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Weak Solutions for a Well-Posed Hele-Shaw Problem.

S. N. ANTONTSEV - A. M. MEIRMANOV - V. V. YURINSKY

Sunto. — Analizziamo Uesistenza e l'unicita di soluzioni deboli del problema ben posto
di Hele-Shaw con condiziont generali sul contorno assegnato, equazione governan-
te mon-omogenea nel dominio incognito e condizione dinamica non-omogenea o
contorno libero. Il nostro approccio permette anche di indebolire le restriziont sui
dati iniziali e di contorno. Otteniamo infine alcune stime per la soluzione negli
spazi BV, proviamo un teorema di comparazione, e mostriamo che la soluzione di-
pende in modo continuo dai dati iniziali e di contorno.

Summary. — We analyze existence and uniqueness of weak solutions to the well-posed
Hele-Shaw problem under general conditions on the fixed boundaries and non-ho-
mogeneous governing equation in the unknown domain and non-homogeneous dy-
namic condition on the free boundary. Our approach allows us also to minimize
the restrictions on the boundary and initial data. We derive several estimates on
the solutions in BV spaces, prove a comparison theorem, and show that the solution
depends continuously on the initial and boundary data.

1. — Introduction.

The aim of this article is to generalize the approaches of Kamin, Oleinik,
and Kruzhkov to the study of well-posed Hele-Shaw problem. We establish
existence and uniqueness of weak solutions under a non-homogeneous condi-
tion on the free boundary and general boundary conditions on the fixed
boundary.

The Hele-Shaw problem is a well-known model of liquid filtration in a
porous medium. In this model, the evolution of liquid pressure is considered in
the variable flow region Q(t), 0 <t < T, which is a part of the larger fixed do-
main QcR".

In Q(t) the pressure p(x, t) satisfies the field equation, which is below the
Poisson equation (here and in the sequel all variables are dimensionless)

1.1) —Ap = div F(x).

This equation follows from Darcy’s law for the liquid velocity, —v = Vp + F(x),
and the continuity equation div v = 0. The nature of the body force F(x) may
vary, it being caused, e.g., by gravity or rotation. A recent example of a free
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boundary problem arising in physics with a source term of this kind is con-
tained in [13].
The boundary of the unknown flow region Q(f)c @ is

() =SuUIQ)),

where both the fixed boundary S = 9@ and the free (moving) boundary 7(t)
may each include a finite number of disjoint bounded connected compo-
nents.

At the initial moment, the free boundary is known:

(1.2) no)=r’, Q0)=29°.

Its evolution is determined by the boundary conditions
(1.3) Plrey=0

and

1.4) -V, (x, t) =Vp(x, t)-v(x, t) + F(x)-v,

where V,(x, t) is the velocity of the free boundary in the direction of the
normal v(x) measured at the point xe I(t). (When Vp =0, the normal is
v=|Vp| 'Vp, and the normal velocity is V, = — |Vp| ' p;.)

On the fixed boundary S, we assume the third type boundary condition

(15) o) z—p Fb@) p=p,x, ), weS,
v

where 9/0v is the derivative in the outward normal direction.

The above problem is well-posed if its solution is nonnegative, and ill-posed
otherwise. We use the abbreviation WHSP to refer to the well-posed Hele-
Shaw problem.

An alternative description of a solution to the Hele-Shaw problem is in
terms of the indicator function y : @ x (0, 7) — {0, 1} of the flow domain and
the extended pressure p:

plx, 1),  xef(t),

1.6) Q) = e, ) =1}, pla, ) =
1.6) Q@) ={reQ:yx,t)=1}, plx, ) { 0, e Q\Qt).

The above equations imply the following integral identity:

T
1.7 ff(wt—xF‘V(pﬂpr) dudt = —fquv(w,O)dac+
Q 0 Q

T

T
3
ffps—(pdsdt— f f(¢ps+qoxF-v)dsdt,
&0 ov a

S\S’ 0
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where S’ is the part of the fixed boundary that carries the Dirichlet boundary
condition (@ =0, b =1), the test function ¢ belongs to the space

= O} 5
xeS

def

K:{(PEWZZ’l(Q x [0, T, ¢(x, T) =0, (az_w +b¢)
14

and

def 1, erO,
(1.8) Lo@) = .
0, xeQ\Q°,

is the indicator function of the known initial flow domain.
In a loose sense, the definition of y and the integral identity (1.7) corre-
spond to the non-linear equation

d .~ -
1.9) Ex—dp=d1V(xF), xeH(p),

where H is the Heaviside graph,
H(E)={0} for §<0, H(0)=[0,1], H()={1} for £>0,

and the inclusion reflects the fact that p vanishes outside the flow region.
We define weak solutions to problem (1.1)-(1.5) following [14].

