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T opologia algebrica. — A  variant construction of Stiefel-W hitney  
classes of a topological m an ifo ldn . N ota di N i c o l a e  T e l e m a n ,  
presentata ((*) **} dal Corrisp. E . M a r t i n e l l i .

R iassunto. — Sulla base del procedimento già introdotto in [3] per definire classi 
caratteristiche di fibrati con involuzione, costruisco qui le classi di S tiefel-W hitney delle 
varietà topologiche paracom patte con bordo. La costruzione ottenuta si presenta come una 
variante di quella di R. Thom.

§ i. I ntroduction

It is known th a t for any  paracom pact topological m anifold Stiefel-W hitney 
classes can be defined (see [1], [2]). In a recent paper [3] we defined a 
system  of characteristic classes for fiber bundle with fiber-preserving invo
lution, the fiber being an a rb itra ry  (n — i)-sim ple space. O ur construction 
has some common elements with the construction of the Steenrod squaring 
operations.

In this paper we use the technique developed in [3] to the case of topo
logical m anifolds X. For this aim, we consider a special class of coverings ^
by “ very small b a lls ” U. The “ tangent bundle of X ” will be U U x U ;

u e m
the interchange of the coordinates in any product U x U  induces an invo
lution A in the tangent bundle, and the “ non zero tangent vectors over U  ” , 
U  X U  —  Vu > is (n —- 2)—simple. Hence, the m ethod developed in [3] can 
be applied.

There appears a difficulty; the involution A does not preserve the “ fibers ” . 
This difficulty justifies the use of the “ hereditary  sequence of coverings ” 
(HSC, § 2).

Certainly, this m ethod perm its us to construct S tiefel-W hitney characte
ristic classes, at the first step, for paracom pact topological manifolds X 
w ithout boundary. If  X has the boundary X, then X X has not 
boundary  and the restriction of the Stiefel-W hitney classes of X LJ^ X to X 
furnishes the S tiefel-W hitney classes of the m anifold X.

In a successive Note, we propose to present an application of our 
construction to the problem  of the topological invariance of the rational 
Pontrjagin  classes.

(*) Lavoro eseguito presso l’Istituto M atematico «G. Castelnuovo » dell’Università 
di Roma, come ricercatore straniero del C.N.R.

(**) Nella seduta del io  marzo 1973.
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§ 2. H e r ed ita r y  sequence  of coverings

2.1. N otatio n . If  (M , d )  is an arb itra ry  m etric space, let be 
B^ (x o > r) — { x  I x  e M , d  (x  , x f)  <  r }  .

2.2. DEFINITION. If  X is a topologie m anifold with boundary,
dim X =  n, the open set U C X  is called an “ open ball ” in X if there 
exists an hom eom orphism  /  : (x 0 , 3) -* V, where Bd (x0 , 3) C E+ (E+ =
— {(# \ • • •, x n) J (x1, • • •, x n) £ B n, x*-> o}, the Euclidean semispace) and V C  X 
is open, such th a t /  (B (x0 , 1)) =  U. We deno te/  (B (x0 , rf) =  rU , o <  r  <  2.

2.3. L emma. I f  X  is a paracompact topological m anifold , dim X  =  n,
fo r  any open covering ^  =  {Va}aeA o f X exists an open covering
X =  {Z a}aeA fxvVA properties'.

(i) fo r  any a £ A , is an open ball in  X;
(ii) 2 X =  {2 Xb}aeA <2 locally fin ite  covering o f X, fin er  that 6V.

Proof. For any point x  £ Va , a e A, we consider an open ball VajX C Va 
such th a t 2Va,* C V a . Then, ^  =  {VajX}ajX is an open covering of X, finer 
than  The m anifold X being paracom pact, there exist the open coverings 
op =  { W J . eI , 3 =  { T J . gI such that:

O T ,C W ,;
2) AV is locally finite;
3) is finer than  ‘TL

For any  point a* £ we consider an open ball Sx which contains at such 
th a t 2 S^C  W f-. The space T ?- being compact, and { S x } being an open 
covering of T ?-, there exists a finite subcovering =  { SXi , • • •, S Xp } . The 
covering X =  § • has the desired properties.

lèi
2.4. D e f in i t io n .  Let N be a fixed natural num ber, and T  a topological 

space. The sequence =  { 6U1) 6U2} • • • , 6Un} is called an “ hereditary  
sequence of coverings of T, of length N and dimension n ” (we shall write 
W £ HSC (T, N , n)) if:

(i) for any  1 <  i <  N, is an open covering of T;
(ii) any  U  £ 1 <  i  <  N, is an open ^ -b a ll in T;

(ili) for any  U  , V £ 1 <  i  <  N — 1, U  n  V =j= 0 ,  there exists
W  e m £+1, such th a t W D U U V .

