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A lgebra. —- A  generalization of the lx-algebra of a commutative 
semi-group. Nota di O lu s o la  A k in y e le ,  presentata (*} dal Socio  
G. S a n so n e .

RIASSUNTO. —• Dato un semigruppo commutativo discreto S, e un’algebra di Banach
commutativa A con o senza identità, consideriamo il convoluto in algebra di Banach h  (S , A),
consistente di tutte le funzioni /  definite in S con valori di A tali che 2  l / M  |'a sia finito.

Ä j es
Nel lavoro S indica l’insieme di tutti gli ideali massimi regolari dell’algebra A. Nella 3 parte
abbiamo dimostrato il seguente teorema: per ogni /  e l\ (S , A) si definisca la « trasformata »
di /r isp etto  a un punto fisso (M, y) di 011 (A) XS come

J(M,* )( /)=

dove 9^ è un omomorfismo continuo di A sui numeri complessi. Allora ^ è un omomor
fismo continuo non nullo di h  (S , A). Reciprocamente, dato un omomorfismo continuo non 
nullo h su /i(S  , A) , I(M (A)x§,  tale che per / e  h  (S , A) , h ( / )  =  Ĵ M ^ (/) .
Nella quarta parte, sotto le condizioni che S ha la proprietà che xy =  x2 =  y 2 comporta che 
x — y  per x , y  e  S, otteniamo una condizione necessaria e sufficiente perché h  (S , A) sia 
semisemplice.

§ i. Introduction

Let G be a locally com pact A belian  group and let L ' (G) denote the algebra, 
under convolution, of all absolutely integrable complex-valued functions 
on G. I t  is known [4, Theorem  34 B] th a t there exists a one-to-one correspon
dence between the regular m axim al ideals of L '(G) and the set of all characters 
of the group G.

Suppose S is a discrete com m utative semigroup. H ew itt and Zuckerm an 
in [3] have considered the convolution B anach algebra l\ (S) defined as the 
set of all com plex-valued functions f  on S th a t vanish except on a countable 
subset of S ahd for which | | / | |  =  2  1/ 0*01 *s finite. T hey show th a t there

' *€S
exists a one-to-one correspondence between the space of regular m axim al 
ideals o f l\ (S) and the set of all sem icharacters of the sem igroup S.

H ausner in  [2] has extended the  result for L ' (G) to the algebra B ' (G , A) 
consisting of all of Bochner integrable functions defined on a locally compact 
A belian group w ith values in an  arb itra ry  Banach algebra A. T he work in 
this paper was m otivated  by the results of H ausner and th a t of H ew itt and 
Zuckerm an. T hroughout this paper it will be assumed th a t S is a discrete 
com m utative sem igroup and th a t A  is a com m utative Banach algebra with 
or w ithout an identity . W e consider the convolution algebra l\ (S , A) which
consists of all fu n c tio n s /  defined on S w ith values in A such th a t 2  11/ GO |L

*es
is finite. In  Section 3, we discuss the complex hom om orphisms on l\ (S , A) 
and obtain  a result analogous to th a t obtained by H ausner for B ' (G , A).

(*) Nella seduta del 13 giugno 1970.

2. — RENDICONTI 1970, Vol. XLIX, fase. 1-2.
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F urtherm ore in Section 4, we obtain  a necessary and sufficient condition for 
4 (S , A) to be semi-simple.

T he author is deeply indebted to Professor A. O lubum m o for his guidance 
in the preparation  of this paper.

§ 2. Preliminaries

L et S be a sem igroup, and A  a Banach algebra. Denote by l\ (S , A) 
the set of all functions on S w ith values in A, th a t vanish except on a coun
table subset of S and for which

( 0  11/11 =  X 11/ (*)iiA < ° ° .*es

T he sum here is taken  to m ean th a t /  vanishes outside a countable set
00

{s± , s2 , sn ,• • •} and 2  \\f (sn)\\A is finite. The sum is independent of
n =  1

the arrangem ent of { 4  , ^  , • • ' , • • •} since the sum is absolutely convergent.
If  we define addition and scalar m ultiplication as follows:

( / i + / 2 ) W = / i W + / î W ,
(a /i) (s) — oi -fx (s) for all V€ S and a

a com plex num ber, then  4 (S’, A) becomes a complex linear space.
W ith  the  norm  in 4 (S , A) defined by (1), 4 (S , A) becomes a complete 

norm ed linear space.
For /  , £* € 4  (S , A) let product be defined by convolution as follows:

f * g ( s )  =  X  f ( u ) g ( v )  ■
U,V,UV=S 0 S

Lemma 2.1. For f , g  e h  (S , A) , f * g e h  (S, A) and \\f*g\\ <  | | / | |  | |^ | | . 
The proof is straightforward.

