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Geometria differenziale. — Projective transformation in recurrent 
and Ricci-recurrent Finsler spaces. Nota(*} di S. C. S r iv a s ta v a  e 
R. S. S in h a , presentata dal Socio E. B om piani.

R ia s s u n t o .  — La nozione di trasformazione proiettiva già nota per gli spazi rieman- 
niani ricorrenti rispetto al tensore di curvatura o a quello di Ricci viene estesa agli spazi di 
Finsler con analoghe proprietà.

i .  I n t r o d u c t io n

Pravanovitch  [4] studied the projective and conformal transform a
tions in a recurrent and R icci-recurrent R iem annian space and in recent 
papers S inha [5], [6], studied projective transform ations for F insler spaces. 
In  this paper the authors wish to study  this transform ation in the Finsler 
space Fn w ith recurrent and R icci-recurrent curvature.

Consider a Finsler space Fn of ^-dim ensions with the connection coef
ficient Gjk. I f  its curvature tensor FVjhk satisfies the relation

( I • I ) Hjhk(i) K/ Hjhk j (f j j  ) k ) * I ) 2 , • • , n)

where suffix in bracket denotes co vari ant differentiation w ith respect to Gjk 
and K/ =  K (/) is a non-zero  vector, then Fn is called a recurrent Finsler 
space [1]. It is to be noted th a t is homogeneous of degree zero in x l (2). 
In  this we denote such a Finsler space by F*. However if the Ricci tensor 
H ij =  H hijh satisfies

(1*2) ~  R / Hÿ

then  F* is a R icci-recurrent F insler space. I f  K/ =  o, i. e. H*y(/) =  o 
and Fl}kk(i) =  o , Fn is a R icci-sym m etric or sym m etric Finsler space respecti
vely. T he curvature tensor satisfies the following relations [2]

(1.3) YL>ljk£  =  Yi% ; =  H,y

(1.4) H,y^  =  Hy

(1-5) =  (n —  I) à, H — H,-

(1.6) H ijX1 x 3 =  (n —  1) H

where H , =  Hhih and H =  H-.n —  I

(*) Pervenuta alp Accademia il 14 ottobre 1974.
(1) Numbers in the square brackets refer to the references at the end of the paper.

Hr* . .
(2 ) j > = ™ L  ; 9. =  d ß #  , 2 T,di UJ] ' : T ..— T - and 2 T(<>): T...Jl
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I t can be noted th a t is homogeneous of degree zero, consequently 
H ij is also homogeneous of degree zero. So we have

(1.7/ dr Hiytfr= 0 .

In  Fn , let us consider an infinitesimal point transform ation

(1.8) X* =  x* +  v* (x) dT

where vl denote com ponents of a contravarian t vector field defined over the 
dom ain of the space under consideration and dv an infinitesimal constant. 
I f  a F insler space Fn adm its infinitesimal projective transform ation with 
respect to the vector field v \  then the Lie derivative of Gfi w ith respect 
to (1.8) has the form [5]

(1.9) IFG)k =    2 8\j dh) P  (dj dh P) X

where P ( x , x) is an a rb itra ry  scalar function positively homogeneous of 
degree one in x 1. D ue to this hom ogeneity property

(1.10) dr Fxr =  P and dr 3/ Fxr =  o.

T he Lie derivative of the curvature tensor Fi)hk is given by

(1 .11) JFH)hk =  2 {81  d[k P(7)] +  9* P [(/) %k] +  ($h \k  P)(y>] £  } •

From  equation (1.11) we have [6].

(1 .12) J 2 ? H Î * ^ =  J2PHÎ*

(1 .13) -^ H hj =  ndh P(y) —  dj P(A) —  (dh dj P)(0 x { =  Ohj (say),

and

(1.14) &Fi =  F{i)x i.

Sinha proved [5]

THEOREM. I f  an F* space (n >  o) admits an infinitesimal projective 
motion, the motion should be o f the form

(1.15) ^G j,, =  —  2 l\jd K) P —  (%■ 3, P) £  , 4 P =

For a R icci-sym m etric and sym m etric Finsler space K / =  o, so from the 
above theorem  P =  o which shows th a t the transform ation is affine. So we 
have, the theorem.

THEOREM i . i . I f  a symmetric Finsler space admits an infinitesimal pro
jective transformation, then it is also affine.
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2. Projective Transformation in Recurrent 
and R icci-Recurrent F insler Space

T aking  covariant derivative of (1.2), we have

H ij(i){k) =  K/(^) H ij +  K I H ÿ .

On interchanging /  and ié in the above relation and subtracting the 
equation thus obtained, we have

H ---H,y(*)(/) =  {K nk) ---- K*(/)} H*y .

By tak ing  into consideration

K/(£) —  K^(/) =  —  dr K H ^

the above relation becomes

Hÿ(/)(i) — H,y(̂ )(/) =  — dr KHïk Hi j .

On applying the Ricci identity, the above relation becomes

(2.1) âr H* H rlk +  Urj +  H,v H rjlk =  âr KH/^ H,y.

C ontracting (2.1) w ith & &  and using (1.3), (1.4), (1.5) and (1.6) we have

(2.2) B jk {dr H H3r K} =  o

th a t is,

(2.3) (a) H rlk =  o or (£) 3r H ~ H 3r K =  o.