2.5. THEOREM. I f  X is a paracompact topological m anifold w ith boundary, 
dim  X  =  n, fo r  any open covering T» o f X, there exists =  { 6U1, • • •, 6Nn } £ 
£ HSC (X , N , n) w ith fin e r  that *V.

Proof. We consider a covering X =  { Xa}^eA having the properties (i), 
(ii) from  the Lem m a 2.3. We know th a t for any a £ A there exists an home-
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om orphism  f  : B (xa , 2) -> 2 S B, x a e E ”+. We consider on every 2 S „  the 
m etric âa defined by the formula:

d a (x  , y )  =  d  ( / _1 (x) , f ~ x ( » ) ,

d  being the Euclidean metric.
Let a ,  b e  A  be two arb itra ry  indices, such th a t 3/2 3/2 0 .

On Cab — 3/2 Ha n  3/2 E*, we have two metrics: d a and d b. We affirm tha t 
for any  zb >  o there exists za >  o such tha t

da (x  , v) <  =» d b (x  , 4/) <  zbì X , y  e Cab.

Really, on Cab X let be the product m etric 8a :

((x , y ) , (x0 , y 0)) =  d i i x  , *0) +  d \  (y  , y 0) .

The function

db • Cab X -> R

being continuous on the com pact space Cab X Cab, is uniform ly continuous, 
i.e., for any  zb >  o there exists >  o such th a t

( O  . dO , O o  > .To)) <  => Idb (x , y)  —  d b (x0 , y 0) \ < s i ,

for any (x , y )  , (x0 , y 0) e Cab X Cai.
In  particular, if we take y  =  x 0 =  y 0 '} we obtain

K  ((* , y )  > (*0 , To)) =  d a {X , y ) <  Sa =ï d b (x , y )  <  eb.

Let be A a =  {<5 | b e A  , 3/2 3/2 E3 0  } . Let be zab the corre
sponding za for zb — I /6 , b e A a . Let

^  =  inf {^3 (x , y )  \ x e  (aSa) n  E 3 , y  e d (3/2 A a} ;

we have 8ab >  o, and if x  e E a n  X3 , y  e X3 such th a t d b (x  , y ) < 8ab} then 
y e  3/2 Really, let /  be the segm ent (by respect the m etric d b) which con
nects the points x  , y . If  l n  9X0 =  0 , / and the assertion is proved; in
the contrary  case, let be E, an arb itra ry  point of /  n a X Æ. If  I C\d (3/2 Z fl) =  0 ,
the assertion is proved again. We suppose the absurd, i.e., there exists 
y] e I  0 5  (3/2 S a); then we have

8«* >  d b(x ,y )  >  d b (£ , tj) >

which is impossible.
Let be r a =  m in { , 1/2-8**, 1/6}.

b e A a

For any  point x  e H a} we consider a ball

(* > rx) C S a , rx < r a .

a e  *
Let be
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The covering ®h’N has the properties:

(1) ^CN is an open covering of X;
(2) any  U  e is a n—ball in X;
(3) if U  , V  e N, U  n  V =j= 0 ,  then there exists W  e such that 

U  u  V C W.

O nly (3) needs a proof. L et be U = B  da( x ,r f ) ,  V =  B ^ (y , r,,), 
a , b 6 A, and let be E 6 U n  V. W e have for any z  6 (y  , rf) : db (E, , z) <

< 2 r » < 2 ' ^ 4 = 8 r f , hence Bd} (y  , r y) C 3/2 S a,. and da (E,, z) <  da (E , y )  +  
+  d a( z ,y )  < 1/ 6 +  1/6 =  1/3 because d t ( fc , ,y )< r b <  zia , d i ( z , y ) < r i <  zla . 
We have in consequence Bdb { y , ry) C Bda (E, 1/3); also B ja ( x , rf) C Bda (£ , 1/3) 
and B ^  (£ , 1/3) C 3/2 C V /(a).