I t is easy to verify th a t w ith product defined as above, 4 (S , A) is an 
algebra. Furtherm ore if S and A  are both com m utative, then  4 (S , A) is 
com m utative and 4  (S , A) becomes a complex com m utative B anach algebra, 
which specializes to 4 (S) when A is taken to be the complex num bers.

D e fin it io n  2.2. A  function /  on S to A  is simple if it is a constant on
n

each of a finite num ber of subsets Ey of S and equal to zero on U Ey. A
L . . . /==1
function f  is a countably-valued function if it assum e^ at m ost a countable 
set of values in A, assum ing each value different from zero on a subset Ey 
of S.

Lemma 2.3. The simple functions are dense in  4 (S , A).

Proof. G iven /  6 4 (S , A) , f  is a countably-valued function.
Suppose f  takes non-zero values { ax , a2 , • • •, ak , • • •} on { , E 2 , E 3 , • • •

• • • E i • • •} where
E* =  { i e S  : / ( s )  =  ae}.



O lu so la  A k in y e le , A generalization of the h-algebra, ecc. 19[19]

Define a function on S by setting
n

gn — 2 l ak where £e, is the characteristic function of the subset Ek
k=i

of S. For each finite n , gn is a simple function in h  (S , A). W e will now 
show th a t g n - ^ f  as n -> 00 . Let € S, then /  (s) is either o or s- belongs to 
one of the sets {Ex , E 2 , • • •, Ek , • • •} where /  (s) =j= o. Suppose /  (s) =  o, then 
11/ ( - 0 — <*f«GOII — °* Suppose /G 0 =j=°> then  s e  Ek for some integer k. 
Set N k =  k then

I!/ (0 — gn CO II =  o provided n >  N* .

Thus

(2.3.1) lim [I/ (0  — g n (s) Il =  o for each s € S(
« —» 00

Now 2  11/(J) — COIIC 00 for each fixed n, since / ,  g„ 6 /x (S , A). It
J6S

oo

follows th a t the series 2  11/ G^)— £«G/)I! of non-negative real num bers is
k=i

convergent for each fixed n.
B ut 11/ ( O — gn(s)\\ ^  11/(011 f° r ea°h ^ € S and for all n. This means

oo

that X  11/ 0 * )— gn(sf) II is convergent for all n and hence the sequence
k—\

m

of partia l sums J(m,n) =  | | /  (sk) — ^ ( ^ ) l l  f° r finite m  and n, converges
k= l

as (m , n) -> oo. By a double lim it theorem  [i ; p 371, Theorem  12-39] we 
have

lim J («,«)= lim [ l i m J .
(m ,« )-» o o  « —»00  \m -> o o  /

A similar result holds if we interchange the roles of w  and n\ i.e.

lim =  lim ( lim .
00 m~>oo \ « —» oo /

Hence we hg,ve

00 m
lim X  11/0*) — gn(sk)\\ =  lim lim X  11/O*) — g„ (sf) ||

«—»oo k—1 « - » o o  m —>oo k = l

=  lim X  lim \ \f  (fk)— gn(Sk)\\
m —»  oo Æ= 1  « —»oo

X  lim | | / ( ^ ) - ^ ( ^ ) | | .k—1 « —»00

This lim X  11/ 0*) Il =  X  lim | | /  fo) — 0*) ||«-»OO Æ=1 / “ I «-»OO
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and lim X  1 1 /0 )  — g« CO II =  X  lim | | / ( j )  —  gn (s) ||
» -> o o  j €  S « -> o o

=  o by (2.3.1).

