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Analisi matematica. — On Comparison Theorems fo r Matrix 
Inequalities with Mixed Boundary Conditions Nota di E u t iq u io  
C. Y oung , presentata (**} dal Socio M. P ico n e .

RIASSUNTO. — In questa N ota si estendono i risultati conseguiti da Swanson nel con
fronto fra due sistemi di equazioni lineari autoaggiunte con condizioni miste al contorno a 
sistemi le cui m atrici sono quasi lineari -e non autoaggiunte.

i. Introduction

T he S turm ian com parison theorem  of Kuks [1] for linear strongly elliptic 
systems was recently generalized by K reith [2], [3] by introducing more 
general boundary  conditions, and by K reith  and Travis [4]. K re ith ’s technique 
was based on a generalization of a Picone identity. On the other hand, using 
a  variational approach Swanson [5] extended Kuks result to quasilinear 
selfadjoint elliptic systems and sharpened K uks’ original theorem . Sw anson’s 
work was subsequently carried over to nonselfadjoint quasilinear m atrix 
inequalities by  N oussair [6] and thereby derived some oscillation and nono
scillation theorems. M ore recently, Swanson [7] im proved a result of [4] 
and stated a corresponding result for linear selfadjoint systems with mixed 
boundary conditions. The purpose of this paper is to extend a result of [3] 
and [7] to quasilinear nonselfadjoint m atrix  inequalities. The result gene
ralizes Ih e o rem  1 of [6] in th a t it deals w ith more general boundary conditions.

L et K  and L  denote the elliptic differential operators defined by

( 1) K u  D 2- \a,jj (x  , ip  Dy u\ -j- 2 b • (x  , u) Lb u  -f- £ (x  > d) n

and

(2) LV =  D, [A* (x  , V) Dy V] +  2 B, (x  , V) D, V  +  C (* , V) V

x  == (x i f ’ ’ ' > x h) j D,- =  "^7" > i =  I , • • •, n

respectively, f o r ^ c R , ^ e H , V c  LT where R is a nonem pty, regular, bounded 
dom ain in ^-dim ensional Euclidean space E n w ith sm ooth boundary 3R. 
H is a dom ain in E m containing the origin, H m is the set of m X m  matrices, 
and u  is a m - vector function of class C2(R) n  Cl (R) w ith range in H. The 
repeated indices are to be sum m ed from 1 to n. The c o e f f i c i e n t s - a n d  c
are real m  X m  m atrix  functions o f class C1 (R X H). Analogous conditions

(*) Research partially  supported by NSF gran t GP-11543.
(**) Nella seduta del 16 giugno 1972.
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are satisfied by  the coefficients A ,y,B ,-, and C .in R x H " .  F urther, the 
mn X m n  m atrix  (A,y (T , V)) is sym m etric and positive definite in R x H " .

T he conclusion of the com parison theorem s given below concerns m  X m  
m atrices V  6 C2 (R) n  C1 (R) which are “ prepared ” in the sense that

(3) VT A,y (x  , V) Dy V, i

is sym m etric w ith VT denoting the transposed of V.

2. Comparison Theorems

Since the m n X . m n  m atrix  (A,y (T,V)) is positive definite in R x H " ,  
a diagonal m atrix  G (x , V) =  (gi; (x , V)) can be constructed such th a t the 
quadratic form

(4) Q («', V) =  (V D . u f  A ÿ (x , V) VDy u  +  2 ( V u f  B, (x , V) VD, u

+  (Vu)T C ( x , V ) V u

is positive semidefinite in R X H m. This can be done by using a criterion of 
G antm acher [8] and an inductive argum ent.