DEFINITION 1.1. — A pair (p, x) of nonnegative functions from the space
L= (Qr) with Qp=@Q x (0, T) defines a weak solution to problem (1.1)-(1.5) if
x satisfies the integral equality (1.7)-(1.8) and the inclusion

(1.10) V(x,t) xlx,t)eHp(x, ).

Note that problem (1.1)-(1.5) corresponds to the one-phase Stefan model
problem of a phase transition with vanishing heat capacity. The Stefan pro-
blem has been intensively studied over past decades. Its analysis was initiated
by Rubinstein [16].

The concept of the weak solution has been introduced by Kamin [6] and
Oleinik [14] who proved the existence and uniqueness of global-in-time weak
solutions to the multidimensional two-phase Stefan problem. Using the
Kamin-Oleinik approach, several authors have obtained stability estimates for
weak solutions (see, e.g., [1]). In early nineties, Gotz and Zaltzman have used
Kruzhkov's method of BV estimates [8] to analyze qualitative properties of
weak solutions to the multidimensional two-phase Stefan problem [3]. A re-
view of work on the Stefan problem was given by Meirmanov in [12], and most
of subsequent development is covered by Visintin’s book [17].

The vanishing heat capacity does not allow us to extend the cited results
for the Stefan problem to WHSP in a straightforward manner. The main diffi-
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culty lies in obtaining a priori estimates for weak solutions. In particular, the
maximum principle fails for zero heat capacity. In the general case, a weak
solution to WHSP has no regularity in the time variable. This motivated the
independent study of WHSP undertaken by several authors (see [5] and refe-
rences therein), who mainly used the variational inequality methods.

Using the approach through variational inequalities, problem (1.1)-(1.5)
was studied for a one-component fixed boundary under strong restrictions on
the functions in condition (1.5) on the given boundary. Namely, for the Laplace
equation (f(x) = 0) or the Cauchy problem with no fixed boundary and a speci-
fic source term in the Poisson equation, it was assumed that either the pres-
sure p, is strictly positive in the Dirichlet condition (@ = 0) or the flux p; is con-
stant in the Neumann condition (a =1). Elliot and Janovsky [2] have proved
the existence theorem for WHSP with a constant flux on the fixed boundary.
The Cauchy problem with the source term f(x) = Clog |« + ¢y | in the Poisson
equation was investigated by Gustafsson [4]. Louro and Rodrigues [11] stud-
ied WHSP with strictly positive Dirichlet data on the fixed boundary. WHSP
with non-local boundary conditions was considered by Primicerio and Rodrigues
[15].

It is well-known that y(x, t)is an increasing function of time if the free
boundary condition (1.4) is homogeneous (i.e., F(x) has compact support in
Q). This fact allows one to apply the Duvaut transformation and reformulate
problem (1.1)-(1.5) as a variational inequality.

However, if condition (1.4) is non-homogeneous, then the inclusion

() c Q(1y), b <ty

may fail, and one cannot reduce the problem to a variational inequality. In fact,
if p,=0 and div F =0, then p(x,t) =0 in 2(¢), and y(x, t) satisfies the
equation

oy
1.11 £ _F-Vy=0.
(1.11) 2 x

Thus, the behavior of y(x, t) depends only on the source term F', and in the
general case the flow region Q(¢) = {y =1} is not necessarily increasing.

In what follows, we study the existence and uniqueness of weak solutions
to WHSP with the Poisson field equation (1.1) under the non-homogeneous
condition (1.4) and general boundary conditions (1.5). We construct its solution
as a limit of solutions to a family of regularized problems.

To avoid complications in constructing solutions to the regularized prob-
lems in an unbounded domain @, we first restrict the equations to the bounded
domain @, (see (2.1) below). We establish the existence and uniqueness of
the solution and its properties for the «modified problem», i.e., for the auxil-
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iary problem in @,.q, under the additional assumption that the pressure van-
ishes on the supplementary spherical boundary.

The key ingredient of the method used to return to the unbounded domain
are estimates for the maximum of the solution to the modified WHSP which
have explicit dependence on the radius R, of (2.1). These estimates permit us
to show that for an arbitrary time interval [0, T'] there exists a common radius
R, =R,(T) such that the modified problem is equivalent to the original
one:

- 1
plx, t) =0, |x|2§R*, tel0, T].

To arrive at this last conclusion, we use explicit solutions of the Hele-Shaw
problem and the comparison theorems for generalized solutions.

ACKNOWLEDGMENTS. The authors are sincerely grateful to Prof. B. Zaltz-
man and Prof A. Fasano for a most stimulating discussion of the preprint
version of this article.

2. — The main results.

2.1. Notation.

Below, we use the standard notation |x| for the Euclidean norm in R", and
dist(a, G) =inf{|a —y|: y e G} is the corresponding distance from a point to
a set. The d-neighborhood of a set GcR" is

Us(G) = {x: dist(x, G) <o}, 0>0.

A ball of radius r centered at a is B(r, a); we abbreviate B(r) = B(r; 0). The
{ 1, xe@G,

characteristic function of a set is 15(x) = o
r¢G.

