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Geometria differenziale. — Some theorems on Kählerian spaces 
with parallel Bochner curvature tensor. Nota di S .  S .  S i n g h ,  pre
sentata .^  dal Socio E .  B o m p i a n i .

R iassunto . — Proprietà degli spazi K ähleriani che amm ettono un campo di tensori 
di curvatura  paralleli secondo Bochner.

i .  I n t r o d u c t io n

An n ( =  2 m) dim ensionai K ählerian space K" is a R iem annian space 
if it adm its a structure tensor satisfying

where

(1.2)

and

(*•3)

* X I A
S'  “ t o

X =  [I

^  =  — 9^  » (9x,z =  9xaO

=  O,

where the comma followed by an index denotes the operator of co variant 
differentiation with respect to the m etric tensor giy of the R iem annian space. 

In  a previous paper [3] (2> we have proved the following

THEOREM i . i .  In a Kählerian projective symmetric space the scalar cur
vature is constant.

THEOREM 1.2. A Kählerian projective symmetric space is symmetric in 
the sense of Car tan.

THEOREM 1.3. A necessary and sufficient condition fo r  a Kählerian space 
to be Kählerian projective symmetric is that the space be Kählerian sym
metric in the sense of Car tan.

if) N ella Ceduta del io  febbraio 1973.
(1) As to the notations we follow K. B. Lai and S. S. Singh [2] and S. S. Singh [3].
(2) The num bers in square brackets refer to the References given a t the end of the 

papei*.
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2. K ählerian spaces with parallel Bochner curvature tensor

DEFINITION 2.1. A Kählerian space fo r which the Bochner curvature 
tensor K j^ /  defined by

M  v = R » ; + ^ { Rd ; - R d / + ^ vRV

- ^ V  +  s . V - s ^ N ^ s ; -

— 9 S*  +  2 S. 9  ̂ +  2 S  ̂9. } —
T  [av A * AfA T  v 1 v T X[x J

(n y  2) (n-\- 4) ^̂ Av Â 1 Âv !̂A

—  VwVx +  ? / b
satisfies

(2.2) Kxp ,e =  O,

A called a Kählerian space with parallel Bochner curvature tensor.
We know th a t the Bochner curvature tensor of a space of constant 

holom orphic sectional curvature vanishes identically. Hence we have

Remark 2.1. A K ählerian space of constant holom orphic sectional cur
vature is a K ähler space with parallel Bochner curvature tensor.

Again, since R â s =  o implies RAtA,£ =  o ; which further implies 
K xia/ , s =  o ; we have the following

Remark 2.2. A  K ähler space which is sym m etric in the sense of C artan 
is a K ähler space with parallel Bochner curvature tensor.

DEFINITION 2.2. A Kählerian space fo r which the holomorphically pro
jective curvature tensor Px^/ defined by

(2.3) P. * = R .  * H-----Î— {R* — R 8 /4 - S .  <p i ■— S 9 / + 2 S ,  cefi,v A[av A[av 1 n  ,_j_ 2  1 Av [A [AV A 1 Av jav ‘ A 1 A[A r  v I  >

satisfies

(2 4 ) Pxix/,£ =  o ,

has peen called a Kählerian projective symmetric space <3>.
If  we put

(2.5) n  =  R, — ■ ~ ~
^ y A [A Apt 2  in - j-  2 )  0  A[a

and

(2 .6) M , =  <p “ L  =  S , ------------------ <p,
v J A [A TA a  [a Aja 2  ( «  -f- 2 ) ^AiA ,

(3) K. B. Lai and S. S. Singh [2].
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has the following form:

(2.7) K , * =  R , k +  — i —  fL, S k —  L  8 /  +
^  J  A[XV A[XV n  _[_  4  L A v (A fJLV À 1

+  £>>v R x +  M Xv ? , /  ~  <Px* +

+  <Pxv K  -  V  +  2 9v* +  2 V  M /]  .

T h e o r e m  2.1. A Kählerian space Kn with parallel Bochner curvature 
tensor is symmetric in the sense of Cartan.

Proof. M ultiplying (2.7) by gk(ù and differentiating with respect to 
we get

(2.8) K
'A[XVCO, £ ^ E

Sx, L ,

n

"̂[XCÛ, £ «̂{XV ^

4 t-̂ puo ^Av,£ <̂Atù “̂''[XV,E

r L, + 9  M , —
[XV AcO, £ 1 f [XCO A [X , £

9. . M -T 9-i M —  cp M , -I
‘ A<0 [XV, £ 1 * A v  [XCO, £  r [XV X A cO ,E  '

Again, m ultiplying (2.8) by g^v and taking into account (2.2) we obtain

(2‘9) R w  +  s c f  ~ S x aS ^  e —

—  nL , -— 9 p*̂ v M , —  9, M p^v -f-
A C O ,  £  f  [XCO *  A v ,  £ * Av [X C O , £  o  1

+  2 <PVŴ V M X(i £ A  2 9 X(1̂  M vw_J =  o .

