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Analisi matematica. —- On the motion of a viscous incompres-

G io va nn i P ro u se , presentata (* (**)#) dal Corrisp. L. A m erio .

RIASSUNTO. — Si dà un teorem a di esistenza della soluzione di un problem a misto 
per le equazioni di Navier-Stokes corrispondente al moto di un fluido viscoso incomprimibile 
in un tubo avente parete perm eabile e deformabile.

I. -  The problem  we shall consider consists in the study  of the motion 
of a viscous incom pressible fluid in a tube w ith deform able and permeable 
wall; this problem  is, for instance, encountered in the investigation of the 
flow of blood in artificial arteries.

We shall study  the two-dim ensional case, i.e. the plane flow of the fluid, 
since all the results we shall give refer to this case and cannot be extended 
directly to flows in three or m ore dimensions. In  order, moreover, to avoid 
formal complications, we shall sim plify the problem  as m uch as possible, 
although the results obtained hold also for more general cases.

L et ficp be the set of the x 1 , x 2 plane: =  { o < x 1 < / ,  9 (x1 , i ) < x 2< k }
with boundary  F^ constituted by: I \  =  {x 1 =  o , o <  x 2 <  k )  , F2 =  {xx =  / ,  
o <  x ? <  k } , r 3,„ =  {o <  x-i <  i , x 2 =  9 (x± , t) } , r 3 =  {o <  x x <  I , x 2 =  k } , 
where 9 (x1 , t) is a function e C1 (R) (R  =  {o <  x± <  /  , o <  t  <  T}), with 
9 (o , t) =  9 ( / ,  t) =  o. Dcp is the “ tube ” we shall consider, which corre
sponds to the section of an infinite layer w ith the plane x 3 =  o. F1 and F2 
represent the initial and final sections of the “ tube ” , while r 3jCp and T3 are 
the walls, which are supposed permeable; we shall assum e th a t P3 is rigid 
and th a t r3jCp is deform able, its deform ation depending on the pressure 
exerted by  the fluid according to a law we shall illustrate later.

If  in the tube there flows a liquid of un it density and viscosity [x subject 
—>■ —̂

to a force f  (x  , t) (x  =  { x x , x 2}), the velocity u (x  , t) of the liquid and its
pressure p  (x  , t) satisfy the N avier-Stokes equations

O ur aim  is to determ ine, under appropriate conditions, the m otion of the 
fluid (i.e. the solution of (1.1)) and the shape of £29 (i.e. the function 9 (^1 , *)).

(*) Istitu to  M atem atico del Politecnico di M ilano. Lavoro eseguito nelPam bito del 
G ruppo N azionale per l’Analisi Funzionale e le sue applicazioni del C .N.R.

(**) N ella seduta del 18 giugno 1971.

sible f lu id  in a tube with permeable and deformable w a ll(,). Nota di

( 1.1)
U  =  I . 2)
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The problem  is “ well posed ” if we assign:

a) The shape of the tube in the absence of pressure;
b) The relation between the pressure on T'3i(p and the function 9 (x1, /);
c) The initial conditions of the system;
d) B oundary conditions on , which take into account the perm ea

bility assum ption on F3>ç u  F3 — r3jC?.
L et us exam ine separately  the four conditions given above.

a) We shall assum e that, in the absence of pressure, the “ tube ” is
represented by D0 =  {o <  x ± <  I , o <  <  k }  .

b) L et p  (x± , f )  be the pressure exercised by the fluid on the wall T'S}Cp 
and suppose th a t the external pressure is zero. Let, moreover, R denote 
the rectangle o <  x ± <  /  , o <  t  <  T, I the interval o < x 1 < l  and K the 
set of functions v (x±) such tha t

(1.2) K =  (x{) I v e Ho (I) , 92 v
<  M a.e. }

\ '

