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Geometria differenziale. —  Commutation formulae in conformal 
Finsler space II .  N o ta  (*> di K . B. L a l  e S. S. S in g h , p resen ta ta  dal 
Socio E . B o m p ian i.

RIASSUNTO. —■ In lavori precedenti [2] C1), [3] gli AA. hanno preso in considerazione 
l’effetto della trasformazione conforme su diverse formule di commutazione per diverse 
entità geometriche in uno spazio finsleriano. In questo lavoro gli AA. hanno studiato tale 
effetto su diverse formule di commutazione che comportano il derivato di covariante del 
primo tipo di Cartan per entità geometriche diverse nello spazio. I risultati ottenuti in questo 
modo vengono denominati formule di commutazione nello spazio di Finsler conforme.

i. C onform al  F in s l e r  space

Let two distinct metric functions F (x , x) and F (x , x) be defined over 
an ^-dimensional space Fn which satisfy the requisite conditions for a Finsler 
space. The two metrics resulting from them are conformal if the corresponding 
metric tensors (x , x) and g.. (x , x) are proportional to each other. It has 
been shown that the factor of proportionality between them is atmost a point 
function. Thus we have

0 - 0 *  g0 (* , *) =  g f x  , x ) ,

(1.1)^ g’J(x , x) =  e - ^ g ^ i x  , £),

(1.1 y  F (x  , x) =  e° F (x  , x) ,

where g =  a (x) , g ij (x , x) being the contra variant components of the metric 
tensor of Fn. The space F* with the entities F , g*J' etc. is called a conformal 
Finsler space.

W e  shall use the geometric entities of the conformal Finsler space
given by

(1.2)a

Vi01II I; (X , £) = ea I; (x , £),

G‘>  , X) =  G f x  , x) — om B’m,

(1.4),<2> g ; ( * ,* )  =  g ; (x ,* )  —  om2jB ‘m,

(1-5) G f (x  , *) =  G'jk ( x , x )  —  am dk 9, Bim,

(1.6) Gjti (x , ±) =  Gjki (x , x) — am 9/ dk dj Btm,

(i-7)f Cijk (x j X?) — 6 Cijfi (x , X) , ( i .7 £ II~ Gjh (x , X) j

(*) Pervenuta all’Accademia il 15 ottobre 1971.
(1) The numbers in the square brackets refer to the References given at the end.
(2) di — d/dx* and d = d/dxK
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and

(1*8) Kjk (x , £) =  ea A)k (x , x)

where

(i *9)  ̂ (pc, ✓ r) gij (x y Xs) , (1 *9)  ̂ h ( x , =  g ' (pc y X) Cjijh ( x , x ) ,

( n o ) ,  ( i . io>  a* " a *  a ,

(i.io)* l l (Xy£) t= xf /F(xyX)  and (i.io)ôT /,• (#, Æ) =  ga f .

Sinha [4] deduced the relations given by

( I .I I ) Kju =  4 l +  2LJW

and

(1 .12) Rjh k  =  R/M +  2 L }^ ] -J- 2 Cy  ̂ i:V,

w here
* def * # . « .

L/A6 =  U}ä |̂  +  S»v +  U j,) 3̂  B vw cr̂  +  U p

and

tjA pA pAw i j  i  i j  I i j

K ) h k  » R ) h k  ?nd Y f j k k  , Rj h k  being  the C artan’s curvature tensors
respectively whereas F # , T# being the Cartan’s connection coefficients of 
the respective spaces as given in [1].

The equation (1.12) can be written as

where

Rjhk =  R)hk +  ’̂ ijhk 

M)hk =  2 +  2 C}m L [̂/ ]̂ a:v.

2. Ca r t a n ’s co v a ria n t  d e r iv a t iv e s

The co variant derivatives of a vector X ' (# , £) with respect to x i in the 
sense of Cartan are given by Rund [1] as

(2.1) X ’7* ( * , '* )  = .F a i X r + X yA?i>

and

(2.2) X*,k {x y  £) =  dk X ‘ — dj X* GÌ — X y

where

A)k (x , £) =  F  (x , x) Cjk (x , £) =  — Fg’k dt gjh

24. — RENDICONTI 1971, Voi. LI, fase. 5.
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and
Gjt (x , X) X3 =  Y# (x ,X )X 1 =  G'k (x , X)

1*î ,are components of the symmetric tensor and T# [ x , X) are the Cartan con
nection coefficients.

