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Topologia algebrica. — A  characteristic ring o f a L ie algebra 
extension n . Nota I di N icolae T elem an , presentata ^  dal Corrisp. 
E . M a r t in el l i.

RIASSUNTO. — In  quésto lavoro costruisco un « anello caratteristico » per estensioni 
corte di algebre di Lie. In  particolare mostro che ad ogni fibrato principale può associarsi 
una estensione di algebre di Lie in tal guisa che si ritrova così sostanzialmente la costruzione 
geometrica dell’anello caratteristico del fibrato dovuta a S. S. Chern e A. Weil.

M ostro inoltre, fra l ’altro, che l’anello caratteristico qui considerato perm ette di intro
durre un anello caratteristico per la coomologia di I. M. Gelfand e D. B. Fuks [4].

§ i. Introduction

It is known [6], Ch. I l l ,  § 9 that any extension (<S) of the Lie algebra T 
by an abehan Lie algebra H, (£) =  o->  H —> P —> T — O, is uniquely determi
ned, up an equivalence, by an element of the cohomology group 3t2 (T , H).

By the other hand, there is a geometric construction of the real characte
ristic ring of smooth principal bundles, due to S. S. Chern and A. Weil.

In this Note we construct a characteristic ring for any split Lie algebra 
extension (<S), with H not necessary abelian, in conditions which will be 
defined below, using in essence the method of S. S. Chern and A. Weil.

We prove that for any smooth principal bundle we can associate a Lie 
algebra extension which furnishes, with our definitions, for a particular 
system of coefficients, the characteristic ring of S. S. Chern and A. Weil. 
By using another system of coefficients, we construct for any principal 
bundle, a characteristic ring which is a subring of the cohomology ring stu
died by  I. M. Gelfand and D. B. Fuks in [4].

Another application of our study is the construction of a characteristic 
ring for bundles of type ISO (E , F), where E , F are vector bundles.

For any split extension (£) we define “ connections ” , the “ connection 
form ” , the “ curvature ” , “ covariant derivative ” , with which we prove 
the “ structure equation ” , the “ Bianchi identity ” . Our constructions of 
tfie curvature and connection form, and the corresponding classical definitions 
in the specific case are different, but the curvature coincides with the cur
vature of the associated linear connection.

Being in the possession of the curvature for any split extension (ê), 
we use the geometrical construction of the characteristic ring as it is presented (*) (**)

(*) Lavoro eseguito presso l ’Istituto M atematico «G. Castelnuovo » dell’U niversità 
di Roma, come professore visitatore del C.N.R.

(**) Nella seduta dell’8 aprile 1972.
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in the paper by Raoul Bott and S. S. Chern [2], § 2 (we use also some 
notations from this paper). We remark that our context necessitates another 
definition of the “ invariant fo rm ” and of the integration process which is 
utilized for the proof of the fact that the characteristic classes are independent 
of the connection.

I express my profound gratitude to Prof. Enzo Martinelli.

§ 2. General considerations

2.1. In the sections § 2-5 the following algebraic structures are fixed.

a) Let the following conditions be simultaneously satisfied:

a) R =  commutative ring with 1,

b) $ — commutative R—algebra with 1.

(2)
!

a) H , P , T =  Lie R—algebras,

b) (ê) -  O -> H — P T ^ o  exact sequence,

c) i , 7i =  Lie R-algebra homomorphisms.

Convention: we identify H with lH C P.

[ d) H , P , T =  modules (which induce the R-structures modules 2a)

(3) <. b) i tu =  %-homomorphisms,

( c) there exists a 3 -homomorphism  V: T -> P , such that 7T-V =  I t ,

I a) & =  T—module\ hence, is a Y—module by re.

(4) \ fy ^ iC / i ’A ) =  ( X i / i ) * /2 + / i ( X i /2) , y f± , / 2 c 3  , VX1 e T

' ')  [/1 X i , X 2] —f 1 [Xx, X2] —(n (X2) ) / i  • X x fo r  y f ± e ef, V X ^ X ^  P.

Remark i . i) H is an ideal in P and hence a Y—module by the adjoint 
representation of P over H:

X h  =  [X , h] fo r  X e P , h e H .

ii) For any f  £ cF , X i , X2 £ T, we deduce (^from (4) and n =  epimor-
phism)

(4 c') [ / X i , X 2] = / [ X i , X 2] — (X2/ ) X !

iii) For any / e f , X ie  P ,  X2 e H

[ /  Xi , X2] = f  [X i , X2] .
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2.2. If M , N are A-modules (A a commutative ring) let be G i(M  , N) 
the A-module of all A -n  linear, skew-symmetric functions on M with values 
in N. If M is, in addition, a Lie algebra over A, let be d l :C l(M  , N)
-> Cl+i (M , N) defined as follows ( f e  C1(M , N), X 2 e M):

(d/) ( X i , • • •, X„+1) =  S  (— 0 ’’+1 x , . / ( X ! , • • •, X ,.,. v , x , +o  +
l < i < n + l

+  2  ( -  0 ''+y/ ( [ X , , Xy] , X x, • • •, X , , . . . ,  Xy . . .  XK+1) .
l < i < j < n + l

Remark 2. B y  (4), (4 cf), we have

d £ C K P ,H ) C Q +1( P ,H )  

dSCJCT , f )  C C^+1 (T , .