As usual, for 7> 0
Qr=Qx(0,T), S;=8Sx%x(0,T), etc.

Notation of function spaces is that of [9, 10]. The definition of functions of
bounded variation and the space BV is standard (see, e.g., §IV.7 in [7]).

We use several kinds of constants in our calculations. Below C (with or
without indices) denotes a constant that depends only on the number of di-
mensions # and the shape of S. A constant whose value is determined by the
above and the constants in the boundary and initial conditions is denoted M
(with or without indices). We write K for a constant that depends on argu-
ments introduced in intermediate calculations.

In the proof below, we first consider an auxiliary Hele-Shaw problem in the
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bounded «modified domain» defined using a large enough radius R, as
2.1) Qmoa = @ N B(R,).

We use a cutoff function of special form to derive the a priori estimate for
pressure on Q.q:

2.2) Colx) = Z(%dist(m, S)) Z(%dist(ac, 8B(R*))),

where Z : R—[0, 1] is an infinitely differentiable function such that Z(0)=0,
Z(t)=1 for t =1, and for some ¢>0
@23) Z't)=0,cZt)=tZ'(t), c\NVZHO)=ZZ' M)+ |Z"({)|, t=0.

It follows from the regularity of S that if 0 is sufficiently small, then for each
point x e Us(S) there is a unique point &(x) € S such that

@4 dist (@, S) = |x — &) |, Vdist(x, S) = O
|z — &) |
and

r— &) = —v(&)) | — &) |,

where v(x) is the unit vector of the outward normal at the point xedQ 4.

2.2. Existence and uniqueness theorems.

Below, we consider problem (1.1)-(1.5) under the following restrictions on
the given data:

CONDITION 2.1. — The fixed boundary is twice continuously differentiable,
and a,b=0, a®+b%=1. The initial flow region is bounded and regular:

(2.5) 2o(@) e BV(Q), »xo(x) =0, xeR"\B(Ry), By< .

CONDITION 2.2. — On the given boundary
(2.6) 0 <p,<M,.
CONDITION 2.3. — The source term is smooth, F e C*(Q), and |F|® < M,. It

18 solenoidal outside a bounded domain, supp (div F') c B(R,) for some Ry >0,
and on the fixed boundary

2.7 F(x)v(x) <0, xeS,

where v(x) is the normal vector. Moreover, outside a larger sphere B(R,),
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Ry < Ry, the source F satisfies the condition
2.8) F(x)x<0, |x|>R;.
For the cutoff function (2.2), it follows from (2.4) that

VEs@) = — %Z’ ( % dist (x, s>) WE@)).

Consequently, (2.3) and Conditions 2.2-2.3 imply the inequality

29)  F(x)-Viy(x) = — %Z’(%dist(x, S)) F(x)-v(&(x))

- %z/ ( %dist(ac, s>) FUE@) (&) —

%MO | — &) | Z' ( % dist (x, S)) = —cMyCs(x)
for all points in the 0 neighborhood of the boundary of the domain @ N B(R)
provided that R = R, > R, (here v(x) is the unit vector of the outward normal
to d(Q N B(R))). The constant ¢ does not depend on the constants in the cited
restrictions.

We now state our principal result on existence, stability, and comparison of
solutions to the Hele-Shaw problem.

THEOREM 2.1. — The following assertions hold true under Conditions
2.1-2.3:

(a) Problem (1.1)-(1.5) has at least one weak solution (p(x,t), x(x,t))
with a compact support.

(b) The first component of the solution p(x,t) is bounded, and the
second one y(x, t) has bounded variation: y € BV(Qr) if Q' cQ.

(¢c) Under the assumption a = ay= const>0, the weak solutions to
problem (1.1)-(1.5) enjoy the following property of stability and monotonicity:
If pairs (p(x, t), x'(x, t)) and (P*(x, t), ¥2(x, t)) are weak solutions of
(1.1)-(1.5) that correspond, respectively, to the given data ps=ps i, Xo=Xo.i»
and F=F;, i=1, 2, then

(2.10) Olllta<XT f|xl(x, t) =y, t) |de < f [%0.1(x) = x0,2(2) | doc +
Q Q

1
= [ Ipi—poaldsat.
aOST

Inequality (2.10) remains true if a =0 and p; 1= ps, 2.
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(d) If a =0 and the given data satisfy the inequalities
Ps,1SPs2e F1=Fa, 201502
then
2.11) X1, ) Sxoa, t), Py, 1) < pola, ).
(e) If suppFc Q° and div F =0, then x(x, t) is an increasing function

of time t, and the integral equality (1.7) can be rewritten as

(2.12) (yo+ pAep) dadt = —fxo(p(x, 0) da +
Qr Q

P
fps—(pdsdt— f mdsdt—fgodivmxdt.
/ v a

St Sp\S Qr

Moreover, if the given data satisfy the inequalities
Ps,1 S D52, AIVE < divEFy, %01 ¥0,2,
then the corresponding solutions (0, x1) and (Do, ¥ ) satisfy inequalities (2.11).

