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Topologia algebrica. — Fiber bundle with involution and charac
teristic classes (*\ Nota di N ic o la e  T elem an  (*'), presentata (***) dal 
Corrisp. E. M a r t in e l l i.

R iassunto. In  questo lavoro costruisco e studio le proprietà di un sistema di classi 
caratteristiche A per fibrati localmente banali « m uniti di una involuzione ». Le classi A gene
ralizzano le classi di Stiefel-W hitney. Il procedimento costruttivo, assomiglia alla costruzione 
delle operazioni coomologiche di Steenrod.

i. Introduction

It is known [5] th a t the Stiefel-W hitney characteristic classes of a real 
vector bundle E  can be defined by the formula w i =  cp^S* U , where 9 is 
the Thom  isom orphism  in cohomology, is the z’-th Steenrod squaring 
operation, and U the Thom  class of the vector bundle.

It is also known [1] th a t the Stiefel-W hitney characteristic classes can 
be defined by using the covering m ap S (E ©  1) -> P (E ©  1), where S (E ), 
resp. P (E) denotes the associated sphere, resp. projective bundle with E.

If  X is a topological space, the involution T : X x X - > X x X , T : ( ^ , r 2)h> 
^  > x i) is used for the definition of the Steenrod squaring operations.
T he definition of the covering m ap S (E®  1).-> P (E ©  1) requests also an 
involution, the antipodal involution A, defined on each sphere of the bundle 
S (E © i) .  Hence, the bide constructions of the Stiefel-W hitney characteristic 
classes involve an involution; while the involution T  is “ external ” (the 
involution T  is not defined on X, but on X x X ) ,  the involution A  is “ in ter
nal (the involution A  is defined on the space S (E © i)) .

W e consider fiber bundles Ç with fiber F which is ( n —  1 , R)-simple, 
(R  being a com m utative ring with 1), i.e. H .(F  , R) =  o for 1 <  z <  n — 1. 
In  the bundle E, we consider an arb itra ry  fiber preserving involution.

In these hypotheses we construct a system of characteristic classes ©•(£) 
which generalizes the Stiefel-W hitney characteristic classes. In  particular, 
for F  — S , and R =  Z2 our classes satisfy all the axioms of Stiefel-W hitney 
characteristic classes less one of them ; our characteristic class /0(ä;) *s n° t 
necessarily 1; for example, if the base is connected by arcs and in the total 
space of £, there exists a fixed point at the involution, then t0(g) =  o. I f  
there exists a continuous section of fixed points then all tt- (£) vanish.

(*) Lavoijo eseguito presso l ’Istituto M atematico « G. Gastelnuovo » dell’U niversità 
di Roma, come ricercatore straniero del C.N.R.

(**) Dedico questo lavoro alla m em oria di mio padre Ing. Aurelio Teleman.
(***) Nella seduta del 13 gennaio 1973.

4. — RENDICONTI 1973, Vol. LIV, fase. 1.
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W e define also a cohomological invariant of involutions, called the “ index 
of the involution

Connected problem s are studied by I. M. Jam es and D. W. A nderson
in [2], [3], [4]-

I present here a sum m ary of the results which I have obtained. I shall 
give an extensive exposition in a subsequent paper.

2. F iber  bundles w ith  involution

2.1. DEFINITION. A  “ fiber bundle with involution ” is a quintuple
£, == (E , re , B , F, A), where E — B is a local trivial fiber bundle with
fiber F; and A  : E -> E  is a continuous, involutive, fiber-preserving m ap
(tcA =  TC , A 2=  i).

W e suppose th a t any local trivial fiber bundle with fiber F over an 
arb itra ry 's im p lex  is a product bundle.

2.2. D e f in i t io n . If  — (Ez- , ici , B , F? , A,-) , 2 = 1 , 2 ,  are fiber
bundles with involution, then these are “ equivalent ” if and only if there
exists a hom eom orphism  f  : E x -> E 2 such tha t n2■ /= tc 1 , A 2f  =  f A 1, and /  
m aps E i hom eom orphically on E 2.

Let gB(B , Fi , Z2), denote the set of equivalence classes of fiber bundles 
with involution with fibers F i .

2.3. D e f in i t io n . If  E, =  (E , n , B , F, A) g $ (B  , F, Z2) and /  : B '-> B  
is a continuous map, then in the pull-back / *  E

/ *  E 

/* *
/

E

TC

B '— - — ► B

there exists a unique involution f* A  such that /o ( /* A )  =  Af ;  hence there 
exists a well defined f * l  =  ( / * E  , f * n  , B ', F ,/* A ) e SS(B', F, Z2).