I f  we take in (3) U  —V, we deduce the covering <5̂€N is finer th a t 6V.
If  we repeat the upper construction changing by 6l(N, we obtain a

new covering which we denote by and so on.

2.6. COROLLARY. HSC (X , N , n) contains at least one element fo r  arbi
trary  N.

§ 3. St ie f e l -W h it n e y  classes of paracompact topological m anifolds

3.1. D e f in it io n . Let X be a topological manifold w ithout boundary, 
dim  X =  n. , Let ■= {U a}aGÂ be an open covering such th a t any U a is 
a ball.

The “ ^C-tangent bundle of X ” , T ^  X, is

T 0̂  X =  u  U a X U a C X X X .
ae A

The tangent bundle adm its a natu ral open covering =  {Ua x U a}aeA 
The points of T ^  X are called “ tangent vectors ” and the points (x  , x) e T ^  X 
are called T  zero tangent v ec to rs” ; let be T 0 X =  T ^  X ■— Vx , where 
Vx =  {(x  , x) I x  E X } is the set of zero tangent vectors of X. Let ^ 0  
denote the covering of T ^  X induced by the covering on the subspace 
T ^ X C T ^ X .

3.2. Lemma. U a X U a —  Vua is homeomorphic to R j X  R" (see [2], 
Chap. 6,2.5).

Proof. W e can take U  — R w; the hom eom orphism  R ” X R w R*XR*: 
(x  , y )  l— ( x — y  , x) proves the assertion.

3.3. N o tatio n . I f  M is a topological space and ^  is a covering 
of M, let C f  (M , R) denote the subcom plex of the singular chain complex 
C^ (M  , R) which is generated by the singular simplexes having the 
im age in at least one of the sets of the covering ^  (R  being an arb itra ry  
com m utative ring with 1). Let be C ^  (M , R) =  horn (C ^  (M , Z) , R).
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3.4. D e f in it io n . L et A : (T 6̂  X , X) «-o be the continuous invo-
lution A : (.x 0 , x ±) (x1 , x 0).

Let X be a paracom pact topological manifold, dim  X =  n, and
Y =  X x R .  If  ^  =  {V a}aeA is a covering of X, let be V a =  V ^X R, and 
let ^  denote the covering {Va}agA of Y; if

m  =  { rn1, HSC (X , N , n), then

€f =  {«W1, ■ • •, %N} e HSC (Y , N , n +  1).

Let r  Y - > Y x Y  be the map

s : (x  , t) h -  ((x , t  ~  1) , {x , t  +  1)) , ( r , / ) e X x R .

3.5. Co n v en tio n . If  <%t e HSC ( X , N  , n), let us denote ^  and €t0 
also by % if it does not produce any confusion.

3.6. P ro perty . For any  open covering ^  of X, j ( Y ) C T ^  Y.
If  is an open covering of X, finer th a t ^  then the chain m ap s# 

induced by s  has the property:

^ ( C ( Y , R ) ) C C f  ( T ^ Y . R ) .

3.7. T h eo rem . I f  X A a paracompact topological m anifo ld  w ithout
boundary, dim X =  n, and  Y — X x R ,  exists a natural number
V ( »  such that fo r  any =  («It1, • • •, e HSC ( X , 2 v ( » ) ,  rc) and fo r
any open covering sl') =  {Va}a(_A fin er  than  ^ t1, there exists the “ pseudo—local"  
I\ —homomorphisms:

v (n) v («)
4 r) : C© ( Y , R) -> C ,X  ( T ^  Y , R) , p + r < n ,

©  4 * =  ^

(ï +  (— i)’ a ) 4 rX) =  © (— i)r 14 -1

(“ pseudo-local ” means: fo r  any singular sim plex g  e C© (Y, R) /étf V(«r) e
^  æ f ix e d  set o f the covering such that a e Cp (V(a) X R , R) ; 
exists U  e V(a) C U , such that

4 °  (<0 e O + r (Û X Û — V0 , R)) .

