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G e o m e tr ia  d iffe re n z ia le . —  O n K ä h leria n  spaces w ith recurrent 
B ochner curvature . N ota ^  di K. B. L a l  e S. S. Singh, presentata 
dal Socio E. Bompiani.

RIASSUNTO. - Gli spazi riemanniani zz—dimensionali di curvatura ricorrente furono 
introdotti e sviluppati da Ruse [2] <D e Walker [4] e poi furono studiati da vari altri Autori. 
Mathai [1] ha definito gli spazi kähleriani simmetrici, ricorrenti e semi-ricorrenti ed ha otte
nuto alcuni rapporti esistenti tra di essi. In questa Nota gli Autori hanno definito uno spazio 
kähleriano con curvatura bochneriana ricorrente, derivandone alcune proprietà relative a 
spazi kähleriani ricorrenti, semi-ricorrenti e simmetrici.

i .  In t r o d u c t io n

An n ( =  2 m) dimensional Kählerian space is a Riemannian space if
it admits a structure tensor 9 ^ satisfying

(1.1) (2) <P/9aX =  - S x

where

8 * =  \ 1
X — (JL

Ì 0 X=j= p.

(1.2) ». ( ^  =  ?xaO .

and

(!-3) 9aG  =  0

where a comma followed by an index denotes the operator of covariant diffe
rentiation with respect to the metric tensor g iy of the Riemannian space. 

From (1.2) in view of (1.3) we get

à -4) w  =  °-

The operators O^ and *Ost  have been defined in [6] page 133 as

(1.5) o ^  =  i - ( s / s A - 9/<pA) , *o ^  =  - ( § / sA +  9jV )

(*) Pervenuta all’Accademia il 15 ottobre 1971.
(1) The numbers in the square brackets refer to the References in the end.
(2) All Latin and Greek indices run over the same range from 1 to n.
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which satisfy the relations

(1.6) 0 +  *0 =  A , 0-0 =  0 , 0-*0 =  o ,

* 0 -0  =  0 , *o-*o = *o
A being the identity operator.

If a tensor T'.'.'rsY ! satisfies

of t :  =  o,

we say that T'.'.Z'.Y. is hybrid in r  and .s* and if it satisfies

* r \ s h  /T' • • • r  • • • _1 . . .  s . . .  ^  o  j

we say that. T'.YrsY'. is pure in r  and 
Also if a tensor T . s a t i s f i e s

=  o,

we say that T . . . i s  hybrid in t and  ̂ and if it satisfies

*0$ T . . . =  o,

we say that it is pure in t  and j*.
It has been verified in [6] page 63, 68 that the metric tensor and the 

Ricci tensor denoted by R^- are hybrid in i and j .  Hence we get in view 
of (1.5) and the above definition

(*•7) ^ = ^ 9/ ? / .

(1.8) R . =  R (p.s ( p r .\ / tj sr * i

The Riemannian curvature tensor which we denote by R*^/ is given by

whereas the Ricci tensor and the scalar curvature are respectively given 
by R|jlv =  Ra(iV“ and R =  g k[l R X(i.

If we define a tensor S ^  by

( I * IO) S ,v =  Rav )

then we have

( l u ) S^v =  — SV{X.

(3) =  a/a*\
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Recently S. Tachibana [3] has shown that with respect to real coordinates 
a tensor K x |Jtvw =  K x̂ k g defined by

(1 . 12) K y J  =  ^  { Rxv V  —  R.J.V Sx" +  iTXv R," —  Rx" +

+  Sxv 9n" — Sptv <px" +  9xv S J  — 9nv Sx" +  2 Sxn. 9 /  +

+  2 <PX|A Sv } +  2) (» 4- 4) 8,1 ^  +

+  9xv 9t /  —  9nv 9x" +  2 9XH 9v* } .

has components of the tensor given by S. Bochner [5] and has called this 
tensor the Bochner curvature tensor.

2. K ä h l e r i a n  r e c u r r e n t  sp a c e s  

D e f i n i t i o n  2.1. A Kahler space is said to be recurrent if we have

(2 • I ) Rx,v , s ~  Rx,v

for some non-zero vector aZi and is called semi-recurrent if it satisfies

(2.2) Rx,,S :== Rxfi, * •

Multiplying this equation by g X[L we get

(2 .2 )  ' R/s =  R  <2e •

Remark 2.1. From (2.1) it follows that every Kählerian recurrent space 
is Kählerian semi-recurrent but the converse is not necessarily true.

D e f i n i t i o n  2.2. A Kähler space in which the Bochner curvature tensor 
satisfies the relation

(2-3) K A ^e =  <2S Kà[av̂

for some non-zero vector as , shall be called a Kähler space with recurrent 
Bochner curvature.

