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Analisi m atem atica. —  Fixed points o f noncontinuous mappings (* (**)\  
N ota (*#) di A r r ig o  C e l l i n a , presentata dal Socio G, S a n s o n e .

RIASSUNTO. — Si danno teoremi di punto fisso per applicazioni non necessariamente 
continue.

Purpose of the present paper is to prove two fixed point theorem s for 
m appings th a t are not necessarily dem i-continuous (and therefore not neces
sarily continuous).

§ I. In  this section X is a H ausdorff locally convex space, X* its 
dual and ( • , • ) :  X * x X - > R  is the pairing between X and X*. For 
M C X , CK (M) is the set of non-em pty compact and convex subsets of M. 
We also set §M to be the algebraic boundary of M C X  [2].

A  [m ultivalued] m apping F is called [upper] dem i-continuous [1], [2] 
if for every ^  and every open half space H in X containing T  (x), there 
exists a neighborhood N of ^  such tha t T ( ^ ) C H  for each \  e N.

Ä  [m ultivalued] m apping F is called partia lly  closed [4] if from 
x b -> x  , y b e T (*0) , y b y  , 8 e A, it follows that L  (x , y ) n  F (x) =j= 0 ,  where 
L (x , y) =  {x  -f- A (y  —  x) : A > o}, and x b and y b are generalized sequences.

It is not difficult to see th a t if F is upper demi-continuous, it is partia lly  
closed.

The following results are known:
THEOREM i (Glebov [4]). Let K be a compact and convex subset of 

X , T : K —> CK  (K) be partially closed. Then F has a fixed  point in K.

T h e o re m  2 (K y Fan  [3]). Let K be a compact and convex subset of 
X , F : K —>■ CK  (X) be upper demi-continuous. Assume that fo r  every x  6 §K, 
there exists a y  e F (x) such that L  (x , y) contains a point of K distinct from  x. 
Then F has a fixed  point in K.

The fact tha t a theorem  holds, tha t contains both theorem  1 and 2, 
seems natural. For this purpose we consider m appings F th a t are continuous 
in the following sense:

(Di) for each x  in the domain of F and each continuous linear func
tional g  th a t strictly separates x  and F (x)f there exists a neighborhood U  
of O such th a t g  strictly  separates x  +  U  and F (x +  U).

W e have the following

PROPOSITION i. i) i f  (Di) holds, r is partially closed, U) i f  r is partially 
closed ; and its range is contained in a compact set, (Di) holds.

(*) Lavoro eseguito nell’ambito dell’attività dei gruppi di ricerca del Comitato per 
la Matematica del C.N.R.

(**) Pervenuta all’Accademia il 24 luglio 1970.
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Proof. i): let x b -> x  , y b 6 T (xb) , y b y  , 8 e. A; we claim L  (x , y) f i
n  r (x) =  0 . Suppose this is not true. Then by a basic separation theorem, 
there exists a g  e X*, a real s >  o, such tha t inf (g , T (#)) >  k>  k —  e >  
>  SUP {g > L (x > y) )  • It follows tha t (g , y ) < ( g , x ) .  By (Di) there exists 
a U  : inf (g  , F (x +  U)> >  k\ > k\ — e± >  sup ( £ * , # +  U) ■ for some real /£i 
and s i > o .  But then there exist S' and S" e A, such th a t S'-^S implies 
*0 e U  and S"~<S implies jkô e y  + U  so tha t for some S'", S' —̂ S'", S"~^S'", 
we have y bm e F (x +  U ) D y  +  U, th a t contradicts the above inequality.

ii): assume th a t (Di) is not true. Let U ô , S 6 A, be the neighborhood 
filterbase at O. There exist g  6 X*, e U ò f y 6 € T (Çô), a real k and s >  o, 
such th a t in f {g -, T (x)) >  k > k — s >  ( g , x ) , while (g  , £ô> >  {g  , Tô> — Sô , where 
e» i  o. W e can assume th a t y b -> y: it follows then th a t ( g , x ) >  ( g ,  y) .  
By assum ption

inf <g  , r  ( x) )<  sup (g , L  (x ,y))  =  (g , x) +  sup X (g  , y  —  x) =  (g , x)  
contradicting the hypothesis on g.

