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Geometria differenziale. — Some special R ìcci identities. Nota 
di H. D. Pande e S. B. M isra, presentata (,) dal Socio E . B ompiani.

RIASSUNTO. — Estensione di identità del Ricci (nel caso di spazi riemanniani) agli 
spazi di Finsler.

i . In t r o d u c t io n

In  a Finsler space F* [1] we have two types of covariant derivatives
of a vector field X ' (x , x) w ith respect to x  , given by

(I .I ) X ‘|* =  FS*X* +  X B!A L < 2)

and

(1.2) Spi -\ri A y  i m i -%rm t-tX-z^\k  — ók - N ---d m A  Kjk -f- A  I mk

where

(!-3) K)k (x , d) — Fc)k (x , £) =  —  F'gh dkg jh

are the com ponents of a sym m etric tensor and (x , x) are C artan ’s connec
tion coefficients.

T he projective co varian t derivative [3] of a vector fields X ' (x , £) with 
respect to xk is given by

(14) x i ,  =  Fâ, x ’ +  X - n l k

where TVmk (x , x) are projective connection param eters, defined by

( 1-5) T~p __  p z  ___ (SÌ G L  +  S i G ^ +  ^ G y .

T he functions Gjk (x , x) are Berw ald’s connection coefficients (R und [1]). 
T he com m utation form ula [3] involving both (14) and (1.2) processes is 
given by

(1.6)

where

0 -7)

and

0 -8)

X 1 m,4 -  xf* iu =  —  m;** x ' +  x*' ||y n Ju}m r +  x y  whk

. Jef . .m*** (*, £) = F9, t% + n;-m ns,r r -  n%,*

r  ( x , x) def x*

F (x , x)

(*) Nella seduta dell’8 febbraio 1975.
(1) Numbers in square brackets refer to the references at the end of the paper.
(2) dk =  djdxk and dfc — djdxk.
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2. R icci id e n t it ie s

THEOREM (2.1). The Ricci identity fo r  a covariant tensor of order two 
is given by

(2.1) A,y \\h\k ' A*yp II* =  A.pjMikh+ A t-pMykA +  A,y ||  ̂ -|- A,y|w Ufk .

Proof. Let X * ( x , £ )  be an a rb itra ry  contra varian t vector field such 
th a t its inner product w ith the tensor A,y (x , x )  is given by

(2-2) T , - ( ^ , ^ ) = A ,y ( ^ >̂ ) X y.

We know th a t

(2.3) T, lUi* -  T,.,* ||* =  T j  M(** +  T,- II,. n l im r  +  T,-|, UZ .

W ith the help of (2.2), equation (2.3) takes the form

(2.4) X y [A,y IU!* — A*,* II*] +  A ij [Xy 11*1* —  X[* II*] =  M iu  Ay, X p +

+  A,y h, u pM{m r  x y+  A,y x y il, w{k r + a ì m  nr* x y+

+  A ij  XfOT UZ  .

T aking  into account (1.6) and rearranging the term s in (2.4) we have

(2.5) x y [A,y 11*1* —  A,y,* ||* —  A ;,M^** —  A ,yMf** —  A,y II, nf* |m r  —

’ n**j O .
Since X J (x ,£ )  is an a rb itra ry  vector, (2.1) follows from (2.5).

Theorem (2.2). The Ricci identity fo r  a contravariant tensor o f order
two is given By

(2.6) a !j y*,*— Afï y* =  —  A ,y y, n& ,„ r — a % n |* — A ipm {m — a pj m;**.

Proof. L et X,- {pc , x) be an a rb itra ry  covariant vector field such th a t 
its inner product with the tensor A ,J (x , x) is given by

(2-7) T  ( x , ± ) =  A ij (x , X )  Xy .

We know th a t

(2.8) r  II*,* -  Tf* II* =  - m;:** T y+  t ! iiy u{klm r  +  t u w hk

W ith the help of (2.7), equation (2.8) takes the following form

(2.9) Xy [A*7 1|*|* -  A fï II*] +  A *  [Xy II*,* —  Xy,* ||*] =  — Mj** A *  X , +

+  A ij II, nf*|M r  X y+ A ij Xy II, u z ]m r + Afy n£* xy +  A iJ xy„ n *u .
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U sing equations (1.8) and (2.9), we get

(2.10) Xy [A* lUi* —  AÜ II* +  A *  M jpih +  A*' M;u  +  A ij \\p Whk\m l m +  

+  A| Jp n ik\ =  o .

Since X y (x , x) is an a rb itra ry  vector, (2.6) follows from (2.10).