2.4 D e f in it io n . I f  \  =  (E ,7 t , B ,F ,A )e SB(B,F,Z2), let CÇeSB(B,CF,Z2) 
denote the associated cone bundle with the involution A  such defined:
Â ( / / 0 = ( A / >0 , ( / , O e F , x I / F , x { o } .

2.5. D e f in i t io n . If  Ç =  (E  , 7u, B , F, A) e éB (B ,■ F, Z2) let =  
=  (Ê  , fu, B , S F , Â) e cB(B , S F , Z2) denote the bundle with involution 
which has fiber E^ =  2 E* , x  e B; the involution A  is defined as follows: 
in 2 F  =  C ^ F  LJf C+1 F  (C±1 F  denoting the cone over F), if e =  ( / ,  t) G C ±1F, 
0 <  t  <  I , f  e F, then Ae =  (A/, t) € CTi F.
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3. T h e  E ilen berg  subcomplex

Let R be a fixed com m utative ring with 1. Let C^_(— , R) denote the 
singular chain complex (with coefficients in R) functor; let a : C^'(— , R )-P  
denote the boundary  operator.

3.1. D e f in it io n . If  F  is a topological space, we say th a t F is (n , R)- 
simple if H,- ( F , R) =  o for o <  i <  n.

3.2. D e f in it io n . Let F  b e a  (n —  i , R)-simple space and Ç e $ ( B ,F ,Z 2).
By definition, the “ Eileberg relative subcom plex ” of CÇ (see 2.4) is 
ê ^ -1)(CÇ , R) C C # (CÇ , R) such defined: 4 n-1)(CÇ , R) is free over R; the 
generators of 4*_1)(C? > R ) are th a t and only tha t singular /è-simplexes 
or : A for which a (A*)^ C C^o * ((A^)vW) denotes the ^-dim ensional skeleton
of A*).

3.3. P r o po sitio n . I f  £ e $ ( B , F , Z 2) and  F  is in —  i , R)-sim Ple, 
then the inclusion ^(CÇ , R ) (P  C^(C^, R) is a chain homotopy equivalence.

4. H omological local systems in  f ib e r  bundle w it h  involution

Let be ^ — (E , n , B , F , A) e cB (B , F , Z2), and R a fixed com m uta
tive ring with 1; let n be a fixed natural num ber.

For any  point b e  B we consider the homology R-m odule H ^(E ^, R). 
Let p : [o , 1] -> B be a path. In  the total space p*E of p*E, we have the 
natu ra l inclusions

Ep(o) ~  (p*E)0 — p*E «—— (p*E)x — E p(1)

As the fiber bundle (without involution) p T - ^ I  is equivalent to a 
product bundle, i0 and ix are hom otopic equivalences; hence, i0 and i± induce 
isomorphismis in homology, and in consequence the well determ inated 
isom orphism

I PI =  ( G * 10 (20)# : H k(E p(0)>R ) ^ H b(E p(1, , R ) .

T he isomorphism | p | depends only on the hom otopy class of p. Really, 
if : I —> B is a hom otopy w ith fixed ends, then a sim ilar argum ent applicated 
to the fiber bundle p*E -AA-* I X I, where p : I x  I B is p (Ç , t) =  p (t), 
conducts to the assertion.

Now we take in consideration the involution A  in connection w ith | p | .
I f  we denote in general =  A |e^, we have the com m utative diagram  

for the upper path:

E p (o) =  ( p * E ) o ~ ^  P * E A  (p^E)! =  E p(1) 
a p (o) ! ! (p* A)0 j p*A

EP(0)= ( p 4 )0 - - >  p*E

(p*A)i I Ap(i)

■ (P*.E)o =  E,■p(o)
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from which derives the com m utativity  in homology 

( I) I P I Ĉ -p(Q))* == (^p(l))* I P I •

If  b e B, let be

H.* =  H„ (E3 , R) itdt _ ____________
3 “  (I ± (A * )* )H , '

T he relation (i)  shows th a t |p |  induces two isomorphisms:

H ±P(l) »

which depend only on the hom otopy class of the path  p.
Let , R), resp. K(E, , R) denote the local systems ( Hf  , | p ^ ) ,

resp. (H* , ( p I). These two local systems are called the “ homological local 
systems of the fiber bundle with involution Ç in dimension n ” .

5. O n t h e  T h o m  i s o m o r p h i s m

5.1. THEOREM . Let E  B be a local trivial fiber bundle with fiber 
F ( n — I , R fs im p le  (see J . j ) ,  and  S =  (S* , | p |) a K-local system over B.

T hen tu* : Kr (B , S) -> (E  , 7t*S) is an isomorphism for o <  r  <  n —  i 
and is a m onom orphism  for r  =  n.