I f  j y , <1©  lwo such systems o f homomorphisms which satisfy  (i),
exist the pseudo-local H-homom or p h i sms :

<?© ■ C ?  (Y , R) C fll+ i Y , R), p  +  r  +  i <  » ,

(ii) such that, i f  we denote we have

' =  (ï T~ (— *) A) ^ +  dtyp * ~f~ (— *) ?^-i 3 f
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and  the pseudo-local R -homomorphisms:

& l r : C ttr  (Y , R) ^  C ?f3vW ( T ^ 2vw Y , R)

such that

(iii) K t i r  =  (! +  ( -  X)r A) +  ( -  I)r 9 Ì - r - l  3 +  i t f - r  =  O .

Proof. The proof of the Theorem  is essentially the proof of the 
Theorem  7.1 [3]. We shall indicate here only the specific part of the proof.

Let cr0 e C ?  (Y , R) be a singular simplex; this sim plex belongs to
Co (V(cT0) , R). There exists at least one U(cr0) e ^f1 such th a t V (a0) CU(cr0).

^  / \  / V
In  C# (U (a0) x U ( a 0) —  V , R) we can solve the equation (see the 
Lem m a 3.2) ^

3 (4 1>(^o)) =  ( i - A ) , 0^ o ) -

Let be ct2 a singular sim plex of Cx (V fo ) , R) C ( T  (Y , R), Sg1 =  x 1 —  x 0. 
We affirm th a t there exists U(ctx) e ^U3 such tha t

y =  (i —  A) — k f  3®! e Ct (U(ori) XU(<7!) —  Vu«,,), R) ; 

really, there exists

U x e sit1 s u c h t h a t  V ^ C U i  and

4 ]> x i e C1 (U OA X U  Oj )  — Vu(^o , R), U (x.) e W 1, 2 =  0 , 1 .

But U x n  UiYy) =j= 0  =j=U! n  U (x0); hence, there exists U ',U " e  ^ t2 such th a t

L u U ^ C U '  , U j u U ^ C U " ;

because U ' n U " = f = o ,  there exists U  (cq) e ^f3 such th a t U ' u  U "  C U  (oj).
Now we can solve the equation d k^  (oj) =  y because y is a cycle in C 

(U(CT!) X U(cr1) — Vu(Oi), R), when n  is sufficiently great. We call U(cr0) , 
U(<sf) the supports of hlQ (cr0) , (cq).

We continue this construction by  the increased induction over p  and r. 
We observe th a t for any  tip  (if all r <  r  , p ' <  p , are constructed)
we m ust increase the supports a finite num ber of times; therefore, for all 
4>r)> fi +  r  <  n, we m ust perform  only a finite num ber, v' (n), of augm en
tations of the supports. Also, for the construction of , p  + r  + 1  <  n,
we m ust perform  a finite num ber, v "(?&), of sim ilar constructions. Let 
v (n) =  m ax (yr(n) , vn(n)).

3.8. D e f in it io n . Let X , Y , ^  , 4 °  be as in the Theorem  3.7.
We define:

o>, ( k f )  e CK- (+1 (Y , Z2) , o < i < n ,

(« , (#>)) (a) =  [{(x +  A) ft~*>  +  f t A +1) 3 j  (a)]
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where [y] denotes the homology class of the cycle y in H W(U X U —-Vu, Z2) ~ Z 2, 
U  e “lO '0 being a support of y =  {(1 +  A) k‘f ~ ‘} +  k f s i +1) d-} (a) (the 
hom ology class of y is independent of the support U; see [2] Chap. 6,2.5).

3.9. T h eo r em , Yco,- {ftp) =  0 , o <  i  <  n.

Proof. The assertion of the Theorem  follows as follows the Theorem  7.4. 
[3], it being an algebraic consequence of the relations (i) Theorem  3.7.

3.10. THEOREM. The cohomology class o f w ■ (4 r)), o <  i  <  n, is inde- 
p evident o f the choice o f f tp .

Proof. See the proof of the Theorem  7.5. [3].

3.11. D e f in i t io n .  Let be W* ( Y , , ty) e ( Y , Z2), o <  i  <  n, the
cohomology class of the cocycle co,- {ftp). Let W,- (Y , , ty) e t f ( Y ,  Z2)
be the unique cohomology class which corresponds to W* (X , , sp) by the
inclusion j  : (Y , Z2) -> C* (Y , Z2) which is a chain equivalence.