Theorem i . Let  V be a prepared m atrix satisfying

^  I VT LV > o  positive semidefinite) in  R

1 vi (x  , V) Dy V S (x) V =  o on I \  c  aR

where S is a m X  m  m atrix  fu n c tio n  continuous on ï \  and  (vx v*)- denotes 
the outward u n it norm al vector on 9R. I f  there exists a nontrivial vector function  
u  € C2 (R) n  C1 (R) satisfying

[ u T Ku  <  o in  R

(6) < s>i ciij (x  , u) Dy u  +  s (pc) u — o on I \
\ ^  == o on r *2 ? ej Tg == S*R

such that

(7) F '(* , V) =  J {(D ■ u )T [a# (x  , u) — A {j (x , V)] D, u
R

+  2 vA [b{ (x , u) ■— B,- (x  , V)] D,- U 

+  u T [c(x , u ) — C (x  , V)  ■— G (x , V)] u } d x

f  ! u T [s (x) — S (pc)\ u  da >  o
Yx

then V zV singular at some point in R.
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Proof. The proof depends on the following identity  

u  K u  —  u  (LV) V -1 u  

=  —  D, [u ay (x  , u)T )j u  —  u  Ay (x  , V) (Dy V) V -1 u]

+  (D, u)T [ay ( * ,* ) — Ay (x ,V)] Dy u  +  2 uT [6,. (* ,* )  — B,(x ,V)] D -u  

+  [D, u —  (D, V) V “ 1 u f  Ay (x , V) [Dy « — (Dy V) V 1 u]

+  2 u (x , V) [D;- u  —  (Dj V) V “ 1 u\ u ' (G (x , V)) u  

+  u T [ c ( x , u ) — C ( x , V ) — G (x , V)] u

which is readily  established by m aking use of the sym m etric property  of (3) 
and (Aÿ) (see [4]). Suppose V  is nonsingular in R. T hen there exists a unique 
w  6 C1 (R) such th a t u  =  V w  or w  =  V 1 u  in R. Substituting this in (8) and 
integrating over R, m aking use of the boundary conditions satisfied by u  
and V, we obtain by G reen’s theorem

r

(9) J [^T K u  —  w T VT LV w  -— Q (w  , V)] dx  =  F (u , V)
R

where Q {w , V) is given in (4) and F (u , V) in (7). By hypothesis, the left 
hand side in (9) is nonpositive while the right hand side is positive. This 
contradiction shows th a t V  m ust vanish at some point in R.

We rem ark th a t if G is determ ined such th a t the quadratic form (4) is 
positive definite, then the condition (7) can be replaced by F ( ^ , V ) > o .  
Indeed, in such case equation (9) implies tha t both sides of the equation m ust 
vanish. Since each term  in the integrand on the left hand side of (9) is nonpo
sitive, we conclude in particu lar tha t

(10) f Q (w  , V) dx  =  o
R

By the positive definiteness of Q, (10) holds if and only if w  — o in R, which 
implies th a t u  — V w  =  o in R. This contradicts the fact th a t u  is a  nontrivial 
vector function; hence the conclusion of the theorem.

A  variational type theorem  corresponding to Theorem  1 is given below.

Theorem 2. L et V  be a prepared m atrix satisfying  (5). I f  there exists a 
nontrivial fu n c tio n  u  6 C2 (R) O C1 (R) vanishing on T2 such that

I [ (D ^ ) t A-y (x  , V) Dy u  +  2 uT Bt> (x  , V) D -u
R

+  u T (C (x  , V) + G ( x  y V)> u] dx  

+  j u f  S (x) u  da <  o
fx

then V  is singular in  R.
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The proof is sim ilar to th a t of Theorem  1, m aking use of the identity  (8) 
with the coefficients atj , , and c all set equal to zero.

3. Selfadjoint Case

In  the case th a t bi =  Bz =  o (i =  1 , • • - , n) so th a t the operators K 
and L become

K* u — —  D z- \a{J (x  , u)  Dy u\ -f- c (x  , u) u

and
L* V =  -  D , [A - (x  , V) Dy V] +  C (x , V) V

respectively, we choose G =  o in (4). Then we have the following generali
zation of a result of [3] and [7].

Theorem 3. Let V be a prepared m atrix satisfying  (5) w ith  L  replaced 
by L*. I f  there exists a nontrivial vector function  u satisfying  (6), w ith  K 
replaced by K*, such that

I {(D, u f  [aÿ (x , u) -  A,y (x , V)] Dy u
JR

+  u T [c (x  , u) — C (x , V)] u )  dx

+  J u T [s (x j  —  S (x)] u  da >  o 
r x

then V is singular at some po in t in  R.
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