Hence lim \ \ f — g„\\ =  o, and the proof is complete.
n—> 00

Remark i. Define a function a f  on S by setting af(s) =  a f i  (s) for a e  A  

and f i e l i  (S). T he simple functions are of the form g n =  TJ ak \ E where
k=i k k

is the characteristic function of the subset Ek of S and ^  € A. Denote by P 
the set of all finite linear com binations of af, ^ e A  , / e / i ( S ) .  It is easy to see 
tha t the set P contains the simple functions, and hence dense in h  (S , A), 
since the simple functions are dense in h  (S , A).

§3. Complex homomorphisms o f 4 (S ,A )

D e fin it io n  3.1. A m ultiplicative function on a sem igroup S is any 
complex function t  on S satisfying the functional equation t  (x y)  =  t  (x) 
t  (y) for all x  , y  e S. A  m ultiplicative function is called a sem icharacter if 
it is different from o at some point and is bounded. I f  % is a sem icharacter on S, 
then  it can be easily shown th a t | x (x) | <  | t (# ) | for all x  6 S. Furtherm ore 
a sem icharacter of a group is a character.

D e fin it io n  3.2. L et S be the set of all sem icharacters of S and 0ÌL (A) 
the set of all m axim al regular ideals of the B anach algebra A  with or w ithout 
a un it element. D enote by 0ÌL (A) x  S the C artesian product of 0R (A) and 
S, i.e. the set of pairs (M , f)  with M € 0ÌL (A) and % e S. T he following is 
our m ain  theorem .

Theorem 3.3. Let S and 01L (A) be as defined above. For any f e  l\ (fi , A) 
define'the ‘ transform  5 of f  with respect to a fixed  point (M , y) of 0ÌL (A) x  S by

J(M.x) ( / )  =  X  «Pm ( /C O ) X CO.
j £ S

where! <pM is a continuous homomorphism of A  onto the complex numbers. Then 
J(M,%) is a non-zero continuous homomorphism on h  (S , A). Conversely given 
a non-zero continuous homomorphism h on h  (S , A) , 3 (M , fi) e 01c (A )x  S 
such that fo r  f  e h  (fi , A) , h ( / )  =  ] (M,X) ( / ) .

Note: T he series ^  ( /  (s)) X (s) ls absolutely convergent .
j C-S

Proof. T h a t J(m,x) is a non-zero continuous hom om orphism  on l\ (S , A) 
can be shown easily and we omit the proof. Now let h be a non-zero continuous 
hom om orphism  on h  (S , A). Let /  G h  (fi , A) o h ( /)  =}= o. For any  g  € h  (fi , A) 
and a e  A, the function ag- defined on S by setting ag (s) =  a-g (s) is an

elem ent of l± (S , A). L et f  e l\ (S , A) 3 h ( / )  =j= o and consider It
^ (y)
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can be easily shown th a t is independent of the choice of f e l i (S , A).

In  view of this we know th a t j f j y  depends only on a. W e now define a

function on A  onto the complex num bers by setting yh (a) -= f f f  » for 
Æ e A. Assum e tem porarily  th a t A  has a un it element <?. T hen cph (e) =  i 
and cpA =f= o. F u rth er <p* is easily seen to be well-defined, continuous and linear. 
Now for a1 , e A.

% («1 «2) =
h{ax ai f)

K f )
h{a1ai f) h (/) 

* ( / )  ' * ( /)
h (at f) 
h( f )

h (azf)
* ( / ) =  9/, O l) 9h (a2) >

so th a t 9^ is m ultiplicative.
Thus cpk is a non-zero continuous hom orphism  of A onto the complex 

num bers, and as is well known there exists M e 0k  (A) (depending only on h) 3

%  (*) =  9 m (*)•

Finally let a e A  and g  e l± (S), then

h (ag * /)  =  h (aeg * /)  =  h (eg * af) == h (eg) h (af)\

H ence h (ag) h ( f )  — h (eg) h (af)

(3.3.1) and h (ag) =  h (eg) q>M (a) for g  e / ,  (S).