Hence, {CM (T , , dp g N and  {C|r(P , H) , dR}Ä g N are cochain complexes.

Definition i . Let be-.

(5) H |t(T  , cF) =  H x{C|r(T , , dR>B.

I f  r(T ,M ), let be tu * /g C |(P  ,M ) such defined:

« / )  (X x , X J ^ / ( tuX-! ,• - - , ttX,) , X, e P .

A n y  element of tc*C |t(T ,M ) w ill be called “ a basic form  over P ” .

§ 3. “ Geometric ” considerations

DEFINITION 2. The splitting  V (see (3)) w ill be called a “ connection ” 
m  extension (&).

D e fin it io n  3. The function  c d c C ^ (P ,H )  such defined

(6) co (X) =  X — VttX , X e P

w ill be called the “ connection form  ” of the connection V • H wz// called 
the space of “ vertical ” elements and VT C P the space of “ horizontal ” 
elements.

D e fin it io n  4. i) For any X x , X2 e P, let be

(7) n ;  ( X i , X2) =  [ X , , CO (X2)] -  [X2 , CO (XO] — CO ([X x , X2]> —

-  [co (Xj) , co (X2)] . 

ii) For any X i , X2 e T, let be 

(70 ß v ( X i , X 2) =  V [X i, X2] — rV X i, VX2I .

Q* w ill be called the “ spatial curvature ” of V and Qv the “ basic ” cur
vature o f V.
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Proposition i .

i) Üv e C |( T ,H )

(8) ii) Qç =  n* Qv ; hence Û* 6 Cg: (P , H) and

iii) Qy ( X i , X 2) =  Vtc [Xx , X2] — [Vît: Xx , VrtX2] .

Proof. Immediate.

N otation . [co ,c o ]e C |(P  ,H ) and  [Q ^ o J e C lC P .H )  are defined 
as follows:

[*>,<■>] (X 1 ( X 2) =  [co(Xx),co(X2)] 

fo r  any X i , X2 e P.

[Q* , co] (X x , X 2 , X3) =  [Q*(Xx , X2) , co(X3)] - [ Q ^ X j  , X3) , co(X2)] +

+  [£2y (X2 , X3) , CO (Xx)]

fo r  any X x , X2 , X3 e P.

P roposition 2. (Structure equation).

(9) dco =  O* +  [co , co]

Proof. Immediate from the definitions.

D e fin it io n  5. I f  <peC|r(T,E), the “ covariant derivative” of 
9 , D v 9 e Q +1( r , E ) , »

(Dy cp) ( X i , • • •, X*+1) =  (d (**9)) (VXx , • • •, VX.+0 , x, 6 T  .

Proposition  3. (“ Bianchi identity ”)

(10) i) dO y=  — [O;,co] 
ii) DQV =  o .

Proof, i) (dQ*) (Xx> X2, X3) =  [X1; Qy (X2, X3)]W—Qy([Xlf X2] ,X 3)W =  
((p ) denotes cyclic permutation of indices 1, 2, 3)

=  — t à  , CO] (Xx , X2 , X3) +  [VttX, , Vtc [X2 , X3] -  [V7cX3, VtcX3]]w -

-  (VTt f[Xx , X2] , X3] ^  -  [Vtt [Xx , X2] , VtuX J^P =

-  -  [Q* , co] (Xx , X2 , X3) — [VtcX, , [VrcX, , VttX«,]^ -  

— ■ Vit [[Xx , X2] , X3]tf) =  — [O* , CO] (Xx , X2 , X3)

(by Jacobi identity).

ii) It follows immediately from i) and Definition 5, because co(VX) =  o 
for V X e T .
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§ 4. C onstant in varian t forms on H 

DEFINITION 6. Let be ip : H X  • ■ • XH ^  f  a 3 -n  linear function.
n times

We call 9 “ constant invariant ” function i f  and only if, fo r  any X e P and 
h1 , --- ,  hn e H ,

(tt(X)) 9(^1 >• • -, K)  =  S  9 (hx • -, [X , hf\ .
a =  l

Let (H , cF) be the space of all constant invariant form s on H.
n a —1

N otation s. Let be (m) =  (mx , ■ ■ ■, m„) e NK , m  =  2  , /  (a) =  2  .
a = l  i = 1

Let Vm denote the symmetric group on {i , 2 , m}, and

P(.) =  (* | ^  e P« , I <  ^ ( / ( « )  + ! ) < • • • <  * ( / ( a )  +  / § ) <• • •

• • • <  ‘S’ ( / ( a  T  0  — 1) <  m  I <  k <  , I <  a <  .