It is well known that

r  ,t =  o(2-3) 

and

(2-4) Sijik =  o .

We have the following commutation formula as given in [i]

2 x*'/M  =  r }u  x J — x ‘ij k (u  r .

The general form of the commutation formula for a contra variant tensor
T'71 Jq (x , X) of order q is given by [6] as

(2-5) 2 T • JqV ]  =  — ^ H"'3q\s IC u i  +  £  T
a=l

' 'Jet —l Ĵct + l' ’ J,Ç p-'a

If we denote the Cartan co variant derivatives given by (2.1) with respect 
to Sa (x  ’ x ) by putting a horizontal bar over the same notation of covariant 
derivative, then we can obtain the following as given in [5]:

(2.6) V jh (x , X) = r  U (x , X),

(2-7) h U (x  > •*) = h U (x , X) ,

(2.8) gijh  ( x , x )  = e~ag iyU (x , X) ,

(2.9) giiih ( x , x )  = e3° i i j h  (x , X) ,

(2.10) G iìn 1 fo (^x, x'j = e° CL Ik (x , X) ,

and

(2.11) G2 /y (x , X) = ^ { G ’/ y - a B (B'

Further, the covariant derivative of Gy ( x , X) with respect to Xn in 
conformal Finsler space is given by

g =  f l  g ; +  g ;  a l  -  g ì  ä ; ot .

Using the equations ( i . i ) r ,  (1.4), (1.8) and (2.1) we get

G} I  =  e° [G)/„ -  as { F3„ (3y B*) +  3, B" AL -  3V B* A), } ] .

By adding and subtracting a term e 3y B‘v A sm,as and using (2.1) we get

(2.12) G} Tn =  [Q) u  -  a, ((3y B!>) /„ -  a, B*VA L )].
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Similarly, we can deduce the relations

(2.13) GÌ, Jn =  ea [Gj. U -  <x, {(à„ B”) l„ -  dm 9j  B!V K n }]

and

(2.14) G}lmJn =  e° [Gjm l„ — {(èm à, à, B’O l„ — àm a^àyB ^A ^}].

3. The  commutation formulae

T heorem  3.1. When FM (x , x ) FM (^r, .£) in conformal correspon
dence, the commutation formulae fo r  the vectors (V and I,-) in the direction 
of the element of support are given by

(3- i )«  2 TTim =  e ~ ° [ M i k—  2 l i / „L: m ] l v

and

(3 *1 ) ^ 2 ~hj[hk] =  £ [MJm /v +  2 /,• In lX[kk] l w] •

Proof'. The commutation formula (2.5) in conformal Finsler space
for I* , ;£) will be given by

(3-2) 2 =  Rvm ?v — v U Kv^ r .

Using equations (1.2)0, ( i . i i ), (1.13), (2.6) and (2.3) we get (3.1)0:.
Again, the commutation formula (2.5) jn  conformal Finsler space for 

li (x , x) will be given by

(3.3) 2 k r m  =  — 7V RL — h L  k ;*  r.

Using (1.2) 3; ( i . i i ) ,  (1.13), (2.3) and (2.7) we get (3.1)3.

THEOREM 3.2. When Fn (x , x) and F  ̂(x , ir) aré? m  conformal correspond 
dence> we have

(3.2) a 3 -gtfiu, =  eia Mjkk +  +  23',, /„

(3-2) i  2 [ / '  M;„  + / -  m ;„  -  l ; , m n

and

(3*2)  ̂ 2 CjmTlMl ~  [2 +  C)m M vM  CyW M y ^  

— C/v MlzM--- 2 Cjm jn LvfM] /*] .