3.12. Th eo r em . W,- (Y, , 5P), o <  i  <  n y does not depend on the choice
o f ^  and  f i t  6 HSC (Y , 2 v (h) , n) , ‘T  an open covering o f X , ^0 fin er  
than  ö̂ 1).

Proof. Let 6P,-, i  =  1 , 2 be two coverings of X , Tf,- e HSC (X , 2v (n) , ri), 
finer th an  “4t,.. L et be “If =  {«If1, . . ., e HSC (X , 2 v («) , n) such

th a t sff-v(”) be finer th an  “U  n  6V2 (the existence of “If is assured by the 
Theorem  2.5). Let be

v(n)  v(n)

k ^ i C g  ( Y , Z 2) ^ C ^ r ( T f  Y , Z2) , p + r < n

an arb itra ry  system  of pseudo-local hom om orphisms as in (i) Theorem  3.7. 
In  the sequence

^ av<”), n  *»2, “U , X , X ln\  i  — i , 2 ,

any  covering is finer th an  the successive; therefore, we can consider

iP?) 6Y) p i f n) m f n)
: Cp 1 (Y , Z2) Cpfr (T0V 1 Y , Z2) , resp.

k';(r) ■ , < <B> “>f2(K): Os (Y , Z2) Cp+r (T0 Y , Z2)

defined only on the singular simplexes of C ^ 1 (Y, Z2), resp. C ^ 2 (Y, Z2) which 
lie in C f  (Y , Z2). T he bide systems of pseudo-local hom om orphism s can be 
extended over all c J >1( Y , Z 2), resp. c J >2( Y , Z 2); we denote them  by k g ,  
resp. kp w . W hen we consider the corresponding cocyles to,- (g t)  , to,- ( ß g ) ,  
00,■ (kp X ,  we have, by construction:
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the inclusions of complexes

C f A Y , Z 2)
c f l (Y ,Z 2)

ĉ c ; 2 (y , z 2)

being chain equivalences, the theorem  follows.

3.13. D e f in it io n . The classes (Y  , 6P) define unique classes 
G£b (X) E FT (X , Z2) — H* (Y , Z2) which are called the “ S tiefel-W hitney 
classes of the paracom pact topological manifold w ithout boundary  X 

If  X is a paracom pact topological manifold with boundary  X, let be 
X — X X; X is a paracom pact topological m anifold w ithout boundary, 

and let j  : X c-> X be the inclusion on one of the sum m ands.

3.14. D e f in it io n . T he Stiefel-W hitney classes W f f X ) ,  o < i < n ,  of 
the paracom pact topological m anifold with boundary X, dim X  ~  n, are

3.15. THEOREM. I f  X  is a paracompact topological m anifold which admits 
a differential structure, let T  (X) denote the corresponding tangent bundle. Then

W , ( X )  =  W ,.(T (X)) .

Proof. Let h be a R iem annian m etric on X, and let h denote the product 
m etric on Y =  X x R ,  where R  has the canonic Euclidean metric. Let d  be 
the associated m etric on Y. For any point x 0 e Y  there exists a positive 
num ber r Xo such th a t for any two points x  , y  , d  (x , x 0) , d  (y  , y f)  <  rXo, 
there exists a unique “ small ” geodesic x y  which connects them; let m  e ~ôcÿ 
be his half. We identify the small tangent vectors with their im age in Y 
by the exponential m ap. To the pair (x , y)  e Ybd (.x0 , rxJ  we associate the 
point x e T mY.  In  this m anner, we define an homeomorphism:

p r T ^ Y ^ Y  , V  C T X ,

being the covering 62C =  {Bj  (x0 , rXo)}x„er of Y

and V an open neighbourhood of the zero section in TX . We rem ark  th a t the 
involution A in T 6̂  Y corresponds by p to the antipodal m ap in V  C TX . 
Now the theorem  follows from the Theorem  9.4, [3] and the definitions of
^ N ( X ) ,  and fyV; (T(X)).

Note. In  a further note we shall study the connection between the 
Stiefel-W hitney classes defined by Thom  and the classes W, (X) when the 
m anifold X has no differentiable structure.
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