The relation between p  (xx , t) and cp (xx , t) (i.e. between the pressure 
and the deform ation of the tube) is defined by the following two conditions:

h )  9 (0  e L°°(o ,T  ; H ?(I)) ', 9 ' (t) e L 2(o ,T  ; Hg(I)) n  L°°(o ,T  ; L \ l ) ) , 
9' (f) e K  a.e.,

H i) 9 (0  ds a solution , \tv  (t) G L 2 (o , T  ; H 2 ( I ) ) , w ith v' (t) e 
£ L 2(o , T  ; H 2 (I)), v(f) 6 K a.e., o f the inequality

t

( ! - 3)  11̂ ( 011̂ ( 1) + I Ie!3 ^ ) I I h 2( I ) — 2 + 2 J  W  (7Ù > 9 '  (* ) ) >  —
0

— <D4 9 ^ )  ,v  (ri)} +  (P (ri) , v (r\) — <p' (tj))} dr\ <  o a.e.,

w here-( , )  denotes the duality  between H ~2 (I) and H 2 (I) and we have set 

D 4 cp (t) =  . Xi 6 j |  ancj assumed th a t p  (t) e L 2 (o , T  ; H “ 2 (I)).

Conditions li), IIi) correspond to a weak form ulation of the following
classical problem. Consider the rod o <Ç x± <  /  fixed at both ends and subject 
to a pressure p  (xi , t) and let 9 (p°i, 0  t>e the displacem ent of the point x 1
at the time t; assume, moreover, th a t the curvature of the rod at any point
cainnot vary  too rapidly , i.e. that, denoting by M a constant, depending on 
the physical properties of the rod, we have

93 9  Q i , t)
dt dx\

< M .

The m otion of the rod is therefore governed by the equation

92 © S4 cp

+  ~ =  p
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in the set R 'C R  in which 33c
dt dx±

<  M and by the equation

93 9 
dt dx\

=  M

in R " =  R — R '. M oreover, <p(xx , t) satisfies the initial and boundary con
ditions

9  (*>. o) -  =  » (o , 0  =  T ( / ,  0  =  =  o

and obvious com patibility conditions on R' n  R".
c) The initial conditions of the system are represented by the velo

city u (x  , o) of the fluid at the tim e t  =  o and by the functions 9 (x1 , o ) , 

—~ ^   ̂ ; as indicated in ò), we shall assume tha t 9 (x1 , o) =  - -  ^  — o

i.e. th a t the tube is initially  at rest.

d) Denoting by the exterior norm al to T *, the boundary conditions 
are expressed by the relations

0 -4) “  1 U (x  » t) |2 +  p  (x , t )  =  0C,- {pc , t) (x e n , i  == 1 ,2 )

0 -5) P (x  > 0  =  ß (x  > 0  u (x  > 0  X v„- 1 u (x , f) 1 (x  e r3>v = r3>tP u  r3)
(1.6) 1 u (x  , i) X V;p 1 =  1 u (x  , t) 1 (x  6 I\,) .

Equation (1.4) assigns the value of the total energy of the fluid on the initial 
and final sections T± and F%, while (1.6) imposes the condition th a t the 
com ponent of the velocity tangent to Tç vanishes. The perm eability condi
tion on the wall r 3jCp is given by (1.5)? ß >  o being a perm eability coefficient, 
which expresses the experim ental law th a t the velocity of the fluid 
through the wall, which, by (1.6), is orthogonal to the wall, is proportional 
to the square root of the jum p of pressure: in (1.5) we have assum ed th a t 
the external pressure is =  o'.

We shall prove th a t the problem  defined above admits, for t  >  o suffi
ciently small, a solution in an appropriate generalized sense.

