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Geometrìa differenziale. — On Kählerian projective symmetric 
and Kählerian projective recurrent spaces. Nota di S. S. S in g h , pre
sentata (#) dal Socio E. B o m p ia n i .

R ia ssu n to . — In una precedente N ota d> ho definito e studiato spazi kähleriani 
simmetrici e spazi kähleriani ricorrenti. Questa N ota concerne lo studio di alcune proprietà 
di spazi kähleriani proiettivi simmetrici e kähleriani proiettivi ricorrenti.

i. Introduction

An n (— 2 m) dim ensionai K ählerian space K n is a R iem annian space 
which adm its a tensor field cp^ satisfying

A 2) V  =  —

and

A 3) =

where the comma followed by an index denotes the operator of covariant 
differentiation with respect to the m etric te n s o r^ -  of the R iem annian space. 

The R iem annian curvature tensor is given by

k
 ̂ I Av +  P 1[ Aa ) {(XV M ( * |  (8) ■[iccf [ Av J

the Ricci tensor and the scalar curvature are respectively given by R k[l =  Rax^ 
and R =  RX;t.

It is well known th a t these tensors satisfy the following identities [4]

(m ) Rxfxv ,OL -- R[J.V,X RAv,(J. >

(1-5) R,A =  2 Rxa,a ,

(1.6) 9 “ R =  — R. cp a,TX ay. Xa f fx ’

0-7) a ü k TD a ' k
?X Ra =  Rx 7« •

(*) Nella seduta del 13 gennaio 1973.
(1) The num bers in square brackets refer to the references given at the end of the paper.
(2) All Latin and Greek indices run over the same range from 1 to n.
(3) =  9/&r , where {.E} denotes real local coordinates.
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?X R S =  —  R X

We also have [2]

(1.8)

and

(1.9) V RÀ =  o-

If  we now dehne a tensor S^v by

(1.10)

then we have

S =  cp “ R|i.v T fjt. a

(1.11)

(1.12)

and

s —_s
'Px“ S„  =  — SXa

XPL

9 “ S =  R- — R . .T A ptv,a [i.A,v vA,p,

The holom orphically projective curvature tensor is given by 

(I-I4) V j  =  V  +  ~  (R*v V  -  R,v V  +  Sxv V  -  S.V V  +  2 Sx, cp. 

whereas the Bochner curvature tensor K^vw =  is dehned by

(1 .15) K**,* =  R XJ  +  . - ~ ( R*v V - R ^ v  §x* +^xv R /  ~ g , , ,  Rx +

+  Sxv V  — S ,v ç x* +  cpXv s ;  — cp,v s x* +  2 s x,  <pj +  2 cpx,  S /)  ■

R
(« + 2) (« + 4) (iTxv V  —  V  +  ?Xv V  —  ?u,- <Px* +  2 'Px̂  O  •

2. KÄHLERIAN PROJECTIVE SYMMETRIC SPACE

D efinition  2.1. A K ählerian space satisfying

(2.1) P xul/ , 6 =  0 or equivalently P x ^ .e  =  o

shall be called a K ählerian projective sym m etric space.

THEOREM 2.1. In  a Kählerian projective symmetric space the scalar cur
vature is a constant.

Proof. From  (1.14) and (2.1) we have

p  a _-tVXpiv ,a (Rxv.a K  —  Sx“ +

+  S. 9 a — S 9 “ - f  2 S. 9 a) .1 Xv,a * [JL {j,v,a ‘A 1 Àpi,a *v '

(2 .2)
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M aking some simplification with the help of (1.13) we get

(2-3) V , «  =  -  I W ) ,

which on using (1.4) gives

(2.4) R^piv^a =  o when n f=  2.

M ultiplying (2.4) by we obtain

Rxa,a -  O.

Using this relation in (1.5) we get

R,x =  o

i.e. R is a constant.

T h eo rem  2.2. A  Kählerian projective symmetric space is symmetric in 
the sense of Car tan.

Proof. M ultiplying (1.14) by gkcù we get 

( 2 - S )  P ^ v c o  =  R X ^  +  ( R Xv —  R P.V S i *  +  S Xv V  —  S , v  9 ÀW +  2  <pv J

which in view of (2.1) gives

(2.6) R, ' I R. g  — R p- +
v '  X[XVM ,£ n  _J_ 2  L X v ,S Ö [ J Leo p tv ,£  <5 Xco r

+  S. 9 — S ©. +  2 S, 9 I .
X v , £ T [X<0 [XV, £ *ÂCO .XfJtjE * VtoJ

M ultiplying (2.6) by ^  and using theorem  2.1 we obtain

(2-7) n +  2 R XcO, E

which implies th a t Rxw,£ =  o. Hence from (2.6) it follows tha t R â vcô  =  O.
Therefore, the space is K ählerian sym m etric in the sense of C artan  <4b

Remark. It m ay be rem arked th a t à K ählerian sym m etric space in the 
sense of C artan  is a K ählerian projective sym m etric space.

In  view of the above R em ark and Theorem  2.2 we can state the  following 
theorem:

THEOREM 2.3. A necessary and sufficient condition fo r  a Kählerian space 
to be Kählerian projective symmetric is that the space be Kählerian symmetric 
in the sense of Cartan.

(4) K. B. Lal and S. S. Singh [1 ].
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3. K ählerian projective recurrent space 

D efinition  3.1. A  K ahler space satisfying 

(3-9  PxuvL =

for some non-zero vector aZi shall be called a K ählerian projective recurrent 
space.

Theorem 3.1. A Kählerian recurrent space is Kählerian projective re
current.