Now if we put

(2-4) Lx,a =  Rxia 2(n + 2) 8 ’

and
R

(2 *S) M-Xn =  9xa L a , =  S x , 2 (n +  2) ^XtJL ’

(4) S. Bochner [7], K. Yano and S. Bochner [5], page 162.
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Kxfjtv̂  has the following form:

(2.6) KXfxv =  Rxtxv +  — 4 [Lxv — Ljxv +  £xv L ,/ —

—  M x v  9 /  ~ ^ v  L x "  —  M ^ v 9 x" +  9Av M ßk —

—  9 ^  M x "  +  2 M Xß 9 /  +  2 9xjjt M v* ] .

Multiplying (2.6) by ^  we get

( 2 .7 )  —  R-X^vco +  n _j_ [Lxv <^co L{jlv <£*Aco +  ÌTAv Ljxco ----

Lam ~h Mxv 9̂co M^v 9X(o +  9av M ^  —

9^v  Mxco “h  2 Mxfj. 9vco ~f~ 2  9A(jl M V(0] 

which on differentiation with respect to ;r£ becomes

(^*7) Ka.V£Ù5S Ra!ì.vco5s ^ J  ̂ [gw  Lav,s g\<ù L[xv,s “f~

~f~ é>\v L(jlco,s g\xv Lao,s ~f" 9̂ -co Mxv,s ---

9Aco M f j^ g  -f- 9Xv rM{j,co,s “  9m-v M xco,e “j ”

+  2  9 VC0 M x[x ,e +  2  9Xjjl M VOi,e] .

Multiplying (2.7) by as and subtracting from (2.7)' we have

(2.8) R-A[i.voi,s <̂s Kâ vo) — Ra(Xvco,s "— <%s. Ra[Xvco “h

~h ^  _j_ ^  M-co ^R av,s L av ) ~  gX(ù (R|xv,£ && Ljxv) “h

4~<£Av (Ljx(o,s <̂ s L[juo) <£Lv (L ao ),s  <2s Lxco) “f"

+  <P(ico (M x v ,s  —  ^£ M a v )   9  a CO ( M j j tv ^  c2s M ^ v )  +

+  9av (Mp,WjS cas M jj,̂ ) * 9m.v (M xco,£ ĉg Mxco) ~h

+  2 9V(0 (Mxtx,£ — c?s Mxtx) +  2 9X[x (MV6)jS — Mvco) ] .

If the Kahler space is Kählerian semi-recurrent then in view of equations 
(2.2)', (2.4) and (2.5) we get

(2.9) 1 Lx{a,£ — az Lxtx =  o and (2.10) Mx^s — az M Xß =  o

and so the equation (2.8) reduces to
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Conversely, if in a Kahler space the equation (2,11) is satisfied then 
we have from (2.8) the relation

(2.I2) g\uù (Lxv,e Lxv) g i à  (T[xv,£ az Lĵ v) -\-

“f~ gXv “ CLZ L ^ ) g\AV (Lxco,£ ~ £̂ Lxco) +

tylUx) (M-Xv,E “ £̂ M-Xv) P̂XcO (-MfJLVjS MjxV) ~j-

~~f~ P̂Xv ( M - { i , C ü , S  ^£ -M-fJUo) 9̂ -V (-M-XcO,£ <̂£ Mixco) H~

“h 2 9vco ' &z -M-Xpt) +  2 (pX[x (M!VC0)£ ; -M-vco) ~  O .

Multiplying the above equation by g lJM and using the relation (1.2) we get

(2. 1 3) (n 2) ÇL.xv,z &z Lxv) “f~ gxv (L ^ g  az L t̂o)

— 9 /  (M^v,£ — az M^v) +  cpff (MxcosS — ^  Mxco) +

+  2 9 /  (Mxh,£ — az Mxul) +  2 9xw (MVCOj£ — az Mvtù) =  o .

On using (2.4), (2.5), (1.7) and (1.8) in the above equation we get after 
some simplification

(2.14) (n +  4) (Rxv,e--- <2S Rxv) =  O,

Since n =f= — 4 we have

R-Xv, £ £̂ Rxv

which shows that the Kahler space is Kählerian semi-recurrent. We thus 
have the following

THEOREM 2.1. The necessary ' and sufficient condition fo r  a Kähler space 
to be Kählerian semi-recurrent is

K -XfJIV CO, S <^£ K-XîJlVCO —  R X [ jLVOJ,£ ■ <^£ R x ^ lV C O  •

Now if the Bochner curvature tensor vanishes, then from the equation 
(2.11 ) we get

(2. IS) RX[XVCO,S ^£ Rx!i,VCO }

which shows that the space is Kählerian recurrent.
We thus have the following Corollary:

COROLLARY. A  Kählerian semi-recurrent space in which the Bochner 
curvature tensor vanishes is Kählerian recurrent.

