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Algebra. — Normality in GF {g,x}. Nota di Cavin T. Lonc
e WiLLiam A. WEBB, presentata ® dal Socio B. SEGRE.

RIASSUNTO. — Si mostra come diversi dei risultati classici relativi alla normalita dei
numeri reali possano venire trasportati agli elementi (1.1) dell’anello GF {g, x} delle serie
di potenze formali a coefficienti in un campo di Galais.

1. INTRODUCTION

Let ¢ be a power of a prime p, and let GF (¢) and GF [g¢, x] denote the
finite field with ¢ elements and the ring of polynomials with coefficients in
GF (¢) respectively. Let v denote the degree valuation on the quotient field
of GF [g, x], that is, v (A/B) = deg B—deg A; and let GF{¢,x} denote
the completion of this quotient field with respect to v. The elements of
GF {¢,x} may be written in the form:

(1.1) o= Z a; x*, a; € GF ()
where # is any integer. For such an «,v(x) = —#%, and |a| = g—®,

It is known that GF {¢, x} has many number theoretic properties which
are similar to the real numbers. In particular it has been shown by Carlitz [1],
Dijksma [2], [3], Hodges [5], [6], [7] and Webb [9] that most of the known
results concerning uniform distribution of real numbers also hold for GF {g, x}.
In this paper we consider the closely related area of normal numbers, and
prove that many of the well known results about normality of real numbers
also hold for GF{g,x}.

We will use the following notation throughout the paper. Let A, B,C,. ..
denote elements of GF [¢, x], let « and 8 denote elements of GF {g,x},
and let @,4,c,--- denote rational integers unless otherwise specified. Let
(o) denote the fractional part of «, so that, if « is given by (1.1),

-1
W= 2 a7 a; € GF (9).

As usual, [a] = « — («) denotes the integral part of a.
Finally, let
(1.2) §={a:a€GF{g,x},v(x) >0}
1.2
A, B) ={x:xa€GF{g,x} and v(B —a) > n}.

(*) Nella seduta del 19 giugno 1973.
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II. DEFINITIONS AND PRELIMINARY RESULTS.

Let B be a polynomial in GF [¢, x] of degree 6 > 0. It is then possible
to write any element « € GF {¢,x} in the form

(2.1) o= Z A_; B

= m—00

where A; € GF [¢, ] and deg A; < 4. We say that « is written in the base B.
The set of polynomials A; of degree <4 can be considered as the digits in
the base B. The base B is considered fixed.

If

(0) = 2 A Bi:

we will frequently write («) in « decimal form » as
(2.2) <O(> :'AlAzAs"'.

Y, will denote the block of the first # digits of («) in the base B. &, will
denote arbitrary, but fixed, block of 4 digits in the base B.

Now if Z is any block of digits in the base B, let N (&, , Z) denote the
number of occurrences of 8, in Z, and let N, ($,,Z) denote the number of
occurrences of &, in Z starting in a position which is = s (mod £).

DEFINITION 2.1. The element « is simply normal to base B if

(2.3) lim &Y L

b
7->00 n g

for every digit C in base B. « is normal to base B if each of the numbers
o, Ba, B? ,--- is simply normal to each of the bases B, B% B%.... « is
absolutely mormal, if o is normal in every base B.

These definitions parallel Borel’s original definition of normality. Note
that, since the normality of « depends only on («), and « — («) has a finite
number of digits, we may assume o = ().

DEFINITION 2.2. - For any real number ¢ > o, the block 8, is e~rregular
with respect to the digit C if

(2.4) N(C, 8,)— [%] [ > k.

If (2.4) does not hold, ®, is said to be e-regular.
By some purely combinatorial results which are the same for e-irregular

real numbers and can be found in [8, p. 101], the following lemma may be
obtained.
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LEMMA 2.1. If % is sufficiently large, the number of blocks B, which are
e~trregular with respect to a fixed digit C in base B is at most ¢ g# e—o*
where ¢ and ¢y are positive constants independent of k.

THEOREM 2.2. Almost all elements of GF {q,x} are simply normal to
a given base B.

Proof. It clearly suffices to consider & instead of GF {¢,x}. Let $ be
the set of elements of & not simply normal to base B and let Y, be as above.
If Y, is e-regular for every fixed ¢ > o, all 7 sufficiently large (depending
on ¢), and all digits C to base B, then

N(C,Y,)

”n

lim
n—> 00

Y

and « is simply normal to base B. Hence, if « €8 there exists at least one digit
C for any e > o such that Y, is e-irregular with respect to C for infinitely
many values of 7. Choose 4 such that 2% < ¢, then Y, is 2~*~irregular with
respect to C for infinitely many ». Let & ; denote the set of all such o, and let
w denote the Haar measure on GF {¢, x}. It suffices to show that u (8¢ ) = o
since each « which is not simply normal to base B is an element of some $¢ ,
and there are only countably many pairs C and 4.

Given any 7, for every o € &c, there is an 7 >, such that Y, is
e-irregular (e = 27#) with respect to C in base B. Since v (¢ —Y,) > #é,
« €U, (Y,), an open ball with volume ¢g=7?. Hence, by Lemma 2.1, we can
cover all @ € ¢ with an open ball having volume at most

) =)
23 a gnb g—an g—nb = Z =6 — 3 g,
n=ny4+1 n=mny+1

Since . (Sc,z) < ¢ge~@m for any g, we must have u(Sc;) = o and the
proof is complete.

THEOREM 2.3. Almost all elements of GF{q,x} are absolutely normal.
Hence, a fortiori, almost all elements of GF {g,x} are normal to any
given base.

Proof. The proof merely involves taking countable unions of sets of
measure zero.

