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Analisi matematica. — On the solution o f a non—linear mixed  
problem fo r  the Navier—Stokes equations in a time dependent domain. 
Nota II di G i o v a n n i  P r o u s e ,  presentata (*} dal Corrisp. L. A m e r i o .

R iassunto. — Si dà la dimostrazione del Teorema 1 enunciato nella Nota I.

2. -  In the present proof, as in the following ones, we shall often use 
some inequalities, which we recall below.

i) From the interpolation property for the spaces V0 expressed by 
(1.7) it follows that, if a <  a <  ß

ß — o G —a

(2.1) i M i v ^ ^ i i i H i r i i ^ i r -

Moreover, the embedding of Vß in Va , with ß >  a is completely continuous 
(Lions and Peetre [4]) (1).

ii) Vq , £ >  O it is

(2.2) \ab\ < s  H 1+? + z ~ lls\ 0 \1 + m .

iii) Let Bi , B2 , B3 be three Banach spaces, with Bi C B2 C B3, the 
embedding of Bi in B2 being completely continuous. Then, Vs >  o, there 
exists a quantity S (s) such that (Lions [5])

(2-3) I M I e , ^ s IM Ie1 +  8 0 ) II w He, •

We also wish to recall the following embedding (Nikolskii [6]) and trace 
(Prodi [7]) theorems.

iv) Let £2 be an open, bounded set of satisfying the cone property;
then:

if -------— >  o H “ ( Û ) C L f (ü)  with T  =  T _ - ;2 n K K ' q 2 n
(2.4)

if T - - J < 0  H “ (O) C L°° (Q ).

v) Let T be the boundary of Q and y  denote the operator “ trace 

on T ” of a function v defined on £2; then, if v e H a (£2), with a >  - S ,

(2.5) Il Y ^ II q < c 9 \\v\\ a , with q =  s f ----li. . ̂ y 11 1 ni/(r) 211 nHa(Q)  ̂ n — 2 a

(*) Nella seduta del 20 febbraio 1971.
(1) The indications refer to the bibliography at the end of Note I.

29. — RENDICONTI 1971, Voi. L, fase. 4.



414 Lincei — Rend. Se. fis. mat. e nat. -  Vol. L -  aprile 1971 [186 ]

Observe, finally, that it is obviously Vi (£2) C H 1 (£2); hence, being 
Vo (£2) isomorphic to L2 (£2), we obtain, by interpolation,

V0 (£2) C H° (£2) when o <  a <  i.

The embedding and trace theorems hold therefore also for the spaces V0 (£2), 
provided o <  g <  i .

Let us now prove Theorem i. We shall, for this, transform equation
( i . io) in the following way.

Setting u {£) =  ekt v (/), with k  >  o, we obtain from ( i . io)

{ekt {vr (t) 9h (0> +  [M** (Av (t) , h (t)) +

+  ke* (v (t) , h (*)} -  ^  (t) , h (0)} à t =  o .

Hence, if q (t) =  e~ktg(t),  the function v (t) satisfies, Vh (t) € L2 (o , T ; V i_0 (£2/)), 
the equation

T

(2 .6 )
0

1J {(v1 (t) , h (t)) +  [A '(Av (t) , h (t)) +

+  k (v 00  , h (0 )vo(Q<) — <3 (?) > h (0 )} dt =  o 

and, by (1.9), the initial condition

(2 -7) v(o)

In what follows we shall therefore substitute ( i . io), (1.9) with (2.6), (2.7).

We begin by proving that there exists a function v (t) e L2 (o ,T  ; V0+i (£2 )̂) 
which satisfies the equation

(2.8)

IJ {— {v (t) , h! {t)) +  [X (Av ( f ) , h iff) +

+  k {v (t) , h (0 )vo(Qp —  <3 (?) - h (?))) dt =

(u0 , h (of) — / j cos n t  2  vj (x , t) hj (x , t) dT3̂  dt
0 r 3,t

(n exterior normal to X [o ,T ]) 

VA (t) 6 L2 (o ,T  ; V i_0 (Û/)), with h  (t) e L2 (o ,T  ; V _0 (ü<)) , A (T) =  o.
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Observe that (2.8) is obtained from (2.6) integrating by parts with respect 
to the variable t.