6.; Characteristic classes of fiber  bundles w ith  involution

6.1. Theorem. Let be f i  =  (E , tu , B , F, A) e $ (B  , F , Z2) and  F let 
be (n —  I , f ij—simple and connected by arcs. Then there exist the local 
R-homomorphisms:

i) Ép  : Cp (E  , R) - > Cp+r(E , R) , o <  p  +  r  <  n , tèp =  id.,

such that:
(X +  ( ~  i /A )  =  dp+r k ?  +  ( -  x)r+1 £ « , Sp ,

Ü) i f  are two such systems of local homomorphisms which
satisfy i), then there exists the system of local R-homomorphisms:

< P « : C / E , R )  Cp+r±i ( E , R ) ,  p  +  r + I < n>

such that, i f  we denote K.(p  =  kfp — k{p  , we have\

= ( i  +  (— i)r A) <pr1} +  99« +  (— i) ' 9«  ! 9 . 

iii) There exist the local R-homomorphisms

y£r-r  : C„_r (E , R) -> C„ (E , R)
such that\

Kirl r =  (I +  ( -  i f  A ) 9<r,1) +  ( -  X)r 'Pi'L-l a +  , dvZlr =  O .
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6.2. We know from the preceding considerations that:

(!) (£>, f i  , k? )) f i)  =  ((I +  (— tJA) (— i)r+1 k tL  3) (a)

is a cycle; let be, for an arb itra ry  singular simplex a e 'V M_r+1(E)

( S * r f i , ^ ) ( ? )  =  [ fr r f i , ^ ) f i ) }

where [y] denotes the hom ology class of the cycle y. Therefore (ùr(fi , k{p )  e 
£Çn-r+\(ji f 7r*JC„(£ , R)) =  the R-m odule of (n —  r  +  i)-singular cochains 
with coefficients in the local system  7r*

The coboundary of cor (â; , /ép') is

(dwr f i  , k f ) )  f i)  =  ((—  i)" ” 1 -  A J  (a>r_ x (5 , k^))  fi)  .

6.3. Notation. Let yfi denote the canonical epim orphism s of local 
systems:

in consequence we have the exact sequences:

(I) O -  (I ±  A J  Xn f i  , R) U  3f„ f i  , R) K t f i ,  R) O •

W e obtain the following:

6.4. Theorem . I f  \  =  (E  , tt , B , F, Z2) eS 3(B , F , Z2), the fiber F
being in  — 1 , R)-simple and connected by arcs, then fo r  any o <  r  <  n we can 
define the cochain oyr (fi , k (p )  e Cn~r+1 (E , , R)), where are defined in
the Theorem 6.1 i). The coboundary of u>r(f  , k{p )  is:

d « , f i  , =  ( ( -  i ) '" 1 -  A J  o v n  f i , k f )  ,

and , in consequence

& r f i ,% )) =  Xe'< » r f i ,% )) , s, =  sign ( -  IJ

is a co cycle.

6.5. Theorem . The cohomology class [G>rf i  , &?)] eX ”~r+1(E , i f f f i f iL ) )  
ts independent of the choice of the local homomorphisms /éfi* from  Theorem 6.1.

6 .6. Theorem . The cohomology class [c j f i  , k^)} defined in the Theo- 
rem 6.4. is a basic class, i.e.

[“ r(£ » kV)] 6 (B , i f f  f i  , R)).

6.7. D e f in i t io n . If H, e êB(B , F , Zi) and if 2 F  is ( n — i ,  RJsimple, 
we shall write E e cB” (B , F , Z2). The suspension 2 F  is connected by arcs, 
and in 21; there exist two canonical sections: the zero sections j  : B —> 
-> E±1 <-»- È , where E ±1 =  C± E,.
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6.8. D e f in it io n . I f  ? e £B” (B , F, Z2), then the R-characteristic classes 
*i(g) of ? =  ( E . r c . B  , F ,  A) are

6 3C'(B , 3fJ ’- ,+ 1 (21; , R)) , o < i < n  , zr =  sign (— i )r .

6.9. Let be ? e e6M(B , F, Z2); then 2 ? 6 cBr+1(B , F, Z2). For the cal
culation of /,•(?), resp. £-(2?), we m ust consider the local systems:

V + i( 2 £ , R ) ,  resp. 3f±+1(2 2? , R) .

W e rem ark th a t by the suspension isomorphism theorem  in homology, which 
is natural, we have the equivalence of local systems

V + i (2 2 ? ,  R) — JC* (S i; , R) .

6 .IO . THEOREM . The characteristic classes t{ have the properties'.