Proof '. The pattern of proof of Theorem 3.2 is the same as that of Theo
rem 3.1.
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Similarly, for a conformally invariant tensor of arbitrary rank we 
have

T heorem  3.3. When Fn (x , x) and Fn(x , x) are in conformal correspon- 
dence, the commutation formulae fo r  the conformally invariant tensor T*.1 **
w ill be given by

(3-3) 2 T 1
■'!......  3t '-M

y  t ’1..................... ip m !1 — 2 T h 'i*
ß t l  J V - j Q - l M f r  +  l - ’ -jg H‘J ,k H - ' - j q

n v
/» ^v[M] I *

T h e o re m  3.4. When Fn (x , x) and Fn (x , x) are in conformal correspon
dence , the commutation formulae fo r  Gz (x , x) and Gy (x , x) are given by

(3.4) * 2 G % k] =  [2 Gz/ m  +  Gv M L  — 2 G’7* K m  / v —

—  a, { 2 B is, m  —  ET +  BVJ M U k +

+  BztA sin K m r  — 2 L”m  (Bis!n — B* A i) /v} ].
and

(3.4) b 2 Gjj~[M] =  [2 G)/[M] +  Gy M v^ —  Gv M}m —

— 2 g>/„ l:[M] r -  ci, {2 & b”)/m -
—  ay B‘v K m  +  ây BVJ MÛ* —  av B” m ;„  +

+  dj BùA stn K m Î * — 2 K m  ((3y B,,J) /„ —  3y B* A i) /v}].

Proof \ The commutation formula (2.5) for Gz (x , i:) in conformal Finsler 
space will be given by

(3-5) 2 G % k] =  K m G ' - G ^ K  Im T.

By using equations (1.2)0, (1.3), (1.11), (1.13), (2.5) and (2.11) the above 
equation reduces to

(3.6) 2 G % k] =  2 G 7[M] — a, {Bvs K m —  Bzs/n K m /v} +

+  {Gv- a , B w} ~ 2  K m  { GV w — a, (Bü/n —

— BùAin} r  — a, B’v A i  K m lv-

Now, by adding and subtracting a term B*v K m in the first bracket and 
using (2.5) once more we get (3.4) a.

Again, the commutation formula (2.5) for G } ( x , x )  in conformal Finsler 
space will be given by

(3-7) 2 Girr.Jl\.hK\ Kkk g ;  — g ;  r ; m — g ; inK ”M r
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which on using equations (1.2) a, (1.4), (1.11), (1.13), (2.5) and (2.12) gives 

(3.8) 2 G}j[M] =  2 Gjf[M]  Gs {ày BVS R v^ B'"" R]M   

—  (ây B*s) l n / v} +  Mvm { G} — gs dj Bvs} —

— m ;„  {g ; — a, 3V b ” } — 2 i ; [M] { g} u  —

— C T , ((3y B”) U — ây B‘v a;,)}  r  — ax ây Bu A stni ^ hkl \

Now, adding and subtracting a term 3y B‘v R ^  in the first bracket and using 
(2.5) once more we get (3.4) <£.

T heorem  3.5. When Fn(x , x) and Fn (pc , x) are in conformal correspon
dence, the commutation formulae fo r  G}m (x , x) and G}im (x , x) w ill be given by

(3-5)< 2  Gyw I [kk] [ 2  G j m j [kk\ ”1“ Gyw T I \hk  Gvm M y «

---Gyv M L .--- 2 Gy„ j„ U!,[hk\ C — as { 2 (̂ m —

■ dm dj b !V r l * - •3way BVJ ML.- ■ 3« sv B M/** •

and

—  3V 3y B" M L. +  à* ây b" AL KL* /v —

-  2 Lv-I«, ((à„ èy B") /. -  è„ ày b"a L) /v}]

(3-5)  ̂ 2 =  [2 Gj/»,/^] +  G)im M L — G\im My*. —

— G/v„ ML — G>-/v M L. — 2 Gy/m /„ Lv[M] /v —

---{ 2 (3» 3/ B’0/[A6]----3y B'V RL. +

+  à„ à, ày BVI ML* — à„ à, av B!> m;„  — àw àv ày B‘f ML —

— 3V 3; 3y B“ M L. +  i ,  â; ày B,v AL KL* /v —

— 2 l : IM] ( ( i  a, 3y B") /„ -  à„ dt ày B* AL) /v}].

Proof. The pattern of proof of this Theorem is the same as that of 
Theorem 3.4.
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