Theorem 2.1 can be complemented by the following uniqueness result.

THEOREM 2.2 (Uniqueness). — If the closures of S'and S”" =S\S' are dis-
joint and b=0, F-v=0 on S", then each bounded weak solution (p,y) to
problem (1.1)-(1.5) is unique.

3. — Proof of Theorem 2.1.

We consider only the case of unbounded domain @ because all the argu-
ments apply to that of bounded one with minor modifications. The proof con-
sists of several steps, which are exposed in separate subsections below.

First, we replace € with the bounded modified domain @,,,q of (2.1) and regu-
larize the original problem for @, to obtain smooth approximations to its
solution. The regularized problems that are solved in @,,,q depend on an auxil-
iary large parameter R, >0 (see (2.1)). We suppose that R, > max{R,;, 4R,}
(see Conditions 2.1 and 2.3), S0 Q,.q includes the initial flow region. We solve
the auxiliary problem under the assumption that the pressure vanishes on the
additional spherical boundary:

3.1 P |oBry) =0

We derive uniform estimates for the solutions of the regularized problem.
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Next, we establish the convergence of the solutions of the regularized
problems to a solution of the original problem in the modified domain. We use
the term «modified problem» to refer to the original WHSP restricted to Qpoq
with the additional condition (3.1).

Finally, it is shown that for each 7> 0 and t e [0, T'] the flow domain Q(t)
does not reach the exterior boundary of @.,.q if Ry is chosen large enough, so
the solution of the modified problem also solves the original one for the un-
bounded domain. The argument is based on comparing the solution of WHSP
on Qm.q wWith a spherically symmetric solution of WHSP that has known speed
of propagation of the free boundary.

3.3 Regularization. — We construct a family of regularizations of system
(1.7), (1.8), (1.10) depending on a small parameter &> 0.

First, we approximate the Heaviside function by a smooth function
H,(p) in such a way that

VpeRH,/(p) >0, Vp=0 lin% H, (p) = H(p),
3.2) 1
H,(p)=—p for p<e, H,(p)=ep—2¢)+1 for p>2¢.
€

In this case H, has a well defined inverse function (I)g(x)d=efH[1(x). We
regularize the initial conditions so that
33)  x@, 0)=xi)el0,1], xi@) =11in Q° |illzy<M,,

where the value of M, is determined by the BV norm of the initial function
%o, and

o(x) Nyo(x) as eNO.

We use the boundary conditions (3.1) and
Ip
3.4) ag(x)a— +b(x)p=p,(x,t), xS, a.=a+e.
v

Below the term «regularized solution» refers to the solution of the
regularized analogue of the integral equality (1.7) with the inclusion of
(1.10) replaced by equality. In other terms, the regularized solution satisfies
the equations that correspond to (1.9),

5}
(3.5) axs(p)—dps=diV(x8(p)F€), pf=P.(x%),

as well as the pertinent boundary and initial conditions (8.3) and (3.1).
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The existence of a unique smooth regularized solution p®(x,t) is well
known [9].

3.4. Uniform a priori estimates.

Throughout this subsection, the time 7'> 0 is supposed to have the same
arbitrarily chosen fixed value, and notation @ refers to the modified domain
(2.1), Q7 to Quoq X (0, T'), ete. Notation of constants is as described in subsec-
tion 2.1. Dealing with regularized solutions (3.5), we omit the superscript «e»
wherever possible.

The first estimate for the modified problem is given by Lemma 3.2
below.

To derive it, we construct the function u(x) as a solution of the boundary
value problem

(3.6) —Au—eF-Vu =@, re@,
(3.7 Uljz) = =0,
ou
3.8 — | =1
3.8) 5 s

where the source term @(x) = M1, (x) is constant in B(R,) and vanishes in
Q\B(Ry). To avoid trivial complications we suppose that the constant M, in
(2.6), (2.9), and Condition 2.2 is the same, and ¢ >0 is much smaller than
min {M,, 1}.

LEMMA 3.1. - If 0 <e<e;=¢,(R,), then the solution of problem (3.6),
3.7), (3.8) admits the following estimates:

O0<u(x) <K/ WM, nR, forn=2,
0<ulx) <K (M, for n>2.

3.9)

Proof of this lemma is placed in Appendix A.1l.

REMARK 3.1. — The estimates of Lemma 3.1 are sharp. To check this, it suf-
fices to consider the solution of the problem

ou
A@L:O, R0<|90|<R*, %laB(R*)zo, — =1
Ov | 3B(Ry)

LEMMA 3.2 (The first a priori estimate). — The following estimate holds
uniformly in €€l0, ey, €4 =€+ (My, R,): for (x,1) eQp

(3.10) 0=spi(x, t) <KWM,, R,),
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where KMy, R,) =C(1+ Ky(My) InR,) for n=2 and K(M,, R,)=C(1+
K,(M,)) for n>2.