L et us now define some basic functional spaces d-h
D enoting by  Q an open, bounded, connected set of the x 1 , x 2 plane,

satisfying the cone property, let 9 b (Ü) be the manifold of vectors ~v (x) =  
~  {v± O) > v2 0*0} infinitely differentiable in Q, with null divergence and 1

(1) For a more detailed introduction and explanation of the functional spaces here 
recalled, see [1], Note I.
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such that, when # 6 3 0 , \v  (x) X vj =  |^ ( ^ ) | (v exterior norm al to 3 0 ); let, 
moreover, N° (O) denote the closure of (O) in H° (O) and set

0>' W)n°(Q) “  !
* 2 

2 « .y=iQ
-> r 2

0>’ ^ N 1 (Q) =  J s  ■j,k=l
%  (*) (*)

dxk dxk d o .

W ith such definitions, it can easily be seen th a t N° (O) and N 1 (O) are 
H ilbert spaces, w ith N 1 (O) dense in N° (O).

L et D (A) be the set of elements u  € N 1 (Q) such th a t the linear form

v~>(u , z/)Ni (Q is continuous in the topology of N° (O) ; D (A) is the dom ain 
of a linear, self-adjoint, positive operator A, from D (A) to N° (O), such 
th a t

(» > «On1») =  iAu  » y)N°(Q) =  C— A« » ®)n«(Q) V aeD (A ) , » e N 1 (Q).

W e now denote by  A° the power of order cr (a >  o) of A  and by V0 (£2) =  
=  D (Ao/2) the dom ain of Ao/2 ; V0 (£2) is a H ilbert space w ith scalar product 
defined by

O  - v\ (0) =  (A°/2 «  » A°/2 » V « »

and is such th a t

[V<x ( Q )  , Vp ( ü ) ] e  =  Voa_ e)+ße ( Q ) .

Identifying Vo (£2) w ith its dual space (Vo (£2))', it is possible to define 
the spaces V 0 (£2) for er <  o setting

V_o (Q) =  (Vo(0 ))\

Assum ing th a t

/  00 =  { / ( *  , / ) ; * 6 Û } 6 L 2(o ,T ;  V0_i (Q„)) , (<j >  o) , a,- (/) =  {a,- (x , t) ;

* e r f} e L2 (o , T  ; L2 <T,)) , ß (*) =  { ß (x ,t) ; * € r3>* } e L00 (o , T  ; L00 (r3.„)} ,

ç ^ i . O e C ^ R )

and setting

t (u (0 ,v ( t)  ,w  (if)) =  f  2  ui (x > 0  ^  (* . 0  ,
J  },k=l äxi

we shall, following the definition given in [1], say that u (f) =  {u (x  , £) ; x  e £2«̂}
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is a solution in  [o , T] o f system  (1.1) satisfying the boundary conditions (1.4), 
(1.5), (1.6) if:

la) « (*) t  L 2 (o , T  ; V0+1 (Q ,) )n  L~  (o , T  ; V„ ( £ \ ) ) n  H 1 (o , T  ; V0_! (Q„)) ; 

II2) u  it) satisfies 'ih it) e L 2 (o , T  ; \ V .0 (Q„)), the equation
T

(!-7) J { f i '  it) +  (aA u  if) — f i t ) , h (0)<p +  A  fi it) , M (if), ~h (t))} At =

zC J " f i t  f i  I 7) — — (hr , t)) h f i  , t) X d T; -|-
0 *=1 r,-

+ j  ß f i  , t) u f i  , t) X v„ I u f i  , *) I h f i  , *) X v„ d r 3, J d /
r 3,cp

where ( , ) „  denotes the duality , W e  [o ,T ], between V 0_i(Q „) and V1_o(0 ,). 
As explained in greater detail in [i]  relation (1.7) is obtained m ultiplying the 
first of (1.1) by hj, adding, in tegrating over Cfi and [o , T ] and bearing in 
m ind the second of (1.1) and (1.4), (1.5), (1.6).