Lf X =  ( X i , • • •, Xw) e M w, where M Z* a set, denotei fo r  % e P(w) 1 <  a <  tz,

C^X)a =  (X W(a)+1), • • - , X^(/(a+1)„1)) e M

D e fin it io n  7. I f  9 e I | ( H  , f )  W  g>. e  C f  (P , H),
9 (coi, • • •, co*) e C |( T  , §F) such:

( i i )  9 (« 1 , • • •, aO ( X i , • • •, X„) =  2  sig *  ? K  • • •, «»((«X)0).
“S6P(M)

f f  <Pi e Iff(H , óì) , 92 e I§ (H  , §f), ^  (nx +  n^)-linear function over H,
with values in & , <px ■ cp2, defined by the form ula :

(12)

1<*I<*8< - * •<*'« 2»1 +

ĈPl * 92) (A 1 > * ‘ * > ^*i+«a) --

9l (̂ *1 > ' ‘ ' > 92 (Al’ ‘ ‘ * > y ' ’ * y hinx y ' ’ ’ > ^»i+«a)

Z  ÆW element of (H , of).

C o r o lla r y  4. Igy(H , S7) =  @ F (H  , S7) Z <3: R—algebra.
nQN

Proposition 5. 9 e I£(H  , $) ^  co - e C ^ ( T , H), 1 < i < n .
We define 9 (cox , • • •, co*) e C$(T  , (m =  2 w 2.), 4̂/ form ula :

(13) ? (®i, • • •, « 0  ( X i X J  =  9 (7Ü* « ! , • • • , 7t*<0 (VXx, • • • ,VXJ ,  X; e T.

Thenf we have\
n

(14) <39 (wx , • • •, M„) =  2  ('— I)/(°t> 9 (rc* “ l . • • •, (D<oa) , • • •, 7tco„).: a=l

Proof. The proof is direct utilizing the definitions.
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REMARK 3. I f  (ùi E C p  (P  , H ), but cùì are not basic form s , then a relation: 

(14') dcp(“ i > • • -, O  =  2  (— i)/(a) 9 (Wl • -, dco« • -, O

is generally false.

§ 5. Characteristic classes of extensions

(15)

Theorem 6. i) I f  9 e I|r(H  , f), (see (13)) 

9 (Üv , - - - , Û v) e C | ? ( T >.S)

<3: closed form .

ii ) I f  l l& e Rj 2 <  k<> 2 n } then the homology class of 9  ( Q v , • • •, £2V) 
in Mp (T , $) is independent of the connection V.

Proof, i) By the Proposition 5, and Bianchi identity, we have:

ii) Let V0 and Vx be two connections in (<§) and (co0 , Oq), (<ùx , flQ 
the corresponding connections and curvature forms.

The fact that 9 (Oi , • • •, O x) — 9 (Q0 > * * ' > ^0) 1S a coboundary, will 
be a consequence of the Lemmas 8-11.

We change in (1), (2), (3) resp. R , f , H , P , T  by resp. R [f], W[t\y 
H [t] , P [t] \  T [t], where t  is an indeterminate.

If A is a commutative ring with i, so A [/] does by the operation: 
(a11 ) (<z2 0  =  («1 æ2) f +s, ax , «2 éA.  If M is a A-module, then M [/] is 
an A [/j-m odule by the operation (atr) (mf )  — (am) f +s, a e A, m  eM . 
If L is a Lie A-algebra, then L [/] is a Lie A [/[-algebra: [ f  f , /2 / ]  =  
— [4 > 4] ( 4 , 4  c L). W ith these generic definitions we introduce the
corresponding structures in the new objects and we extend in the natural 
manner the morphisms i , n, (we denote them (i [/] , tz [/])). Now the new 
algebraic structures satisfy the conditions (i), (2), (3 a , b), (4). We denote 
by & [/] the new extension.

We construct now a connection V< in & [/]. It is sufficient to define it 
on T C T [ / ] ;  we define:

fl

(16) V*(X) — Vx(X) t +  Vo(X) (1 — t) , X e T

Then:

7T [t] V, (X) =  tuV, (X) t  +  tcVo (X) ( I  — t )  =  X , 

and hence V, is really a connection.

37. — RENDICONTI 1972, Voi. LII, fase. 4.
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L e m m a  7. i) The connection fo rm  <0, of the connection Vt is

(17) <ùt =  <ùx t +  co0(i — /) ,

ii) The spatial curvature Of of V* is:

(18) Of =  Of +  {d (<*>! — co0) +  2 [co0 , co0] — [co0 , coj — [coi, co0]} t  —

—  [CO! — 6>0 , C0X — CDq] f2.