ProoF. — The maximum principle shows that the solution y(x, t) of problem
(3.1), (3.3), (3.4), (3.5) is nonnegative, so p(x, t) = @, (y°(x, t)) =0 by (3.2). We
define the function

v(ac,t)zmz(),
u(x) +1

where u is the solution to problem (3.6)-(3.8). By the choice of u and (3.5), the
new function v solves the problem

A+u)H' (p)vy=AQ+u)dv+A-Vo—cv, xe@, t=0,

Po
1+u’

0
V| spra =0, ((1 +u) aa—:j + (a+b(1 +u))v)

= Ps» v|t=0:
S

where A= (1+u) H'(p) F +2Vu and

H(p)
p

(3.11) c=D@)+ (e—H'(p) F-Vu—(1+u) div .

If the maximum of v(x, t) is positive and attained on the fixed boundary S,
then the estimate follows directly from the boundary conditions for » and
Lemma 3.1:

max v < Py < B <p,<M,.
S a+b(1+u) a+b

Similarly,

Po
max v|,_ < < py < M,.
u+1

Suppose that the maximum of v is positive and attained in the interior of @.
In this case, it can only be attained at a point where ¢ < 0. We show now that
this implies an upper bound on p.

If at the point of maximum p < 2¢, then

max v = p <2es M,.
u+1
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If at the point of maximum p >2¢, then we can use (3.2) to conclude
that

H 1—2¢2
(p)ze—i- ¢

c<0, H'(p) =¢, .
p
so (3.11) implies an inequality for p:
0.2
(3.12) 0>c=¢(w)—(1+u)(s+ £ )divF.
4

The maximum of v cannot be attained on Q\B(R,): on this part of the do-
main @ =div F =0 and F =0, so ¢ =0, which contradicts (3.12).

If the maximum is attained at a point x € B(R,), then @(x) = M,, so in-
equality (3.12) reads

2

£ )divF.

(3.13) O>C=M0—(1+u)(e+
p

Therefore it follows from Condition 2.3 that there exists a constant C’ such
that

1—2¢2

My(1+w) =M, —e(1+u)C' M,.

Combining this estimate with the inequality of Lemma 3.1, we see that if
e <ei(R,) is chosen small enough, then at the point of maximum
9.2
< (1-2&*)(1+u)

<2(1+u) <21+ KM, R,)),
TGy s KOG, B)

where

K,(M,) InR,, n=2,

K(M,, R,) =
(Mo, By) { K(M,), n>2.

This proves Lemma 3.2. =

We derive now some additional uniform estimates for the regularized solu-
tion. Below 4 is the cutoff function (2.2).

LEmMA 3.3 (The second a priori estimate). — For all 0 <e<e, (M, R,)
and 0 <0<,

(3.14) fgé |Vp® |2dadt < K(My, R, 9).
Qr



WEAK SOLUTIONS FOR A WELL-POSED HELE-SHAW PROBLEM 409

ProoF. — Multiplying equation (3.5) by () p®(x, t) and integrating over
@ we obtain

d 3
2 [ es@ vty de+ [£,@)|Vp* Pde = - [y, FeVprde+ X 1L,
dtQ b b k=1

p
where V(p)déffql-ls’(q) dq for p=0 and
0

1 X 1 o, 0C X
L= [prpatsde, b= [1pr 2, 1= - [ peve,de.
2Q 23 v d

We estimate the terms on the right-hand side using the uniform estimate
(3.10):

1 S |
|I,| + |L| + |I] SC((EK(MO, R*)) + gK(MO, R*)) <K,(M, 9).

We complete the proof applying the estimate |F*(x) | < CM, and the Cauchy
inequality:

|fX§5F’3-Vp5dac
Q

1 1
= —féa(w)|vp£|2d%+ —f§5|F5|2dx. ]
2Q 2Q

3.5. Stability, monotonicity, and BV estimates.

The regularized solutions enjoy the following property of stability and
monotonicity. Consider the regularized solutions (pf(zx, t), xi(x, t)), 1 =1, 2,
that correspond to the given data p,=p; ;, Xo=20,:, and the source terms
F;=F. Recall that we always suppose a =0 (see Condition 2.1).

LEMMA 34. — If the given data satisfy the inequalities

Ps.1SDs 20 F1=Fs, %0,1<X0,2
then

(3.15) xi(x, t) < ys(x, t) and pi(x, t) <ps(x,t).

If a = ay = const > 0 in Condition 2.1, then the regularized solutions satis-
fy inequality (2.10). Inequality (2.10) remains true without the assumption
that a =0 is separated from zero in the special case ps 1= ps, s.

PrOOF. — The main step in the proof of estimate (3.15) is an application of
the maximum principle. The rest of this argument is an adaptation of results
obtained by several authors [1, 12].