I t  is obvious th a t the flow in the deform able tube is determ ined by the

solution of the system, in the unknow n functions u (t) , <p (*), 
t

(ï.8 ) j  { f i ' (t) +  pAZ if)  — f i t )  , f t ) f i  +  6, fu (t)  , f t )  , f t ) ) }  At =
0

T
t 2 r
j j  fit f i  > 0  — u2 f i , t)) h f i , t) x  V(p dr,- -f-

/ —> -> A -> -> )
+  / ß (4 , t) u f i  , t) X v„ I « f i  , #) I A f i  , *) X Vç dr3,„ I At

^3,cp
t

II 9 V) I t  (I)+ II 9001!^  (I)— 2 f i ’it) , v f))L2m +  2j  {{ '̂(Yi) » 9'fid) — <d4 <p(ti) , vfi)) +
d

Ir
+  j p f i l , ? f i i  , f )  , t \ ) u f i l , 9 f i x , yj) ,7)) |« (a r1 ,9 ( ^ ,7 ) )  ,yj)| •

Ó

•(»(*1,.*))—  d ^  j dT) <  o a.e.

V^(^) 6 L  (o , T  ; V i_0 (ß<p)) , v(f)  € L 2(o , T  ; H 2 (I)), with v (t) e K  a.e., v' (t) 

6 L  (o , T  ; H (I)), where u (f) , 9 (t) satisfy respectively conditions I2) 

and Ii) and u (f) is such th a t
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2. -  Let us now give two auxiliary  theorem s which will be utilized in 
§ 3 for proving the final existence theorem .

Theorem i . -  I f  f ( t )  e L 2 (o , T ; Va_x (Q,)) , a, (*) e L 2 (o , T ; L2 (T,-)) 

(i =  1 , 2 ) ,  ß (t) e L°° (o , T ; L 00 ( r 3><p)) , ?  (x-L , t) e C1 (R) , u0 e V a (O0) and i f
— <  a <  ~  and  T  is sufficiently sm all, exists onei and only one function

u it) satisfying  I2), 112) and the in itia l condition (1.9).
The proof of this theorem  (which actually holds under m ore general 

assum ptions on than  those m ade above) is given in [1].

Theorem 2 . -  I f  p ( f ) ^ \ } ( p  , T ; H “ 2 (I)), there exists a function  <p (£) 
satisfying  1^, I I x) .

W e recall (Lions [2], Ch. 3, § 5.2) that, since the set K  defined by (1.7) 
is a closed convex set of H 2 (I), we can associate to K an operator ß, monotone, 
bounded and continuous from Ho (I) to H -2 (I) such tha t

(2.1) K  =  {v (xï) \ v e U l  (I) , ß (v) =  0}

Observing th a t D4 is a “ duality  operator ” from H 2 (I) to H -2 (I) and denot
ing by P k the operator, from  Ho (I) to K, “ projection on K ” , we have 
m oreover, in our case,

(2.2) ß (v) =  D 4 (v —  Pk v)

and, Vw e Ho (I),

(2.3) (D4 w  , w) =  K D4 w  y __2 \\u>\\ IM 'HÎd)

(2-4) II P k  H I  2 <  M 0 .Hq (I) .

From  the definitions given it also follows that, \/w  € Hq (I) , z  e K 

(2.5) (D4 (w  —  P k w ) , ^ — Pkw^. ^Ço.

Let {g j}  be a basis in Hq (I); setting

(2.6)

we consider the system

<?n ( f )  =  2  « 7»
j  = 1

(2.7) (<p" (/) , gj) 2 +  (<p„ (/) , gj) +  n (ß it)) , gj) =  {p (t) , gj)
L (!) HqI1)

( j  =  I , • • •, fi)

which, as can easily be verified, adm its, V n y a solution, defined in a neigh
bourhood of t =  o , <pn (t), satisfying the initial conditions cpn (o) =  9* (o) — o. 
We now obtain some a priori estimates which ensure the existence of the 
solution on the whole interval [o , T].
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M ultiplying (2.7) by  a'•;»(/) and adding we have