The following theorem gives a useful characterization for normality.
The proof involves several counting arguments similar to those used in the
proof of the analogous result for real numbers.

THEOREM 2.4. 7he element o is normal to base B if and only if

N (B, Yy)
7

lim =g~

7—>00

or all 2> 1 and all blocks &,.
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Another theorem which we will need later is the following:

THEOREM 2. 5 The element o is normal to base B if and only if « is
normal to base B* for some integer k> 1.

The proof of this theorem again involves some fairly stralght forward
counting arguments,

III. FURTHER CONDITIONS FOR NORMALITY

The following theorem relates the concept of normality to that of uniform
distribution modulo 1.

THEOREM 3.1.  The element o € GF {q,x} is normal to base B if and
only if the sequence {aB"} is uniformly distributed modulo I.

Proof.  Let N, (7,2) denote the number of terms among «B ,aB? ... oB"

such that, v ((«B’ —MA)> /4. By definition, see [1], «B’ is uruformly dlStrl-
buted modulo 1 if and only if

(3.1) lim M;fﬂ =g for all A and 4.

7n—> 00

This clearly implies that

(3.2) lim

n—>00

Noe(n,2) = g~ for all A and A.
n

However, (3.2) implies (3.1) since
A, 1) = {B:v (B —2) > 4)

can be written as a disjoint union of ,, (A, for a suitable £ and suitable ;.
Now, for an arbitrary but fixed 2, let 8, denote the block of the first 4
digits of (1) in base B. Also, let Ag, Ay, -+ denote the digits of (x) to
base B. Then Ny, (%,2) is the number of terms among oB,- - -, «aB” such that
(ocB) € Uy (V) and the digits of (xB’) are just A;, A;,- - in base B. Hence,
(ocB’) € AUy, () if and only if the block A;A,; -+ A, s_y is the block &,.
Letting Y,, denote the block of the first » digits of («) to base B, we have

(33 Nu(n,%) =N (@, Vs 1) +0(0) = N(®,,Y,) +0(1).
(N (72, 2) does not count $, if it appears beginning with Ay, but N(S.%k,Y,,M 1
does).

Therefore, o is uniformly distributed modulo 1 if and only if (3.2) holds,
if and only if
(3-4) lim &Y

7n—> 00

=g~ for all A and 2.

And (3.4) holds if and only if « is normal to base B by Theorem 2.4.
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The following theorem is closely related.

THEOREM 3.2. The element o is normal to base B if and only if [«B"]
is uniformly distributed.

Proof. If a« is normal, «B” is uniformly distributed modulo 1, which by
Theorem 2.1 of [7] implies that [M«B"] is uniformly distributed for all pri-
mary M €GF [¢,x]. In particular, it holds for M = 1.

Let 6 (7,C, M) denote the number of elements among [«B], [«B%],- - - [«B"]
which are = C (mod M). By definition, see [5], [#B] is uniformly distributed
if and only if
(35 lim

7n—> 00

6(,C,M)

for all C € GF[¢, ] and all primary M where 7 denotes the degree of M.
Writing everything in base B, let Ay A; A, --- denote the digits of «, and if
B, =C;Cy---C, is any block of £ digits, let C = C (8,) denote the polyno-
mial C, +Cy_y B +--- 4+ C; B*"L. The digits of [ocBi] are easily calculated,
and we see that

[«B'] = C (mod B?

if and only if
Aig+A B4+ A LB =C,+Cy B - C BFL

Hence, 0(»,C ,Bk) is the number of times the block &, appears in
AgA;---A, ;1 =N(@B,,Y,). Therefore, by (3.5) with M = B*, and C as
defined above

NBe.Ya) _ -0t for all £>1 and all 8,.

7

(3.6) lim
7% —> 00
Hence, o is normal by Theorem 2.4.

The following theorem shows that addition and multiplication by a ra-
tional function does not affect the normality of an element of GF {¢,x}. In
general it is easy to construct examples to show that the normality of the sum
of two elements does not depend on the normality of the summands.

THEOREM 3.3. If a is normal to base B and if C and D are nonzero ele-
ments of GF [q,x] then a + C/D and o.-C/D are normal to base B.

Proof. It suffices to show that, for any A==o0 in GF [¢, x], A and «/A
are normal. This clearly implies «-C/D is normal. Also, D« is then normal so
Da +4-C is clearly normal since v(C) < o; which implies (Da +C)/D = a +C/D
is normal.

Since o is normal to base B, by Theorem 3.1, «B" is uniformly distributed
modulo 1. By applying Theorem 3 of [1] twice, we have that «AB” is uni-
formly distributed modulo 1; which by Theorem 3.1 again implies that oA
is normal.
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To prove that o/A is normal, it clearly suffices to show that «/P is normal
where P is irreducible.

If P|B then «/P = («/B)-(B/P) is normal since B/P € GF [¢, ] and «/B
is normal; the digits of «/B being the same as the digits of « shifted by one
place.

If P1B then by a result completely analogous to Fermat’s theorem

BP'=1 (mod P)
and this implies that
(3.7) BFI"»* = 1 (mod P)  for all £#>o.

Now by Theorem 2.5 « is normal to base B"'™! which by the first part of
this theorem and equation (3.5) implies oc(B(lpl"l)k——— 1)/P is normal to base
B! for all #>0. Hence by Theorem 3.1

‘ <B(|PI—1),€_I> ,B(|Pl‘1)”
P

is uniformly distributed modulo 1 for all #>o0. Letting x, = («/P).- B®I=1"
in Theorem 6 of [4] we have that («/P) BYFI™Y" is uniformly distributed
modulo 1. Finally, by Theorem 3.1, «/P is normal to base B and by
Theorem 2.5, «/P is normal to base B.
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