Proof'. i) is immediate,
ii) it follows from i° and the structure equation.

L e m m a  8. The coefficients of t , t2 from  (18) are basic form s.

Proof. If X e H ,  then (cox — co0)(X ) =  o; hence <ù±— co0 is a basic form 
and also [ocq— co0 , cox — co0]. We know that Of and Of are basic forms; 
hence, the remainder term is a basic form, too.

We perform now a “ differential” and “ integrai” calculus in this context. 
Let A be a commutative ring, M an A-module and t  an indeterminate. 

We define the derivative:

(19) , m f  !-> (rm) f  for m e M .

Lemma 9. I f  M , N are two K-modules, and 9 : MX* • *XM -> N is
n times

A-multilinear, let cp, : M [t] X- • -XM [t] ->N  [t] be the A[Y]~prolongation 
of cp. For any Q i , Q„ e M [t],

(20) —  cp (Q i, • • -, Q„) =  J j  <p(Qi • -, -37 Q« Q«)

Proof. Obvious.
Let be V0 , V x : M [t] -> M the A-homomorphisms as defined:

m  , for r  =  o
_ , m e M ,

0 , for r  >  o

V x (mf') =  m  , m e  M .

I^et n e  N be a fixed number. We suppose — , — ,*••,  n i e A, 
and let be the A-module:

M M » =  { Q , Q e M [ / ] ,  grade Q < n } .
1

We define the definite integration J  * dt  as being the A-homomorphism
0

1

(22) J  * dt  : M [t]n -> M
0

1

J  m f  dt 
0

(21)
V 0 (» iO

(2 2 0 r +  I
r  <Z n , m e  M .
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L e m m a  io (“ Newton-Leibnitz ” formula). I f  Q  e M  [t]n+1, then

(23) cU Q d/ =  V1( Q ) - V 0(Q).

Proof. It follows immediately from (21), (22'). 

L e m m a  i i .  Let be Q eC |r(T  , W) [t]2n- Then

(24)

1 1

l j Q d /  =  J (d Q )d / .

Proof. Obvious.

We pass now to the proof of ii) Theorem 6. We have from (17)

(2 5 ) d t CO* =  C0t ---6>o,

which is a basic form.
We have in consequence:

C26) d 2  t i , -57 . ß / ,• • -, Û

(formula (14))

^ m f 0 * . . . .  tt* d _ 0 . . . .  0*
d t2  <p , • • •, 7T D v £lt , • • •, £2* , -gj co,, £2* , • • •, £2,) -f-

(*>

+  2 < p  ( ü f  , Q *, tt*D Vj(-A  ( ù f  ÇI* , ÇI*
a=l

(Bianchi identity and (25))
n

=  2 ' ?  (tit . • • •, t i  , ?t*Dv (W1 — W0) » t i  , ■ ■ ■, t i )  ■a-=l {

By the ofher hand, we have, from (8), (9), (16), (18)

(27) 7t* D v< (« ! —  tó0) =  A  Q* .

Hence, from (26), (27) and (20), we deduce

(28) d g  f '(Q , ,• • Q() =  S  $ (q , ,•• -, O , , A  Û/ .• • -, t i )  =
a = l a=l
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We have, from (28), (23), (24)

(29) Vx (9 (Q, , • • •, Q,)) —  V 0 (9 ( Û / , • • •, Û/)) =
1

r  n ■
=  J d 9 , • • •, Qt , —j j  cùt , Q ;, • • •, QjJ dt =

ó
1

C n
=  d J 2  9 ) ’ * * > y tot ) ì ' * * ) d t .

0

We observe that the integrand is a polynomial of degree < 2  n — 2, 
and from (18), (21), we have:

Vi (9 =

V 0 (9 ? ‘ * * » ^ /)) — 9 (Qo > ' * ■ * ^0) j

hence, from (29)
1

<p ( Q i , • • •, £2i) —  9  (Q0 , • • •, Q0) =  d j" 2  9 ; —  W;, • • •, £2<j dif,
Ó

and the Theorem 6 is completely established.

D e fin it io n  8. Let be 9 e I J ( H , £F) and Q the curvature form of a 
connection for (<§). If — € R , n , then we denote by [9(D)] the

homology class (in .3$ (T , S')) of 9 (Q , • • ■, Q) e C |K (T , S ) . The set 
{[<p (Q)] I <p 6 Iy(H  , ó?)} C Jtgr(T , S') will be called the characteristic ring
of the extension (£) (see Corollary 4).

COROLLARY 12. I f  there exists a connection V fo r  the extension (&) which 
is a Lie algebra homomorphism [in the presence of the condition — e R , n e 
then the characteristic ring of (&) is trivial.

See the following Nota II.