(2.8) A  A  (H <pn (t) II* +  II <?n (t)\? ) +  n ®  (9’ (/)) , <p; (0 ) =
2 L (I) H0 (I)

=  '{P 0 0 , <?'„ (0),

from which follows, in tegrating between o and / e [ o , T ] ,  and bearing in 
m ind the initial conditions,

t

(2.9) I I L O O l L , +  I I ^ L l G  +  2 n f  (ßOp»(tù) . <?'«(fi))dv]<
L (b H0a) J0

t

< 2 I ll/0 i)ll 2,. II9» W IL .. d7i-J  H V1) H (I)
0

W e have, on the other hand, by (2.2), (2.3), (2.4), (2.5). 

(2.10) (ß (w) , w) =  (D4 (w  —  P k  w ) , w  — P k  w ) +

+  (D  ( w  —  P k w ) , P K w ) > \ \ w —  P k  2 >  II “ ' l l „ 2 „.- +I I 2 .
Ho (I)

II2 ,
HoW

+  | | P k w | |  2 —  2 ||ze/|| IIPk ^ iHq (1) Hq (I) >  I l a ; I
H‘ (I) " "Hi! (I) "H“(I)

2  Mq il W [I

Hence, introducing (2.10) in (2.9),

t

(2.11) ||9«(0ll*»m+ll9 .(0 'll!r. -  +  2 » f  IL L ^ IL .,  ( I L L ^ I L  — 2M0)d7)<
H (■*■) H q  (1) J  x i U I )  H q  (I)

0
t

<  2 I H>(l]) II , . Il?«(lj)ll , di -
J  H C1) HnO
Q

From  (2.11) it follows th a t

(2.12) feup \\y'„(t)\\ 2 <  M j , sup H«p* (0'|| 2 < M 2,
0 <if<T  L (I) 0 < /< T  H0 (I)

T

I II9- f ò t .  d  ̂<  M 3 ,
0 o(>

with My independent of n.
I t is therefore possible to ex tract from {<p„} a subsequence (again 

denoted by  {9^}) such th a t

(2.13) lim <p n (t) =  9(#) , lim  <p '„(£) =  9 '0 0
» “>oo L °°(0 ,T ; Hq (I)) «->oo L °°(0 ,T; L2 (I))
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in the w eak-star topologies and 

(2.14) lim i„(t) ?' 00 >
y°° L (0 ,T ; H “ (I))

in the weak topology.
From  (2.9) it also follows, bearing in m ind (2.2), (2.3), (2.5), (2.12),

tha t
T T

(2.15) — *■ >  j  <ß (?» (0 ) ,  in  00) &  =  J  <d4 a„  (o  —  pK <p’„ ( t ) ) , cp’K (t}) dt  =
0 0 

T

=  J  ( D 4 ( ? «  00 —  P k  in (t)) , in (t) —  P k  in  ( / ) >  Òt - f
Ö

T

+  J  ( D 4 (in 00 —  P k  in  00)  .  P k  ? »  ( 0)  d *  >
0

T

>  f  II ? »  00 —  P k  ? »  O O l l L  ,  d ä f
0 o()

and, consequently,

(2 .1Ö) lim II i„  (if) ■ P* i„ (f) II 2 _  „2 . =  c •
«—>00 L (0 ,T ;H (I))

lim  i„ (t) —  P* in (t) =  o .

th a t is

(2.17)

Hence

(2 .18) lim ß (i„ 00) =  lim D4 (in (t) — P* in (t)) =  o

L2 (0 ,T;H^ (I))

L2 (0 ,T ;H ~"2 (I))

On the other hand, by (2.14) ,

(2 .1 9 ) . lim ß (i„ (/)) =  ß (? '(*))
L2 (0 ,T ;H ~ 2 (I))

in the weak topology and we have therefore

(2 .2 0 )  ß ( ? ' ( 0 )  =  O.