From (2.11) it follows that every Kählerian recurrent space is a Kähler 
space with recurrent Bochner curvature. Hence we have in view of the above 
Corollary
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Theorem 2.2. The necessary and sufficient condition fo r  a Kählerian 
semi-recurrent space to be Kählerian recurrent is that the space be that of recurrent 
Bochner curvature.

From equations (2.8), (2.11) and the Remark 2.1 we have

THEOREM 2.3. The necessary and sufficient conditions fo r  a Kähler space 
to be Kählerian recurrent are that the space be that of recurrent Bochner curvature 
and the equation (2.12) be satisfied.

3. Kählerian spaces with parallel or vanishing Bochner
CURVATURE TENSOR

D efinition 3.1. A Kähler space satisfying the relation 

(3-0 Kxplv ŝ =  0 or K x̂ ,e  =  o

has been called a Kähler space with parallel or vanishing Bochner curvature 
tensor.

A Kähler space with recurrent Bochner curvature is characterized by 

(3*2) Kxfxvco,s ~  Kxfxvo)

which in view of the equation (3.1) gives

K-X[avco =  0

or Kxjxvco =  O for az =j= o .

Hence we have

THEOREM 3.1. I f  a Kähler space with parallel and recurrent Bochner cur
vature has non-zero recurrence vector then the Bochner curvature tensor vanishes.

Ip a Kähler space with parallel Bochner curvature equation (2.8) takes 
the form

( 3 *3 )  R x { j t v c ù , s  R x j x v t o  +  K x p l v c o  +  [ < £ Ä c o  ( L x v , £    L a v )  - - - - - -n T" 4

Txcù (L[j>v,£ £̂ Ljjtv) T<̂ Xv az —

— é > \x v L̂xto,£ e i z  Lx<o) ~b <Ptxco (Mxv,£

9xw (M-jjivr£ ^£ +  cpxv az —

9 ^ v  ( Ä I x c o , £  ' " ^ £  Â I x û î )  2  < F v to  ( M - X { jl, e  I V I x f x )  ~ b  

T *  2  9 X { X  ( Ä f v c o , £  ^ £  K t V (0 ) ]  —  o .

btow if the Kähler space is Kählerian semi-recurrent then the above 
equation reduces to

(34) RXfJLVC0,£ Ê RxjJIVCO ~ \~ KxfXVCO • == O .
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Conversely, if in a Kahler space with parallel Bochner curvature the 
above equation is satisfied then proceeding as in Theorem 2.1 it can be 
seen that the space is Kählerian semi-recurrent. We thereby have

Theorem 3.2. In  a Kähler space with parallel Bochner curvature the 
necessary and sufficient condition fo r  the space to be Kählerian semi-recurrent 
is that

K̂pLVCOjS T" (KxfAVOT Rxfjivo) == O .

4. Kählerian symmetric space

D efinition 4.1. A Kahler space is called Kählerian symmetric in the 
sense of Cartan if it satisfies

(4*0 Rx{jivco,e — O.

Therefore, clearly a Kählerian symmetric space is Kählerian semi-sym- 
metric.

On using (2.7)' we have

THEOREM 4.1. Every Kählerian symmetric space is a Kähler space with 
parallel Bochner curvature tensor.

From (2.7)' it also follows that in a Kählerian symmetric space the 
Bochner curvature tensor satisfies

(4*2) KxjxvcûjS ==: O .

Further if the Kählerian symmetric space is Kählerian recurrent also 
then from (2,1) we have

C4*3) Rxfxvco :== o .

Hence for a Kählerian recurrent space with non zero recurrence 
vector aS) in » view of the Remark 2.1 and equations (2.11), (4.1), and (4.2) 
we have

THEOREM 4.2. For every Kählerian recurrent space which is Kählerian 
symmetric, the Bochner curvature tensor and the curvature tensor of the space 
coincide.

If a Kähler space is flat then its curvature tensor satisfies

(4-4) Rfci/ =  o.

On using (4.4) the equation (1.12) reduces to

K *v* =  o.

16. — RENDICONTI 1971, V ol.'Ll, fase. 3-4.
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Hence we obtain
T h e o r e m  4.3. In  a fla t Kahler space the Bochner curvature tensor 

vanishes.
It is also known that a Kahler space of constant curvature is flat. We 

therefore have

THEOREM 4.4. In  a Kähler space of constant curvature the Bochner cur
vature tensor vanishes.
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