But the set eh (S) =  {eg e h  (S , A): g e h  (S)} is isom orphic and isometric 
w ith h  (S). Since h is a non-zero continuous hom om orphism  on h  (S , A), 
it is not zero identically on eli (S) in view of (3.3.1) and because linear com bi
nations of functions ag w ith g  e h  (S) a e A are dense in h  (S , A) (see R em ark 1). 
It follows th a t h is a non-zero continuous hom om orphism  on eli (S). By the 
isometric isom orphism  of eli (S) w ith 4  (S) it follows th a t 3

h iei )  =  X f W z  GO for all g e h  (S) and then
1 te s

(3-3-2) h (ag) =  <p (a) h (eg) =  2 , 'Pm (ai  A )  1 0 ) =  J(M,X) (ag)
t 0 S

Suppose /  € li (S , A), then 3 a sequence of simple functions

{g„}C h  (S , A) ?gn -> f  as n oo. By (3.3.2) h (g„) =  (g„).

Hence h ( / )  =  J (M>X) ( /) .

Suppose now th a t A  has no unit element; then by Theorem  20 c (page 59) 
of [4] we can em bed A  isom etrically and isom orphically in a Banach algebra 
A* w ith unit, e in such a way th a t the m axim al ideals in A* are the m axim al 
regular ideal^ of A and A  itself. The hom om orphisms of A* onto the complex 
num bers are the cpM (M e 91c (A)) and cpA where cpA (a +  he) =  X, for a e A  
and X a complex num ber. By w hat has been proved, the non-zero conti
nuous hom om orphism  on h  (S , A*) are the J (M,X) and additional functionals
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J(A,x) • B ut for /  e h  (S , A) , J (A,X) ( / )  =  X  'Pa (f (s)) X Ĉ ) =  o. However, the

j es
functionals J (A,X) are identically zero on h  (S , A) and thus the non-zero 
continuous hom om orphism s are the J (m,X), which completes the proof.

C o r o lla r y  3.4. There is a one-to-one correspondence between the points of 
0ÌL (/1 (S , A)), that is the space of maximal regular ideals of l± (S , A) and 
0TI(A)XS.

§ 4. The r a d ic a l and sem isim plicity o f h  (S , A)

THEOREM 4.1. Let S be a discrete commutative semigroup with the property 
that xy  .=  x 2 =  y 2 implies that x  — y  fo r  x  , y  £ S. Then a necessary and suffi
cient condition that a function f  be in the radical of h  (S , A) is that the range 
of f  be in the radical of A.

Proof. L et R  be the radical of A, then R =  D M. Suppose /  e li  (S, A)
MG01t(A)

has its range in R; then J (M,X) ( / )  =  0, for all (M , x)  ̂ 0R (A) X S. I t follows 
then  th a t f  belongs to the radical of l± (S , A).

Suppose /  belongs to the radical of l± (S , A), then ( / )  =  o for

every (M , x ) e 0 H  (A) X S. This implies ^  9m ( /  W) X W  -  0 for arb itra ry
te  s

(M , f )  e 01c (A) X S. I f  we dehne a function <pM/  on S. by setting cpM/  (i*) — 
=  9m (/W )»  then  9 M/ e / l  (J)- Also 9M/  belongs to the radical of h  if) [3, 
TheQrem 2.8]. By the assum ption on S, 4 (S) is semisimple [3, Theorem  5.8]. 
Hence 9M/ C 0 =  o for an arb itra ry  M e 0R (A). I t follows th a t /  has its 
range in R.

T he following corollary follows readily  from the last theorem.

COROLLARY 4.2. I f  S is as in Theorem 4.1, then l\ (S , A) is semisimple 
i f  and only i f  A  is semisimple.

References

[1] T. M. A postol, «Mathematical Analysis», Addison-Wesley 1957.
[2] A. HAUSNER, The Tauberian theorem for group algebras of vector-valued functions, «Pacific

j. Math.», 7, 1603-1610 (1957).
[3] E., H ewitt and H. S. ZUKERMAN, The l\-algebra of a commutative semigroup, «Trans.

Amer. Math. Soc. », 83, 70-97 (1956).
[4] L. H. Loomis, An Introduction to Abstract Harmonic Analysis, Van Nostrand, New York

1953.