Hence, bearing in m ind (2.1),

(2.21) ?'(/) e K a.e. on [o , T] .

Let v (Z) be any  function e C1 (o , T ; Ho (I)), with v e K a.e. and set

00 n

1 ■y=i
(2.22)
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M ultiplying (2.7) by 00 +  a) (f), adding and integrating, we obtain, 
since ß (vn) =  0,

t

(2-23) J  <<P» O')) +  D4 cp« (rj) — p(y\),  Vn (yj) — <p» O'))) dr! =
0

*

=  n j  —■ <ß Op» ( r ) ) . (r) — <p» (r)> d r =
0

t

=  « J  <ß o>„ O'))) —  ß Op» (r)) > vn (yj) —  <p; O'))} dv).
0

Hence, ß being m onotone,

(2-24) IIt-COIL2.,. +11 tv. (Oil** _ — 2 (?« (0 .»« (0 )T*_ +E (I) Hq (1) E (1)

*

+  2 J  {04 ( r ) . <p« ( r ) >  —  < d 4 cp« ( r ) , vn ( r ) >  +  ( / >  ( r ) . v„ ( y j )  —  <p* ( r ) > }  d v j  <  o .
()

Let & (t) be an a rb itra ry  function 6 L 1 (o , T), with & >  o; it follows 
from (2.24) th a t

T T

[  (II 9« 00 ||*2 +  II cp« 00 f 2 ) & ( t ) d t— 2 I (f'n (t) , vn (t)) a S- (0  d/ +
J L C1) "oW J L U)
0 0

T t

+  2 (#) /  ^  ’ 9* ^  ~~ ^  9,1 ^  ’Vn ^  +
0 0

+  {P (r) yV„ (7j) —  cp{ (yj))} dY) d/ <  o .

Letting  n  -> 00, we have then, by (2.13),

T T

(2.25) f  (II cp' O O llL , +  \ \ 9 i ) W \  f  (cp ( f ) ,v { t ) )  d ( t )  d t  +
J L* W  H (1) J  L (I)
0 0

T t

+  2 I’d- (t) j  {(z/(Y)) , cp'(Y))> —  {D4 <p (yj) , » (r)> +
6 0

+  (p (r) » v O']) — cp'(Y)))} dY) di? <  o .

Since the space of the functions v (t) given by (2.22) is dense in th a t of 
the test functions of (1.7) and & >  o is arb itrary , from (2.25) it follows that 
9 (t) satisfies H i); by (2.13), (2.14) 9 (t) satisfies also condition Ix) and 
the theorem  is therefore proved.
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3. -  L et u s , . finally, prove the following theorem .

Theorem 3. -  I f  II/(0IIl . (0, t !vo_1<b,» <  Mx , | | < M 2
V<p (t) satisfying  1^ ,  a,- (/) e L 2 (o ,T  ; L 2 (T,-)) , u 0 e V a (Q0), then system  (1.8) 
adm its, fo r  T  sufficiently sm all, <3 solution satisfying the in itia l condition (1.9),

provided — <  <7 <  — •4 2
We introduce the transform ation 9 =  S (^), from Hj_ (o ,T  ; Ho (I)) 

to itself (H j_  (o , T  ; Hq (I)) =  {v\  v (t) e H1 (o ,T  ; H02 (I)) , v (o) =  o}), with
3

s = n  S* defined in the following way.
i= 1

a)  $  =  Si (40, w ith (f) e U j _  (o  , T  ; Ho (I)) , $ (/) e H j_  (o  ,T  ; Ho (I)),
<]/(/) projection on K a.e. (K  defined by (1.2)) of <J/ (/).