H ence we have the theorem

Theorem 2.1. The Ricci-recurrent Finsler space, admitting infinitesimal 
projective transformation satisfies the relation H rik =  0 or 2r H — Hdr K  =  o.

T aking  the Lie derivative of (2.1) and using (1.7), (1.10), (1.11), (1.12) 
and (1.13) w,e have

(2.4) dr ®*y YVik +  i>k H ij P(/) —  3/ H ij P(£) +  Orj  H rnk +

+  2 H*y {dk P(/) —  31 P(^)} +  H^y 3, P(/)---H ij di P(̂ ) +

+  Hy {(3,- dk P)(/) ---  (3i 31 P)(£)} +  $>ir Tijlk +  H ik 3y P (/) ---

H fy 3y P( )̂ +  {(n  —  1) di H —  Hi} { (dj dk P)(/) —  (3y 3/ P)w } =  

=  (jseòr K) H2* H,y +  {dk K P (/) —  3/ K P W} Hij +  dr K H rlk
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C ontracting (2.4) w ith & &  and using (1.3), (1.6), (1.7) and (1.10) we have 

(2.5) òr 3>,y H rik £  #  +  dkH,y P (/) ** x J —  i, H ty P (i) /  y  +

+  ®ry H i  ^  +  2 (n —  1) H {dk P (/) —  â; P w } +  H ,y P (/) y  —

H/y P(̂ ) +  <P?> Hrik x* -f- H ik P(/) x 1, — Hü P(£) £

=  K) H i  (» -  I )  H +  (* —  I )  H {a, K P (/) -  a, K P (i)} +

“h dr K H  \k ®*y x  x?.

From  (1.4)) (!*S)> (**6) arid ( I -I 3) we can easily deduce the following
relations

(2.6) dr H zjX* x J =  0

(2-7) =  nPu) —  dj PU)

(2.8) %  &  =  nd,• P (7) x j  —  P(n

(2-9) ®,y x { x J =■ (n —  1) P(,-) x l

and

(2.10) dr X* Xj =  O.

U sing (1.4), (2.6), (2.7), (2.8), (2.9) and (2.10), the equation (2.5) reduces to

(2 .11) {âr P (y) &  +  P (r)} H i  +  2 H {òk P (/) —  òt Pw } +  òk H P (/) —  òt H P W ■= 

=  K) H H i  +  H {à, K P (/) —  d, K P W} +  âr K H i  P (0

Now tak ing  the Lie derivative of (2.3), we have from (1.14)

(2.12) H& dr K  =  dr P (y) x j  +  P (r) —  dr K P (y) .

On account of (2.12) the equation (2.11) becomes

P(/)] =  o , i.e. H =  o or d[k P(/)] =  o .

So we have the following

THEOREM 2.2. The Ricci-recurrent Finsler space, admitting infinitesimal 
projective transformation satisfies either H =  o or the scalar P ( x , x) satisfies 
the relation d[k P (/)] =  0.

Since every recurrent F insler space is Ricci-recurrent, we have following 
speciali cases of Theorem s 2.1 and 2.2.

THEOREM 2.3. The recurrent Finsler space F* admitting infinitesimal 
projective transformation satisfies the relation Hjk =  o or dr H  —  Hdr K  =  o.
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THEOREM 2.4. The recurrent Finsler space F* admitting infinitesimal 
projective transformation satisfies the relation H =  o or d[k P(/)] =  o. 

Com bining the Theorem s 2.3 and 2.4 we conclude

THEOREM 2.5. I f  the recurrent Finsler space F* admits infinitesimal 
projective transformation, one of the following conditions must be satisfied.

( 1 )  Ü Ï A  =  o ;

(2) the scalar H =  o;

(3) the scalar K satisfies dr H —  Hdr K = ' o;

(4) The scalar P satisfies d[k P (/)] =  o.

3. Some Theorems 

T aking  Lie derivative of (1.2) we have

(3.1) ijV) =  (& K  1) H ÿ +  K, fPHij.

It is well known th a t [3]

(3.2) j s f r ; (r) —  (ÆTy% ) =  c^G r/) T] — T  ; —  (jsp’g L )  à/ t ;

where Tj (a ;, £) is any  tensor.
W ith  the help of (3.2) we have

J?Hm  =  — Hrj  &Gra _  H,-, jSPG;, — à, Æ’GL

which w ith the help of (1.9), (1.13) and (3.1) becomes

H if SCKi +  K; 0 ,y =  % V) —  H ÿ à* P —  2 â, PH,y —  H,7 à,- P —

— H,.y à/ à; Pi:’’ — H ir dl dj Pxr — Pôj Hÿ.

C ontracting w ith & &  and using (1.3), (1.4), (1.5), (1.11) and (2.9) we 
have

(3.3) { Pa m  ~  K/ P (0} &  —  PS/ H —  H (2 a, P +  ^ K 7) =  o.

C ontracting (3.3) w ith ^  and using (1.15) we have

(3-4) {P(0(0 — K 7P (0} ^ ^  —  8 P H  =  o.

H ence we have the following theorems:

THEOREM 3.1. I f  a Ricci-recurrent Finsler space admits infinitesimal 
projective transformation then

{ P (>) w —  K , Pw } x l —  8 PH =  o.
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THEOREM 3.2. I f  a Ricci-recurrent Finsler space admitting a projective 
transformation satisfies H  =  o then

p (OW —  K/ h o  =  °-

T he above theorem s are also true for recurrent Finsler space F*.
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