Let us set, for simplicity, F  =  L2 (o , T ; V0+1 (£2,)) and denote by <D the

space of functions 9 (x , i) such that 9 e F , 9' (/) e L2 (o , T ; V0 (Q /j) , 9 (T) =  o; 
in <£> we define a seminorm by the relation

(2-9 )

Moreover, we set

II 9 II® =  II9 1 If +  II ? (°)IIvo(qo) •

E (z', 9) — / 1 (v (t) , A° 9' (/)) +  [i, (Av (t) , A0 9 (fj) +

(2.10) k (v (f) , A° 9 (fj) +  / cos n t  2  vj (x , t) A0 9,- (x , f) d r 3 J  dt
J J=1 '

L (?) — j  \q (f) , A0 9 (fj) dt +  (u0 , A0 9 (o)) . 
d

It is then also

t

E (v , 9) =  j" j — ( 0  > A° 9' (t)) +  p {Az> 0 9 , A° 9 it)) +
Ô

(2.11) k (v (f) , 9 (0 )vo(Qj) ^ cos Vj (x j t) A 9/ (# > <̂ -1̂ 3,/j d/
Êm ■/=1

T

L (?) =  j ( ç  (/) > A° 9 (0 > d^ +  (Uo > ? (O))vo(Q0) •
0

By the embedding and trace theorems recalled above, it is evident that, 

Vcp fixed in £D, the linear form v —> E (v , 9) is continuous on F; moreover, 

the linear form 9 -> L (9) is continuous on ®. We have then

T

(2.12) ■ E ( ? , ? )  =  /* j - < £ ( * ) ,  J i W)v0(ßp + ^ l l 9 (Ollvö+l(ßp +
d

-> r ^  2 I
+  ^ 119(011^ ( 0 ,) +  j  cos »2 2  9y (# , /) A° 9y (* , 0  d r 3,, d£
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and, bearing in mind that 9 (T) =  o, it is

(2

T T

• 13) /  (9 (J )> ?  (0 )vo (Q<) dt =  f  f  2  A °/2 9/ O  - 0
0 0

3A0̂2 <Py , /)
“ dt d£X d  ̂•

2  dt (Ao/2 cpy- (* , t ) f  d ü ; di-
0 Qf

T I

3+2
— S  (A°/2 9/ O i . +2 (*i . 0  , t ) f  —

J“ 1

• (A °/2 9/  0*4 . 0*4 . *). 0 )2

T I

dx1 dt ■

— --- 7  II9 (°) llvo(Q0> — “  / I S  (A °/2 9/ 0*4. +2 («1 , 0 , 0):
0 0 y - i L

2 d̂ 2_ 
dt

■ (A°/2 <py (>! , 0*4 , t) , t ) f  ~— dx± d t .

; 59 •Since - are bounded, it follows from (2.13) and (2.5) that

(2.14) d />—  J  ( J  (0  , ?  ( * ) ) v 0(Q ,)
0

T

>  -  II 9 ( ° )  l l v o (Q 0) —  * 8  j  II y A 0 /2  ?  (0 H l ;
0

T ̂“  II 9 (°)llvo(Q0) ~  *4 J l' A°/2 9 Wlf
0

T

>  ~ ~  I I 9 ( ° ) l l v 0(Q 0) —  f  I I 9 ( 011* 1(0,)  -

2(rs ,t) ^  —

iV(l/2) + e(Q/) dt >

with O <  s < ------ G.
2

Analogously,

(2.15) cos «y 2  9y 0* j t) A0 <py , £) dE8l< dy 
y-i



[ 189] GIOVANNI P ro u s e , On the solution o f a non-linear mixed problem, ecc. 417

<■ f  II Y? (*)IIl*(tm) II YA° 9 (/)llL2(rM) à t  ̂
0

T

— c* f  II C0 llv(1/S)+e<o#) IIA  ̂CO llv(1/a)+e(£a#> d2f ̂
0

T

— il 'p wiiv(1/2)+8(Q/) 11 y  îivo+̂ Q,) ^
0

since, if we choose s <  -̂ -----it is — + s + 2(? < cr +  I *
From (2.12), (2.14), (2.15) we obtain, by (2.1), (2.2), (2.3), for s suffi

ciently small

T

(2.16) E (<P , 9) >  J* II ? (Ollvo+1(Qf) ^ II ^ COllv0(Qif) 5̂ II 9  (Ollv1(Q/)
0

— 7̂ II 9 00llv(1/2)+E(Q9 II9 00llv0+1(Q#)} àt + T II9 (°) llvo(Q0) ^

T

— J  j ̂  II9 C0 llvo+1(£â) + k  II9 00llvo<o,) ^  II 9 00llvo+1(ß4 
0

— <7s II 9 (Ollvo(Q#) y  II 9 C0 llvo+x(fi#) 9̂ II 9 00llv(1/2)+a(£2#) j +

T

+ y  II  ̂(°)IIv0(q0) ^  j  jT  ̂Il y  00llvo+1(Q,) + (̂  *») II 9 (Olivia,)
0

g" II 9 C0 llvo+1(£2#) 1̂0 II 9 (OllvoCtl̂ l ^  + Y II  ̂C°0 l!v0(C20) '