—>
b) u  =  S2 (4 ), with u ( t)  satisfying conditions I2), I I 2) (in which 9 (t) 

has been substituted by  $ (*)) and the initial condition (1.9). The existence,

(t), of such u ( t)  is guaranteed by theorem  i. Observe th a t by the 
assum ptions m ade, we have

(3-0 ß Oh 4  Oh » *) > *)u O h. $ Oh > 0 . 0  x v-1 u (% , $ {xx , t ) , t) | e l 2 (R).

c) 9 =  S3 (u), w ith 9 (t) satisfying I f  and the inequality  

(3 .2) Hep'(0 II2 +  I!<p 0 0 II2 , -  2 (9 ' ( 0  , * (0 ) , +
n (i) u0(i) L 4)

t

+  2 f  jfc'ft) , ?'(>))> -  <D4 ? ft) , * ( r f )  +
0
I

+  j  ß Oh > $ Oh . t) » •*)) u (* i . $ (h  > t) > >1) x v-1 u (*, , |  (*, , tj) , f) \ ■
o

1 i f  Oh . •>)) —  ) d ^ ij d/j <  o a.e.

Vv  (/) e L 2 (o , T  ; H 2 (I)), w ith v  (/) e K a.e., v' (t) e L2 (o , T  ; H “ 2 (I)). By 
(3.1) and theorem  2, such a function exists.

It is now evident th a t the problem o f fin d in g  a solution o f system  (1.8) 
is equivalent to that o f proving the existence o f a fix ed  po in t 9* fo r  the transfor
mation  9 =  S (<];).

L et us prove, at first, th a t S is weakly continuous, i.e. that, if { ^ n} is 
a sequence such th a t

(3-3) lim 0*00 =  4 (0
w->00 H1(0 ,T ; Hq (I))



[345] Giovanni Prouse, On the motion o f a viscous incompressible, ecc. 673

in the weak topology, then it is possible to select from a subsequence
(again denoted by { ^ } )  such th a t

(3.4) lim S (<}>„ (Z)) — lim <p„ 00 =  9 00
h >00 » -> oo  Ĥ 'COjT ; Hq (I))

in the weak topology, with

(3.5) ? = soio.
W e observe, at first, that, as m ay be verified directly, Sx is weakly con-

tinuous. Observe m oreover that, setting u n =  S2 (0 «) =  Sx S2 (<];*), it follows 
from the proof of Theorem  1 and the assum ptions m ade th a t

(3.6) I K  0011, 2(0,T;V0+1 (fl* » nL°°(0,T ;V (By ) ) n H 1(0 ,T ;V o _ 1(Q - ))
2 vn

<  M i

with Mi independent of n  (in the sequel, we shall always denote by My 
quantities independent of n).

Hence

II«. (Oil.He (0 ,T ;V o + 1 _ 2 e (Q j ))
<  M ,

and, choosing 0 =  A  -|- s (s >  o ) ,

(3 -7) II u n (OIIH(i/4)+e.0 T.v „ ^  .
H 7 (0,T;Vo + (1/2)_ 2 s(Q(tJ ))

•n

From  (3.7) it follows th a t

(3 -8) II u„(x1 , $„(%  , t)-,t)  [I <  M 3 .
C (K)

<s>

Setting x x =  , x 2 =  4  b — ^  >t) ,  ün (£, , , f) =
 ̂  ̂ \ n,

— u n IX 1 » ^  +  0n X i  y 0  > H (so that the functions un are defined

for o < Ç 1 < / , o < Ç 2< y è , o < ^ < T ,  we obtain from  (3.6), (3.7) |since the

r . • 7 3̂ 72 30  ̂ 3  ̂972 9  ̂Ò72 1 1  • 1 •lunctions 9,* > -^7- > -7— > — r~ > —j l ö- are, by the assum ptions made, uni-dt dxx 3 /3 ^ .

form ly bounded) ,

(3 -9) II72» (Oll o 00 1 <  M 4' ML2(0 ,T ;V o + 1 (n 0) ) n L oo(0 ,T ;V o (Q0) ) n H l (0>T ;V o _ 1(Q0)) ~  4

m»(O IIh (1/4)+s(0jT;V
o+(i/2)—2«*Qq^

M 5 .