T h e o re m  3. Let K C X  be compact and convex and  F : K ->  CK  (X) 
be such that (Di) holds. Assume that fo r  every x  e SK, there exists a y x e F (x) 
such that L  (x , y x) contains a point of K distinct from  x.

Then F has a fixed  point in K.

Proof. The proof follows a pattern  developed by Browder [2]. Assume 
that for every x  e K t xG F (x). Then to each x  we can associate a neigh- 
borhood of x  , Y X, and a gx e X*: sup (gx , V r> <  inf (gx , T ÇVx)) .  Let 
{V x.}"=i be a finite subcovering of the open covering {V*} and let {/,■(•)} 
be a partition of unity  subordinated to {V*.}. Consider the continuous m ap 

/ :  X -^ X *  defined by
n

. f ( x )  =  ^ p i (x)-g{x>j.
i= 1

By a result in [2], there exists a x° e K:

(1) ( f ( x ° ) , x  —  x ° ) < o  , Vx 6 K .

Consider /  (x °): it is a convex com bination of those g  (*,•) such th a t 
x° e V x.. By the definition of V x then, (g (*,.) , x°) <  in f (g (*,.), T (x0)) so that 
( /  (x°) , x°) <  inf ( /  (x°) , T (x0)) or

( f  (x°) ,x °  — T  (x0)) <  o 
i.e. (g  (x°) , L  (x° , y x°)) <  o.

T he last inequality  and the assum ption on L ( x , y x) contradict (1).

U sing Proposition I it is not difficult to see th a t Theorem  3 contains 
both Theorem s 1 and 2.

§ 2. In  this section we assume th a t X is a norm ed linear space and 
we restrict our attention to single-valued functions. We shall use the no ta
tions B [x , s] and B [A , s] to m ean an open s-ball about x and an s-neigh-
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borhood of A C X  respectively. Set

■] (x) =  {y  e X*: ( y  , x) =  \ X  \2 ; \ y  \ =  \ X  \ } .

We consider m a p p in g s / :  K -^  X with the following property:
(D2) For each x  6 K , 3j x € J ( f  (pc) — x) such tha t the real valued 

function gx : K  R defined by

=  a > / ® >

is lower sem i-continuous at 2, =  x.
It is easy to see th a t there are no implications between (Di) and (D2). 

M oreover while a demicontinuous function satisfies both (Di) and (D2), the 
union of (Di) and (D2) is not equivalent to dem icontinuity.

We have the following theorem

T h e o re m  4. Let K C X  compact and convex, / :  K ->  X be such that 
(D2) holds; moreover assume that .for each x  e ¥L , ( jx , f ( x ) )  <  sup ( jx , K ). 
Then f  has a fixed  point in K.

Proof. Assum e th a t Vx e K , /  (x) =[= x. For each x  there exists a 
8 ( x)>  o (we assume 8 ( x ) <  1/3 | f  (x) — x  | ) such tha t ( jx , / ( £ )  — x)  > 
>  2/3 \ f ( x ) - — x  j2 for all ZeB[x  , 8 (#)']. Let us consider the open covering 
{B[x  (x)j2]} and let { B[xz , 8,-/2]}”=i be a finite subcovering (where 
S2- =  8 (#,-)). Let {piYi=1 be a partition of unity  subordinated to this last 
covering. For each x, let eK  be such that ( jx. , y f  = { j x. ,/(#,■)). Consider 
the continuous m ap

I  =1

Since g  : K  K, there exists in K a x° =.g(x°).
Let k =  I , 2 , • • • j .9 be such tha t p ik (x°) =j= o, so that j ° e B  [xik , 8^/2]. 

Let 8*o =  m ax {8ik: k =  1 ,• • •, ^ }. Then

d  (xik , xp) <  d  (xik , x°)+  d  (x° , Xi«) <  8z-o 

so th a t x ik£ B[xì« , 8,-o]. W e have then

s s

° = ( j x i»,g(x«)— x«) =  ^  p ik{x«){jx .a,y ik— x«) =  *°> =

J
=  E  Pik 0 °) {.ixi. > /(* « )  —  +  <Â;. , —  *°> >

<£=1

^ 2 /3  |/(* ,- .)---*;°|2---  1/3 I/O »“) — X;°j2 =  1/3 j / O i ”) — *H 2>  O.

Therefore we have reached a contradiction and the Theorem  is proved.
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