If therefore we choose k~> -f- c10, it is

(2.17) E ( 9 , 9 )  >  min (y >y )H<p C -

By a well known theorem (see Lions [5] Ch. 3, Th. 1.1), there exists then, 

V<p e ® , a function v € F such that

E (v , 9) =■ L (9),



4 i8 Lincei -  Rend. Sc. fis. mat. e nat. -  Vol. L -  aprile 1971 [190]

i.e. such that
T

(2.18) j { (v (/) , A 9 (0 ) H* (Av  ( 0  y A 9 00) 4~
ò

+  k (v (f) , A0 9 (0 )vo(Q#) — <? 00 » A° 9  00»  d* =

T

=  iuo > A° 9  (°)> •

If we fix arbitrarily h (t) e L2 (o ,T  ; Vi_0 (£2,))» there exists, on the other 

hand, 9 (V) 6 L2 (o , T ; V0+i (Q*)) such that

(2.19) 1 ( 0 - =  A0 9 (0 .

Hence, if we substitute (2.19) in (2.18), we obtain that v (t) e F satisfies 

equation (2.8) (t) G L2 (o , T ; V i_0 (Q*)) with A' ( 0  6 L2 (o , T ; V „0 (Q*)),

A (T) =  o.
Observe now that

T

I  { V- (A& (t) , h {t)) +  k (v it) , h (0 )vo(£2p — (3 0 ) . A (0 ) } d*
0

<

< ^ ( I K 0 I I l 2  I I h . ( O i l .Vo + l&t ) )  1 1 Lr(0,T ;V1_ G(Op)

+  )l^ (^)llL2(0;T;Vo_l(Q/)) ^  ^^Il2(0,T;V1_o(Q<))̂

and, consequently, there exists an operator T e £ ( L 2 ( o , T ;  (Q ,)),
L2 (ô , T ; V0_i (£2*))) such that

T

(2.20) j  {(i (A t (t) , A (*)) +  k ( t  (0 , 1  (0)Vo(Q;) -  5  (0 , t  (0)} d/ =
b

T

=  I  ( Y  (*) V (/), A (t)) d t . ■
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Hence, by (2.8), (2.20),

T T

(2.21) W ’ h ' (0) = J'( 'F (0 v 00 >Ä (0) +  (uo>k (°)) ■
o7 0

0 To
cos Vj (x , £) hj (x , £) dr3,/ d/,

from which follows, by Green’s formula, that

(2.22) z/ ( 0  =  Y  ( 0  » (t) € L2 (o ,T ; V0_! (Q ,)).

Equation (2.8) can then be written

T

(2.23) j  {(vf (/) , h it)) +  [>■ (Av (t) , h (t)) + k ( v ( t ) , h  (0)v0(Q#) — 
ò

—  ( ç ( t ' ) ,A ( t ' ) ) } d t = °

where

K ^ ) g L 2 ( o , T ; V 5+1 (Q,)) , ~v' 00 e L2 (o ,T  ; V 0_i (Ü,.)),

! ( 0 e L 2 ( o .T j V j - o C a ) )  , A ' ( / ) € L a ( o >T .;V _ 0 (Q()) , I ( T )  =  o;

since however the space of such functions is dense in L2 (o ,T  ; V i_ö (ß*)),

(2.23) will hold v l ( / ) e  L2 (o ,T  ; Vi^o (QO)- BY (2-21) k  also foH°ws that

(2.24) V ( o )  =  Uq .

It remains to be shown that v ip) E L°° (o , T ; Vc (Q*)).

Let us set h ip) — A° v it) when t <  X <  T, hip) =  o when I <  t\ this

is obviously possible, since A G v it) 6 L2 (o ,T  ; V i_0 (Q*)). We obtain then 
from (2.23)
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We have, on the other hand, analogously to (2.13), 

(2.26)

Hence

(2.27)

<

t t

I /  d
J  V  (*) ’ A° v  00) =  y  f  K v OOHLq^ -
0 d

t i

0 0
2  (Ao/2 Vj (X l , <J>2 (X l , t ) ,  £ j f  - ± .

j  = 1 L

—  (Ao/2 vj (X l , (X l , t ) ,  t ) f  — dx1 d t .

1 II ̂  (Ollvo(Q-) + J CM- |[̂  (̂ )Hv0+1(£3#) + k\\V (f)\^foiQt)  & <
0

t

II « 0  llvo(Qo> + f  (II?(Olivato,) ll*,COllvo+1(Q() + c 's ll*'(0 llv1(O,)> d >̂

from which follows, applying the inequality I M I v ^  IT \\v llv0+1 +  A2IIV II2a ,

th a t » ( / ) e L " ( o , T i  V a (Q,)).
T he theorem  is therefore completely proved.