48. — RENDICONTI 1971, Voi. L, fase. 6.
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I t  is therefore possible to select from {un} a subsequence (again denoted 

by {ün}) such th a t

(3.10) lim  ün (t) =  «.(*),
»->00 L2(0 5T ;V o +  1(Q0) ) n H 1(0 5T ;V a _ 1 (Q0))

lim  un (t) =  ü (t)
n —>■ 00 Loo(0 ,T ;V o (Q0))

in the weak and w eak-star topologies respectively.

Since a >  — , the em bedding

H(1/4)+s (o , T ; V0+a/2)-2* (Qo)) c H<1/4)+e (o , T ; V3/4 fO0)) CL4 ( o , T ;  Vm  (O0))

is completely continuous and we can therefore assume th a t

(3-10 lim ü n (Ç i, o , t) — ü  , o , t)
n ->  00 L4(R)

in the strong topology.
On the other hand, bearing in m ind th a t y n (t) e K,

( 3 - 1 2 )

in the strong topology and

lim =
dxx C0(R) dx!

(3-13) lim d̂ n
d i  Loo(R) d i lim

d x l  L°°(R) d x \

in the w eak-star topology, w ith $ =  Si (<j/) (by the weak continuity of Si).

Setting u (xx, x% , t) — ü (.x x , k  —— ?̂  , t ) , it can then be directly
V k — ^(xi ,i) J

verified, by  (3.10), (3.11), (3.12), (3.13), th a t u( t )  satisfies equation (1.7), 
w ith (p — § — Si(ip), 4 1 defined by (3,3).

■By (3*8) and the proof of theorem  2, the sequence {<?n(/)}  of solutions 
of the inequalities

l l ^ ) l ! V  +  ll?.(0ll8. ■- 2(9i(0 , V ® )  .  +
^  (U n 0(i) L (I)

t

+  2 J  I <V01) . 9* O'))} — <D4cp (tj) , v(yj)) +
0

I
I <S> ■ eo —> —> <»

+  I K X1> + * ,  7)) , 7]) Uni?! , (xt , 7]) , 7]) X | Un (xx , (xx , 7]) , 7]) | • 
0

(3-14)
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is such th a t 9« (7) 6 K  a.e. and

(3 .15) II^(0IIlOO(0T;H3(I))< m 6 , ||9;(0||
L (0 ,T ; H ‘ (I)) n  L°° (0 ,T ; L2 (I))

< M ,

Hence, analogously to (2.13), (2.14),

(3.16) Hm 9*00 =  <?(t)
n ^ c o  L°°(0 ,T ; H 2(I))

lim =  <pYt)
n -roo  L°°(0 ,T ; L2(I))

in the w eak-star topologies and

(3-17) lim <p'„ (f) =  9 '(t)
L2(0 ,T ; H 2 (I))

in the w eak topology. R elation (3.4) is therefore proved.
I f  now in (3.14) we let « 00, we obtain (3.2); this can be proved bear

ing in m ind (3.8), (3.12), (3.16), by  the sam e procedure used to deduce (1.3) 
from (2.24). Since 9 (V) obviously satisfies also condition Ii), we conclude

that 9 (t) is a solution corresponding to u(t), i.e. 9 =  S3 (u) =  S3 S2 ($) =  
=  S3 S2 Si (t|i) =  S ((|i). The weak continuity of S is therefore proved.

Finally, we observe that, since 9 (t)' satisfies condition Ii), when 
114'001! 1 2 is sufficiently large we have

H ko,T  ; H2 (I)) &

(3 -18) 1190011
H k o .T îH 2 (I)) <  II4' « I I

h Y o .T  ; H2 (I)) ‘

By Tychonoff’s fixed point theorem , there exists then 9* such that 
9* =  S (9*)- T he theorem  is therefore proved.
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