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Analisi matematica. — On the strong solutions o f the Navier—Stokes 
equations m  three dimensional space (*h N ota II di G i o v a n n i  P r o u s e , 
presentata {**) dal Corrisp. L. A m e r i o .

RIASSUNTO. ■— Si danno le dim ostrazioni dei Teorem i 1 e 2 enunciati nella N ota I.

3. -  Proof of T heorem s i a n d  2
Setting

(3-1) M =  max | z (x) |
X  G Q

let us denote by v (x , f) the solution a.e. in Q of the Navier-Stokes inequa-
. —^

lities relative to KM (with f  =  o) satisfying the initial and boundary conditions
( ï .2), (1.3); by the theorem proved in § 2, such a solution exists and is unique.

We begin by proving the existence theorem; we shall show, for this,

that v (x y t) is also a solution a.e. in Q of the homogeneous N a vier-Stokes 
equations satisfying (1.2), (1.3).

—

By the assumptions made, v (f) is such that 

(3.2) 7 ( f S  L 2(o , T ; N1) , 7 {t) e L2(o , T ; N1) , AI f )  e L 2(o ,T  ; N°) ,

v (f) e Km in [o , T]

and, VT ( t )  e L 2 (o , T ; Nkm),
T

(3-3) J  { —  tJ.A-v,v (t) — 100V  + b ( v ( f ) , v  (t) , 7  (t) — 7(f)) } dt <  o .
0

Denote now by Qr the set C Q  in which | v \ =  M and by Q" the set

Q — Q'; bearing in mind what was proved in § 1, the function v (pc , /) is a 
solution of the Navier-Stokes equations a.e. in Q". Setting in (3.3)

(3.4) l ( x , t )  =

we obtain then

(3*5) f  +  (v grad) v j Xv  dQ' <  o .
Q'

v (x , /) when (x , t) e Q
o when (x , t) e Qr

(*) Istituto Matematico del Politecnico di Milano. Lavoro eseguito nell’ambito del 
Gruppo Nazionale per l’Analisi Funzionale e le sue Applicazioni del C.N.R.

(**) Nella seduta del io febbraio 1973.
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Observe that, by the definitions given,

(3-6) # e L a(Q) , ^ e L 2(Q) (7 =  i ,  2 , 3).

Moreover, since | v | takes its maximum value on Q',

(3-8)
dv

~W X v dQ' = L  A
2 ] dt

Q'
=  O

(3-9) (vXgrad)  v X v (rot v ) A v X v dQ' +

Hence, substituting (3.8), (3.9) into (3.5), we obtain

—  j k v X v à Q '  < 0  

Q'
and consequently, by (3.7),

(3-io) j A v X v  dQ' =  o .
Q'

Let us now set in (3.3)

- t .  . ( v ( x , t )  when ( x , t ) e  Q"
l ( x  , t ) =  {

[ h { x  , t )  when (x , t) e Q '

where h ( x  , f) is the restriction to Q'  of a function e L 2 (o , T ; Nkm); we 
obtain

(3.X1) j — V-Lv +  ( v X grad) v j X ( v — h ) d Q '<  o
Q'

and consequently, by (3.8), (3.9), (3.10),

/  (z>Xgrad)z; j  X k d Q ’ >o .
Q'

(3 -1 2 )
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Since we can change h in — h , it follows from (3.12) that

(3.13) I — \i.S.v +  ( v X grad) v j X h d Q '=  o .
Q'

restriction to Q' of a function e L 2 (o ,T  ; N km) and therefore also, m ulti

plying (3.13) by a suitable constant, V ^ eN °(Q ').

Observe that, as already pointed out, v ( x  , t) is a solution of the N avier- 
Stokes equations a.e. in Q" and satisfies therefore the equation

(3-T4) j —  V-&V +  ( v X grad) v  ̂ X h dQ" =  o .
Q"

' i k  e N°(Q"). Hence, by (3.13), (3.14),
^

(3-T5) I ^ X grad) v j X h dQ — o .
Q

e N°(Q), i.e. v (x  , t) is a solution a.e. in Q of the Navier-Stokes equations. 
The existence of a solution a.e. in Q satisfying (1.2), (1.3) is therefore proved.

The uniqueness of such a solution is, on the other hand, well known 
(see Prodi [6]; refer to the bibliography at the end of Note I).

Let us now prove the maximum principle expressed by Theorem 2. 
This follows directly from the proof of Theorem 1. We have, in fact, 

shown that the solution a.e. in Q of the homogeneous Navier-Stokes equations 
belongs to K M, i.e. that

I v (x , t) I <  M a.e. in Q ,
where

—X
M =  max I z  (x) \ .

«eû
Hence

m ax I v (x , t) I =  max | v (x , o) | ,
( x , t )  G Q  X  G Q

which proves the maximum principle.