To derive the stability estimate (2.10), we multiply the equation for

the difference 7 = y§(x, t) — y5(x, t) by %/ + A%, integrate over @, and
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pass to the limit as A—0 using condition (2.7) on S and the fact that
px=@i-p:) x=0. =

The following lemma provides the necessary BV estimates.

LEmMA 3.5 (BV estimates). — For each ¢€]0, <e,] and te[0, T]

(3.16) [eo@ gt @+, )=y @, D) |de < K ||
Q

and

(3.17) [eo@ 5@, t+0) -y, | do < Ky Ve,
Q

where C 5 is the same as in Lemma 3.3, and the constant K, can be described
m terms of those in Conditions 2.1-2.3 and Lemma 3.3: K,(M,, 6, R,) =

Cmax{MO, %\/K(MO, R., a)}.

In the statement of the lemma 7'>0 is arbitrary; the constants ¢, =
.My, Ry) and K(M,, R.., 0) are those of Lemma 3.3.

ProOF of Lemma 3.5 is a modification of the argument used by Goétz and
Zaltzman [3]. Its main idea is to derive integral estimates for the functions

q; =3 /3x; and ¢ = 2 |g:| through calculations with an appropriately regu-
larized sign function”~

Differentiating equation (3.5) with respect to «;, we arrive at the
equation
aqi 2]

ot 89@

where @' (y) q; = 9p/dx;. We multiply (3.18) by £sq:/\/qZ + A and integrate
the result over the cylinder @,. After integration by parts, we derive for te

[0, T1 the equality

(3.18)

(Vy-F + ydivF) — div(V(® ' (y) ¢;)) =0,

t
+11+12+13+I4:J1+J2+J3,
0

(3.19) [ 2o VP + 2%
Q
where the summands on the right-hand side are

—(F-V 2 9 .
lef—( 20) 4 L avar,

o  Vai+i? Ti \/qF + A*

. a n aF
J3=fCoL(xa—(divF)+ qua—f) dedt .
e

dxdt, JQZJ‘Aéé
Q



WEAK SOLUTIONS FOR A WELL-POSED HELE-SHAW PROBLEM 411

The numbered summands on the left hand side of (3.19) are

2

A
— ’ 2
I1-f§a¢ (X)lVQ1| Wd%dt?()

and several «small» summands which converge to zero as A —0 by the domi-
nated convergence theorem,

LA
o ( q; +1 )3/2

9 =

(F-Vg) dedt, lim I,=0,

; qﬂu2 o
@
2

/1 .

Obviously, \/¢? + /12\ |g;| as A\ 0, so it suffices to evaluate the limit of
the first summand on the left hand side of (3.19) in terms of ¢ qdxdt and
Q

t

eventually use the Gronwall inequality to get the desired estimate for instant
values of [{sq. By the above, the terms I, k=2, are no obstacles to this
approach.

The summands on the right hand side need more attention, and it is at this
stage that the special choice of the cutoff {; is essential.

On the neighborhood of the fixed boundary where the integrand does not
vanish —F(x)-VEs(x) <cM,Cq(x) by (2.9), so

J1 < cMOfC(; |q; |dadt < cMofij(;qdacdt .
Q@ @
Assumption (2.3) and smoothness of the fixed boundary permit us to use
estimate (3.14) to evaluate J, using the Cauchy-Buniakovsky inequality:

1/2 2 1/2
4
EA \(f§5|Vp| dacdt) (f' ol dxdt) <
o G
C " _c
g(fCMVpSFdxdt) < <5 VKMo, Ry, 0).
Qr

Since y = H,(p) <1 + ¢p, the estimate of Lemma 3.2 for the pressure and
the assumption |F|®<M, yield the following estimate for the integral J;:

|J5| < CM, [(1+ &oq) dcdt.
@
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Next, we pass to the limit in A — 0 and sum the inequalities that result from
(3.19) with 1 =1, 2, ..., n to obtain for g the estimate

t

(3.20) [es@) qt, dxsK2(1+f( fgéqu) dt)
Q Q

0

with K, = C max {MO, % VKM, R,, 6)}. Combined with Gronwall’s in-

equality, inequality (3.20) guarantees estimate (3.16).
The rest of the proof is the same as in [3]. =

3.6. Convergence of regularized solutions.

Estimate (3.10) allows us to choose sequences & = ¢; 0 for which p‘/ and
x % converge in the following sense:
Ly (Qr)-weak _ Ly(Qr)-weak
(3:21) pi, ) = e, b, gt ) > e, D)
(here and below we omit the index «j»). It is clear that the limit pressure in-
herits the estimate of Lemma 3.2

(3.22) 0<px,t) <M.
Making use of the inequality
y(x,t) =H. (p*(x,t)) SHg(mgx pf) <1+ eM,

we find that
(3.23) O<sy’(x,t)<1+eM; and 0 < y(x,t)<1.

