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A nalisi m atem atica. —  A  Goursat problem fo r  a high order 
Mangeron equation. Nota di M e h m e t  N a m ik  O g u z t ö r e l i  (,) (** (***)) e 
S undaram  E aswaran  presen ta ta0"“) dal Socio M. P ic o n e .

RIASSUNTO. — In questo articolo viene studiato un problema caratteristico di Goursat 
per un’equazione lineare di ordine superiore del tipo di Mangeron con coefficienti costanti.

i. H igher order M angeron equations p lay  an im portan t role in certain 
m ultidim ensional approxim ation and m apping processes considered by 
G. Birkhofif, W. Gordon an d M . Picone: [1 ]—[4]- In  [7] and [8], D. M angeron 
and the first of the authors investigated G oursat problem s for certain M an
geron polyvibrating equations of order four and six with analytic data. 
In  the present paper we consider a characteristic G oursat problem  for a 
higher order linear M angeron equation w ith constant coefficients.

Consider the ?z-th order polyvibrating equation of M angeron

(1.1) dn U +  a± 3n~~1 U +  • • • +  an„ 1 du +  CLn u  — O >

where a± , a2 , • • - , an are constants, 3 is the “ to tal derivative ” operator in 
the sense of M. Picone [S]-[6]:

and u — u ( x  , y )  is a real valued function of the real variables x  and y.  
We wish to establish the solution of Eq (1.1) satisfying the conditions

( 1-3)
U =  U\ — I

dk U I - =  dk U I = 0  \x—c, ( k  . =  I , 2  , •  • - , n —  1)  ,

where £ and y) are two arb itra ry  num bers. The G oursat problem  ( i . i ) - ( i .3) 
ocdurs in the construction of the R iem ann function associated w ith certain 
polyvibrating equations.

Clearly, any  solution of the above problem, if there exists, is analytic 
in the neighborhood of the point (£ , */)), and therefore it is unique. In  the 
following, we shall establish the solution and illustrate our approach by an 
example.
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2. W e now seek a solution to problem  ( i . 1)—(1.3) in the form u  =  ^(V), 
where

(2.1) t  =  — (x —  Z )(y  —  n ) .

By direct calculations and by induction we can show th a t

du}

(2.2)

du d u , . d? u
~dt +  t ~&t2

d
dt dt

2 —T u

T u  =

d2, u , , d3u { £  d.4u
~dt3~ + t  ~d f~d t2 +  4 1-

d2
dt2 d t 2

A d 3 u , o , d4u 6 -TT- +  18 /-dt3 dt4 9 *
d5
dt5

u , ,3 dru+  t* dt«
_  d3 r 3 d3« i

dfi 1 dt3

/=o
tk dk u

dtk

where ^ f/ s  are constants whose values can be determ ined w ithout any

difficulty applying Leibnitz form ula to — j
dr

tk-
d f

. Note tha t

(2-3) hja =  k \

Clearly, t  =  o for at =  H, and =  tj. Further, by virtue of Eqs (1.3), (2.2) 
and (2.3), we have

(2.4) du d2 u _ d”- 1 u
dt t=0 dt2 t=0 ~  d t* -1

W e now substitute the expressions in (2.2) into Eq (1.1). W e then 
obtain the following 2 n-th  order Fuchsian type linear differential equation:

(2.5)
dH \m  dnu] d»*-1 [r i dn~ 1u j

d f L dtn - a i d r - 1 d f - 1 .

■ +  (—  0"- *n- 1 dt
du
dt

+ •

+  (—  I)”anu  =  o .

E q  (2.5) is o f the form
A2*«.

(2.6) r
d f,2 « +  p2»-i (0 —J4TT “I------------------ H Pi 00 ̂dt“

where P ^ f J ’s are certain polynom ials at most of order ( n —  1) whose 
coefficients are determ ined by  the num bers a,{ and b k j s.

T hus we have reduced the solution of the G oursat problem  ( i . i ) - ( i .3 )  
to the solution of the differential equation (2.6) satisfying the in itial conditions 
(2.4). This solution can be easily constructed. Indeed since u(f)  is analytic 
in the neighborhood of t  =  o, it is of the form

00
«(*) =  2  Y**"Vm=0

(2-7)
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and, by virtue of the initial conditions (2.4), we have 

( 2 -8 )  T 0 =  1 - Y i =  Ï 2  =  • • ' =  Y „ _ i =  o  •

Substitu ting the power series (2.7) into Eq (2.6) and com paring similar 
term s, we obtain the following recurrence equations

(2.9) cm+nym+n T  cm+n__ 1 ym+w_i +  • • • +  cm+1 ym+i — o ,m  =  o , 1 ,2  , • • •

where cm+k (k =  1 , 2 , • • •, n) are well defined expressions in term s of the 
coefficients of the polynom ials P2*_ i(*),-■• - , Pi(V). Clearly, the ym’s are uni
quely determ ined under the conditions (2.8)—(2.9).

Thus, Eq (1.1) has a solution satisfying the conditions (1.3). This 
solution is unique and  is of the form (2.7), where t  is defined by Eq (2.1) 
and y^’s are determ ined by the recurrence relations (2.8)-(2.9).

3. To illustrate the above analysis, we consider the poly vibrating 
equation

(3 -0

subject to the conditions 

(3-2)

32 u au — o ,

U \  V — U \  =  I\x=l \ y=n du ç — du I =  O ,1 \y—~ï) y

where a is a constant. In  this case we have the differential system

(3*3)
2̂ d4« ,  ̂ dsu , _ d2u

d/4 +  4 t- d t* +  2 - d t2 -f- au =  o H = o  =  1
d̂
d/ 0 = 0 =  O ,

which correspond to Eqs (2.4) and (2.6), and the recurrence equations

(3.4) (m +  i)2 (m  +  2)2 ym+2 +  aym =  o , y0 =

which correspond to Eqs (2.8)-(2.9). Hence,

(3-S)‘ Ym =  ( O’” (2ot!)2">

Therefore, the solution of the Cauchy problem  (3.3) is of the form

T x - o ,

m  — 0 , 1 , 2

(3.6)

Consequently, the function

00
(3.7) u {x , y  ; ? , 7)) =  (— l)w ~ ~  (x  —  £)a"(;y —  7) /

is the required solution of the G oursat problem  (3.1) .
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