  , /O r))  <  sn\  o , x  € SOr*, 3),

3) P. (/^  (Ti) 9 bn (xn , x n_-fj) <  p rfi o , p x -f- £1 <Ç q,

then there exists m  S (pc' y b) the unique solution x o f E q . (1) and the sequence 
{ gn } is well-defined by the relations

■X*
g  0 % ) gn  hn (g n , gn—i)j 11 =  0 ,  I , • • •.
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Further i f

4 ) P (gn , gn+1) <  § , 80 +  S0 <  q ,

5) x 0 =  x , x n+1 = / „ ( % ) , n  =  o , I , • • •, a n d  p (xx , x) <  b , p (xx , g-̂ ) <  b ,

then

(4) p (xn , x) <  ün +  kn a n d  p (gn , x) <  ùn , n =  o , i , • • •,

zvhere

{ UrQ --  Û    Ò ,

'M'n+l ^n “I- ^n  (pn > ^n—l) y ^  ̂ y 2 , • • • ,

and

I h  =  kx =  b,

\ ^n+l Pn H~ ^n ^ n (Pn y &n—l) y ^ 1 > 2 , • • • .

Moreover i f  S =  o then 

(S) lim ;rn =  lim gn =  x .
n-> 00 n—>00

Proof. In  paper [4] it is proved that A ssum ption H 2 with <3 (^) =  
=  d (u , holds true, and consequently there exists the unique solution x  
of Eq. (1).

Now we see tha t

P (pCn+l y g  n+l) A p (fn (pn) y hn (xn , ~b

H“ P (Pn (xn y xn—l) y ̂ n (gn y gn-lj) H- P (gn y gn+1) A 

A  Pn $n “h ( P (xn y gn) y ? (xn—1 y gn—lj) y n  — I , 2 , • • •.

Further, by induction we can prove

P (xn y gn) A kn , ^ ~  O , I , • • • ,

and by Lem m a 2 we get \  o.
Finally, we have

P (gn+l , *) <  p ( ^ +1 , ^w) +  P Ä  (Ä  > gn-l) y K  (x , x)) +  p (hn {x , x) , f  (x)) <

A $n H“ zn ~f~ ^n (P (gn y x) , p (gn—1 y x)) , n  '=■ I , 2 , • • * ,

and hence we obtain the estim ations (4). 
Now if 8 =  o we get our assertion (5).
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