(0) fo r  I  6 -S&(B , F  , Z2) , t£ (?) 6 3t*(B , 3f.e" - '+1 (? , R)) , o <  * <  *,

(1) i f  I  e oBr (B , F, Z2) and f  : Bx -> B is a continuous m ap , then

(ii) i f  l e  oBr(B , F  , Za), then HE, e £Br+1 (B , F, Z2) and> by respect 
the equivalence of the local systems defined by the suspension isomorphism

4+1 (2£) = '0  ;

(iii) (the “ Whitney duality form ula  ”) i f  l ± e oBr(B , F 1 , Z2) , l 2 e
e cBr(B , F 2 , Z2) and i f  we denote by resp. Xi > X2 > X l^e corresponding epi- 
morphisms from  7.3 fo r  resp. h  , £2 > ?i©^2> exist the co cycles

6 Ca(B , Jf„ (? ,, R)) , o < p < m ,

ß? 6 c? (B , 3C„ (?2 , R)) o <  q <  n ,

^ x © ? 2) =  z f  2  ( -  A 2* ß JD+?=s J
(7«//

Xl a> =  tp (£l)

X2ß* =  ^(& i).
where

e(fi > ~  fi (n — Q +  *) +  ^  +  n +  1 •

(iv} i f  in f i  £ gBr (B , F, Z2) there exists a continuous section of fixed  
points fo r  the involution in I, them

t£ (l) =  o for o <  i  <  n .
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7. T h e  in d ex  of a n  involution

If  F  is a topological space with involution such th a t 2 F is (ri— 1 , R)- 
simplë, then we can consider F as a fiber space with involütion over a point.

Hence £0(F) e H „(F , R)_________ ^
(i +  (— i)"+ 1 A *)H ,,(F ,R ) ’

7.1. D e f in it io n . If  F is a topological space with involution such 
tha t S F  is ( n — 1 , R)-simple, then t0 (F) will be called the index of the 
involution, and will be denoted I r ( F , A ) .

7.2. T h eo r em . The index of the involution has the properties'.
(i) i f  A t : F F is a continuous deformation of the involution Ao in 

the involution A i , then
Ir (F, A 0) =  Ir (F , Ai) .

(ii) I f  Fi resp. F2 are two topological spaces with involutions A \ , resp. 
A2 , and  S F i , resp. 2F2 are ( m — 1 , R f  simple, resp. ( n —  1 , R f  simple, 
then I r +”+1(F 1@ F 2 , A n © A2) =  (— i) “ +”+1A Ì, I r ( F 2 , A x)-A 2̂  l£ (F a , A3).

(iii) I f  A is an involution in  F, and i f  A  has at least a fixed  point, 
then Ir ( F , A) -  o.

7.3. Corollary . I f  Ç e oBr (B , F , Z2) and i f  B is connected by arcs, 
i f  there exists at least a fixed  point in the total space of then t0(%) =  o.

8. Ch a ra cteristic  classes of involutions in  sph ere  bundles

In  this section we particularize the coefficients to Z2 and we consider 
only spherical fibers. Then the Theorem  6.10 becomes:

8.1. THEOREM. The characteristic classes of sphere bundles with involu
tion have the properties'.

(0) fo r  i  e Sòl (B , S*-1, Z2) , ti ©  e H*'(B , Z2) , o < i < n ,

(1) i f  \  6 S$z, (B , F , Z2) and f  : Bx-^  B is a continuous map, then

4< A ) = / * ( 4 © ) ,

(ii) i f  £ e â £ , ( B  , S n~1, Z 2), then

( 2 © o < i < n

4+1 (2© =  o ,

(iii) i f  I,  e â£, (B , S - 1, Z2) , ^  e âJSa (B , S*©  Z2) ,

4  (5i © £2) =  X  4» (£1) 4  (£2) >
P+q=i

then
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(iv) i f  in Z, 6 $ z2 (B , S" 1, Z2) there exists a continuous section of fixed  
points, then

t{ (£) =  o , o < i < n ,

(v) i f  ,S " - 1,Z 2), then

t „ a ) = w nß)

8.2. Remark. T he classes tf satisfy all Stiefel-W hitney axioms less one 
of them: t0(%) can be o, while w 0(g) is ever i.

8.3. Remark. For the classes t{ the relation t{(g) =  w i (f)-tç>(l) is 
generally false.

8.4. T h e o r e m .  I f  I t- ®5,(B  , S'*“ 1, Z2) and i f  I  is in addition an Euch- 
dean sphere bundle (associated with a real vector bundle) provided with the 
antipodal involution, then

ti { l ) = w i {l) .
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