THEOREM (2 .3 ) . The Ricci identity fo r  a covariant tensor of arbitrary 
rank q is given by

( 2 * I l )  ^ i \ y  z’2> ' * * > iq\k IU[  ̂ Aq..} ?2, • • •, iq\k | \h A ^  2̂> ' ‘ ‘ > iq H/* ^-hk\s I  ~F"

+  A ^ , n l
hk■ “I“ 2  Aq,*-

3=1 *3+i> iq M  Si^kh •

P r o o f L et us assume th a t the theorem  holds for a co variant tensor 
of order m (m <  q). Thus, we have

(2.12) Tz'i ,?2, • • • , i m I ■ • • > 11^ *2> • • • 5 im\p  ~ i~

• ,im Wp -̂hk\s I +  .
0 =  1

L et A, t 7f x  ,x )  be a (m +  1) order covariant tensor and X 7 (v , x) 
as before is an a rb itra ry  contra variant vector. T he inner product of (x , x) 
and ,x )  is given by

def
(2.13) ~  A*i,t-2, • • ì X) X .

Substituting the value of T ,im {x, x) from (2.13) in (2.12), we have

(2 .14) , X [A?-1>?-2j ...fimj \\h\k ~ A /1j2-2> ... fim\k \\a] A,-1>i2t... timj  [X ||^p ■ Xi^\U] —

+ A, 1,,2,...Ĵ ,y ||y n Lisr x J+ a ^ 2,...5 w  xy u, n&,x r +

T aking  into account (1.8) and rearranging the term s in (2.14) we obtain
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Replacing the index j  by im+1 in (2.15) and taking into account the fact tha t 
X *7 (x , x)  is an a rb itra ry  vector, we obtain

(2.I6) • • ■ ’ifn + l + 11̂ ■̂■*'l»*2* * •
m + 1

• •-»<»1 + 1 11̂  /  ~b .jS^fi>*2> • • ’ >*ß — + + l •

Thus the form ula is true also for a co variant tensor of order (m fi- 0 * ^  has 
already been established th a t the form ula is true for a co variant tensor of 
order two. Hence it is true for a co variant tensor of any, order say q.

THEOREM (2.4). The Ricci identity fo r  a contravariant tensor of an arbi
trary rank q is given by

(2.17)

y f i  > *2 » • • •
\\h\k

__, 7̂ *1 »*2» • • • » tq
\ k  \ : A" \P n& +

I\p n ik\s _ Y  ^ t‘l»*2.---»*3-l»f»*’ß + l ] y p ' ß  
0 i skh'

Proof. Let us suppose tha t the theorem  holds for a contravarian t tensor 
of order m (m < q). Thus, we have

(2.18) —
m

I!p L̂ -hk\s 1

U(k +

3=1

Let A n,l2," ‘ (x , x) be a (m +  1) order contravariant tensor and X,- (x , x) 
be an arb itra ry  co variant vector field. The inner product of X*- (x , x) and 

{X , x) is given by
• * * def * * .

(2.19) rY‘l ''2’ ' ’1’m( x , x )  =  A ’1’*2, ",tm’J (x ; x) Xy .

Substituting the value Qf T '1’’2’' " ’lm (x , £) from (2.19) in (2.18) we have

(2.20) Xy[A,'1’,', ’‘" ’," ’> \ h \ k - ■ A V ” • • ■ II*] +A *-*- - ■ [Xy II*,* —  Xy|* I

=  T IL  X y +  Xy|y n &  +

+  A. - 1 . Û , - Xy +  Xylly
ni

__ . y  + ]yp'ß
ié l  ^  ■

W ith the help of equations (1.8) and (2.20), we obtain
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Replacing the index j  by  im+1 in (2.21) and tak ing  into account the fact 
th a t Xy (x , £) is an a rb itra ry  covariant vector, we obtain

(2.22) '* " + l IU|* —  A ' 1 ’’2 - ' " ’ i m + 1 \ i \ \ k  =  A ' 1’ ' 2 ' " ' : l m-\- 1, TT P  1 
1 p  ~T~

m - f-1
+  A ’ 1 ’’2 ’ "" , i m + 1 \\p  R u \ , I s - 1 ‘ ' ' >l m + 1  iy p ß

skh

(2.22) shows th a t the theorem  is true for a contra variant tensor of order 
(fft -f  1).' I t has already been shown th a t the form ula is true for a contra vari
an t tensor of order two. Hence according to induction principle the formula 
is true  for a tensor of an arb itra ry  rank  say q.

THEOREM (2 .5 ) . The Ricci identity fo r  a mixed tensor (contravariant p  
and covariant q) is given by

(2 .2 3 )
A . J S ,  - J ,  "*\* ■ ■ J q\k IU —  J l . h , -  ■ ■ J ç \s  i V hk +

- n*.
J l * J 2 > " ‘ >Jq m  " k \ s  

P .
___V * • • »a— ] yj *a

+  2  . . M s.

oc—1 ,Jq

Proof. T he proof of the Theorem  (2.5) follows the pattern  of the proofs 
of the Theorem s (2.3) and (2.4).
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