Proof. A  K ählerian recurrent space is characterized by 

(3-2 a) R x V e =  az RóV

or equivalently  by

(3*2 b) RxpivWjS R x[avw

for some non-zero vector ae.
M ultiplying (3.2 b) by we get

Rxco,s etz Rxtó •

From  (1.14), in view of the above relation and (1.10) it follows that

p  k __ "p k
X|i,V , £   a z  L  X[i,V

which shows th a t the space is K ählerian projective recurrent.

Theorem 3.2. Every Kählerian projective recurrent space is a Kählerian 
recurrent space with Bochner curvature.

Proof. Let the space be K ählerian projective recurrent.
Substituting in (3.1)' from (1.14) we get

(3-3) V , h + A 7 A Rx . . . - - Sx*R.. , .  +  'P,'Sx...-1>>,S „ ,. +  2 'P.'Sto,.) =

=  “• [R4  +  A t  ( V R >--  V R „  +  %  % . - 9x 'A .  +  2 M •

M ultiplying the above equation by and m aking some simplifications 
with the help of (1.8), (1.9) and (1.10) we obtain

(3 4 ) R xL  -  a . R>* =  4  (R ’S “  R. V

M ultiplication by gk(ù reduces (3.4) to

(3-5) Rw - « eRXw =  4 ( R >s - « 5R ) ^ w.
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Now from (1.15) we have

(3-6) K ^ .  =  R + 1 (»U*Xtxv , e  1 n  _]_ 4 V (x 

k , „ k

S, Rp,£ +  g-.,. R.Av [X , £

— g  R. +  9 S7 ■— o. S +  9, S —
ò  [XV A , £ T (X À V , £  TA (XV,£ 1 TAv (X , £

— 9 S *  +  2 9  ̂S. + 2 9 .  S * ) —
T (XV A , £  1 T V A(X, £  1 T A(X V , £ '

—  („+*'{„+-$■ Ĉ xv O  +  ?Xv —  9nv ^  +  2 V  * / )  >

which on using (3.4) and (3.5) reduces to

(3-7) K A[XV , £ a* Kx^v =  R;A (xv • izE R x(ìv + (R,s — as R)
n (n +  2)

(3-8)

• [£xv — J*, Sx +  <Pxv 9» — 9*  +  2 9 ^  %]

A gain the relation (3.1), after some simplification gives

(R,e — ae R)R A(XV , £  ' ■ Ra(xv T~ n (n +  2)

k
■ texv ~ Sx +  ?Xv 9 IX —  9 ^  ?X +  2 ?X* ?v ] =  0

From  (3.7) in view of the above equation it follows th a t

Kxuvte —  at Kxn/ =  O .

Hence the space is K ählerian recurrent with Bochner curvature.

Theorem 3.3. A necessary and sufficient condition fo r  a Kählerian 
projective recurrent space to be Kählerian recurrent is that

(3.9) R ,e--- ~at R  =  o

holds.

Proof. A K ählerian projective recurrent space satisfies the relation 

(3-IO) Pxu*i , . - - « .P x i i v *  =  o.

L et the space be K ählerian recurrent, then we have

(3-” ) R k
A[XV , £  ' ^ £  F-A (X V  -----  O

for some non-zero vector a£.
From  (3.10) it follows th a t

R ,s — as R  =  o .

Hence the condition is necessary.
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Conversely, let (3.9) hold.
A K ählerian projective recurrent space satisfies the relation

(3-12) ^Xh,s ai ^Xh =  ^ , e  az £\\l '

which in view of (3.9) reduces to

(3*^3) R-XjJt., S ' ^£ Rx[jl O .

Using this relation in (3.1) it can be easily verified th a t

R-X[i.V ,£ Rx̂ V O ,

showing thereby th a t the space is K ählerian recurrent.
Therefore, the condition is sufficient. This completes the proof.

Theorem 3.4. A necessary and sufficient condition fo r  a Kählerian projec
tive recurrent space to be Kählerian recurrent is that the space be Kählerian 
Ricci—recurrent.

Proof. Let us suppose th a t the K ählerian projective recurrent space is 
K ählerian recurrent, then evidently  it is K ählerian R icci-recurrent. Hence, 
the condition is necessary.

Conversely, let the space be Kählerian R icci-recurrent. In  such a space 
we have the relation

(3 • T4) Rxh,£ az Rah O .

Hence, from (1.14) in view of (3.14) it follows tha t

Px[jtv , s az Pxjjlv — Rxhv ,£ az Rxhv •

U sing the fact th a t the space is K ählerian projective recurrent the above 
relation gives

(3-15) Rxhv^s —  az R }J  — O

which shows th a t the space is K ählerian recurrent.
Therefore, the condition is sufficient. This completes the proof.

Theorem 3.5. I f  a Kählerian space satisfies any, two of the properties'.
(1) The space is Kählerian projective recurrent]
(2) The space is Kählerian recurrent]
(3) The space is Kählerian Ricci-recurrent] 

it must also satisfy the third.

Proof. K ählerian  projective recurrent, K ählerian recurrent and K ähle
rian R icci-recurrent spaces are respectively characterized by  the relations

(3.16) Px(jiv ,£ ŝ'PxtJLV “  O ,

(3.17) R xhv , s R-X hv  O j
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and

(S * ̂  8) RxtJl,£ ^£ RXfJl O .

Further, we have

(3* *9) PàJjIV ,Z &Z Px(jiv "  RxplV , £ &Z RX[AV T~

+  n  2" ( R x v ,£  -----  & Z  R x v )    (Rm.V,£   ^£ R[Xv) +

+  9 /  (SXv>. — «, SXv) — 9 /  ( S ^  — a. S J  +  2 9 /  (SÀ(i>£ —  S J ] ,

The statem ent of the theorem  follows in view of (3.16), (3*17)1(3.18) 
and (3.19).
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