Weak convergence in (3.21) allows us to conclude that the functions y and p
satisfy the integral equality (1.7).

Using (3.16), (3.17), and a standard diagonalization procedure in d, we ob-
tain sequences of solutions that converge strongly in the modified region (2.1),
which proves (1.10) and assertions (a)-(d) of Theorem 2.1 — the latter follow
from Lemma 3.4 and Lemma 3.5.

The last statement (e) of Theorem 2.1 does not follow immediately from the
assumption supp (divF) c 2°. Yet, if we prove that there exists at least one
solution (y, p) to problem (2.12), (1.8), (1.10) such that

Q% supp (x(t), 0<t<T,

then this solution can only be the unique solution to the original problem (1.7),
(1.8), (1.10). To show that problem (2.12), (1.8), (1.10) does have a solution, we
repeat the preceding steps in the proof of (a)-(d) with minor modifica-
tions.
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The monotonicity of y(x, t) follows from the comparison result (2.11).
To establish it, we consider the solution (p?, Xl) that corresponds to the
data
1 Ds, 0=<t<t, L[S 0stisd, .
ps (x, t) = /= =o-
{Ov t>t0’ Ov t>t0v *o *o

For this solution, its second component stops to evolve after t,:

xx, ), 0<t<t,

x', t) =
X(ﬂ'}, to), t?to.

Let us compare y!(x, t) with the corresponding component of the solution

(p?, x?) obtained from the original data pZ = p,, f2=f, and % = y,. Conditions

of part (b) of the theorem being satisfied, it follows from (2.11) that

X(QC, tO) :%1(96, t) SXZ(QC, t) :X(xy t)-
3.1. Equivalence of modified and original problems.

To complete the proof of Theorem 2.1 in the case of unbounded @, we now
prove that the solutions of the modified and original problems coincide over
each finite time interval [0, T'] for sufficiently large R, = R.(T).

Below, the time 7'> 0 is an arbitrary fixed number. Let us consider the
weak solution (p, y) of the modified problem obtained above. To show that it
solves the original problem with unbounded domain @, it suffices to prove the
inclusion

(3.24) suppx(ac,t)cB(%R*), te[0, T].

We prove (3.24) applying our comparison results for bounded domains to the
solutions of the modified problem and a spherically symmetric auxiliary pro-
blem in the spherical layer B(R.)\B(R,) for large R...

Let us define the upper barrier functions (p;, ;) as the solution of (1.7)
and (1.10) in the layer R, < |x| < R, with the source term

MR}
(3.25) =20 Ty,
r

7,,%71

the boundary conditions

(3.26) Piljej=ro =K,  Diljz)=r.=0,
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with the constant K defined using the constant in Lemma 3.1 as

K= KI(MO)IDR*7 %:27
KI(M())a n>2;

and the initial condition

1, Ry<|x|<R,

(x, 0) =
o {o, Ri < || <R,

in which R; is one more parameter chosen so that R,/R, > e.
The solution (p;, x1) is spherically symmetrical and can be found explicitly.
In particular

1, Ry<|x|<R(),

yU) =
xa, D {o, 2| > R(t),

where R(t) is determined by the following equations for the ratio z=
(R(t)/Ry)" (which proves non decreasing): for n = 2

dz ( AK,(My) IR, MR, ) ~o.

dat RiInz R?

while for » > 2 and azl—z
n

=0.

dz _(n(n—Z)Kl(MO) ., nMORgz-l)
dt RE 2—1 Ry

In both cases z(¢) > e for all ¢ >0 and

B & _d (o
R,

) <C, K+ CyRI'M,,
dt  dt

where
e’ n? n
Ci=max{l, —— —}, Co=—.
e*—1 R¢
Integrating (3.27) we conclude that

R(@®)

(3.28) S (R{"+ (C;K + CoRY ™ My) ).

0

Below, we consider very large values of the size R, of domain (2.1). The above
inequality implies that the size R(t) of the flow region for the auxiliary pro-
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blem grows slower than R.: for each dimension »n and fixed T >0

. R(t)
(3.29) lim max =

Ryg— o 0<t<T R*

0.

Note that the regularized solutions y{(x) of the auxiliary problem are also
spherically symmetrical, and if we choose yi () as a decreasing function,
then the radial derivative of y; remains non positive,

(3.30)

or

We show now that y(x, t) < yxi(|x|, t) in (Que \B(Ry)) x (0, T).
The differences ¥ =i —x° and p = p{ — p°® solve the equation

.
S -FVz-ap=1=(F - )y,

with boundary and initial data that satisfy the conditions ¥(x, 0) =0, ¥ |s=0,
and ¥ | spr,) = 0. Hence, if we show that

(3.31) >0,

then it would follow that ¥(x, t) =0 for (x, t) € Qr.
Inequality (3.31) is a simple consequence of the choice of /', and (3.30).
Namely, for r< R,

I=(F, - F)-Vy}

_((Mﬁw).ﬁ) AN
r

pr-l g

a 3 R?%—l a &
_ﬂ(MO—"_}_(Ff));‘ Xl‘(MO—|F|)20.
or n-l P

r
Passing to the limit in e—0, we get the estimate
x(, t) <y (e, t)  for || SR @),
so y(x, t) also vanishes outside B(R(t)). This estimate and (3.29) show that for
each T >0 there exists a value of R, = R..(T) >0 such that

1
Vie[0,T] suppy(t)cB ER* .

Hence the solution to the modified problem solves the original problem in un-
bounded domain as well. =
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4. — Proof of Theorem 2.2.