It has been verified th a t the m etric tensor g{j and the Ricci tensor R ?y 
are hybrid  in i and j  and thereby  these tensors satisfy

(2.10) 

and

(2.11)

S x , , = g ^ ? t (P f

R X V. =  R sïj 'Px8 %

By virtue of (2.10) and (2.11) we have

(2-12) 9^ ^  M xv,E =  9Xv̂ *v M ^ e =  9to^ v M

M = R
R ,S ^Acc

A to » £ 2 (n -j- 2)

On using the above relations in (2.9) and m aking some simplifications 
we obtain

(2-13)

i.e.

(2.14)

R AcO . £
R »£ l̂A(o

Xw’e 2(« +  2) 

L aco,e O .

— o
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Using (2.14) in (2.8) and taking into account (2.2) and (2.6) it follows
that

RX[JIVC0, £ O ,

which shows th a t the space is K ählerian sym m etric in the sense of C artan. 
This proves the statem ent.

Since, an Einstein K ahler space is a special one of the R iem annian spaces, 
in which the Bochner curvature tensor reduces to U x ^  given by

(2 -X5) U Xnv =  R X(!V +  2) ^ Xv ^  L  +

+  <Pxv v  —  v  V  + 2 v  ? * ] .

as im m ediate consequence we have the following

COROLLARY. A Kähler Einstein space with parallel Bochner curvature 
tensor is symmetric in the sense of Cartan.

By virtue of the above Theorem  2.1 and R em ark 2.2 we can state

T h e o r e m  2.2. A necessary and sufficient condition fo r  a space K.n to be 
a Kähler space with parallel Bochner curvature tensor is that the space be 
Kählerian symmetric in the sense of Cartan.

In  view of Theorem s 1.3 and 2.2 we have the following

THEOREM 2 .3 . Kählerian spaces which are symmetric in the sense of Cartan 
are the only spaces which are both Kählerian projective symmetric and a Kähler 
space with parallel Bochner curvature tensor.

Further, from Theorem s 1.3 and , 2.2 we also, have

T h e o r e m  2.4. A necessary and sufficient conditio?i fo r  a Kähler space K” 
to be Kählerian projective symmetric is that K” be a Kähler space with parallel 
Bochner curvature tensor.

M oreover, from the R em ark 2.1 and Theorem  2.1 we have

THEOREM 2 .5 . A Kähler space of constant holomorphic sectional curvature 
is Kählerian symmetric in the sense of Cartan.

Furtherm ore, the tensor defined by

(2.16) K Xtxv =  2 (n +  2) ^  *Vv ^A

+  <Pav —  V  9a£ +  2 O  R ,
satisfies the identity

(2.17) K, a =  —-— K. .v ' A;xv ,a n _|_ 4 A[xv

Therefore, on using (2.2) we have

THEOREM 2 .6 . In  a Kähler space with parallel Bochner curvature tensor 
the tensor vanishes identically.
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3. K ählerian spaces with vanishing Bochner curvature tensor

DEFINITION 3.1. A Kähler space fo r  which the Bochner curvature tensor 
satisfies

(3-1) W  =  o ,

is called a Kähler space with vanishing Bochner curvature tensor.
Since, a K ählerian space with vanishing Bochner curvature tensor is 

a special one of the K ählerian spaces with parallel Bochner curvature tensor, 
as im m ediate consequences we can state the following theorems:

THEOREM 3.1. A Kählerian space K ” with vanishing Bochner curvature 
tensor is Kählerian symmetric in the sense of Cartan.

Proof. The proof follows from Theorem  2.1.

THEOREM 3.2. A Kählerian space of constant holomorphic sectional 
curvature is a Kähler space with vanishing Bochner curvature tensor.

Proof. The proof follows from the R em ark 2.1.

THEOREM 3.3. A Kähler space with vanishing Bochner curvature tensor 
is Kählerian projective symmetric.

Proof. The statem ent follows from the Theorem  2.4.

Further, we have

Remark 3.1. The converse of the statem ent in Theorem  3.1 is not 
necessarily true.

Remark 3.2. The converse of the statem ent in Theorem  3.3 is not 
necessarily true.

T he author is thankfu l to Prof. K. B. Lai for his helpful guidance 
during the preparation  of this paper.
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