Let (p, x) be a solution of problem (1.1)-(1.5) which corresponds to the data
(ps, %0), and denote by (p, %) a solution to the same problem with the same
data (p,, xo) which is obtained by the regularization method. As shown above,
the support of the latter solution is compact in @,. By Definition 1.1, the dif-
ferences ¥ =y — 7 and p = p — p satisfy the integral identity

T
4.1) Isff(;zgot—zp.vcﬁmgo)dxdt:o.
0 Q

We introduce the domains Q7 = {(x,t)eQr, |%(t, )| >0} and Qr=@Q X
(0, 7). Using these, we rewrite (4.1) in the form

(“2) I= [%gi~F Vg +udp)dedi=0, u=p/z,
o

where 4 =0 by (1.10).
We use u of (4.2) to introduce the auxiliary functions

1
uCe, 1), O<sp(r,t) < —,
&

(4-3) [ug('%" t): 1 1 , 1/8(90):867""|<1,
-, u(x, t) > —,
& &

and

(4.4) My t) =4, (e, ) S u, e, ) +v,().

Note that v, <A, <X +v,and A, =u+v,if 0<u<2, while i,=2 +v,if
& & &
u > l .
&
The above functions are used for ¢ so small that emax p(¢, ) <1. We apply
the following auxiliary proposition proved in Appendix A.2.

LEMMA 4.1. — Suppose that FeC' and the continuously differentiable
Sfunction h(x, t) vanishes for x outside a compact subset of Q. If the source
term satisfies Condition 2.3 and

1
(4.5) ce PI<A(a, t) < = + eeI*I) e>0,
£
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then the problem

(4.6) 2—‘5 CFVg 4 idp=hit, 2, (x,t) eQr=Qx (0, T),

0
—¢‘S,,=0,te<o,T>, ¢lior=0, 1cQ,

4.7) =0,
?ls v

has o solution @ e WY Q). Moreover, this solution admits the estimates

te[0,T]

T
4.8) max [ |V, ) |2de+ [ [1]4¢|2dedt <,
Q 0 Q
T
where Cy= CO(T,ff |Vh|2dexdt, HFH(Ql;), and
0 Q

T T
1| ¢ |2
4.9) ff—‘—‘p dacdts3ff(i|4|¢|2+
Al ot
0 Q 0 Q

Let ¢(x, t) be a solution to problem (4.6)-(4.7) with the function A given by
(4.4) and an arbitrary function % satisfying conditions of Lemma 4.1. For this
choice of ¢, the relation (4.2) takes on the form

h2+ |F|?|Vg|?
|/1| Vel )dmdt.

410 [ghdedt+1*=0, I*= [Fu-u,~v,) Apdvdt.
o o

As shown in subsection 3.7, if x lies outside of some ball B(R,), then
(4.11) x(x,t) =0, x(x, t) =y(x, t), ulx,t) =px, t).
We represent I * in the form
(4.12) I+=Il+12,
where
I, = f)"c(ﬂ —u.—v,) Adpdrdt, I,= f X —pe—v,) Apdxdt,
By Q7 \Bf
and By = {(x, t) e B(Ry) x (0, T): |7(x, t)| >0}.

We start with estimates over the set where x € B(R,) (see (4.11)). Using es-
timate (4.8) of Lemma 4.1, we evaluate /; in the following way:

_ _ 2
@13) |L|*< f;‘gzwdxdtx f(,ug+v£)|A(p|2docdt <1,C,,
o (we+v,) ol
T

T
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where

n- [ (ﬂwftiv o f

By

dx dt
(. +ve)

U—u:.=v,

From the definition of the function x, in (4.3), we conclude that at the points

1
where u > —
&

2 52 &

‘M_ﬂg_vs < max p%, lim maxp®=0.
u u,+v, l+ev, =01 +¢ev,
At the points where u < 1 and u=u, by 4.3)
&
—u,—v,)? 2
)—CZ (lu He &) — 2 Ve svsy lin})vezo

Hetve utv,
Thus 1in}) I,=0.
Let us now consider the integral I, over the complementary set Q7 \B; ,

where we can make use of (4.11). In its integrand ¥ =y and u = p/xy. We de-
compose I, into integrals over the smaller domains

Q= Q7 \Bf )N {0<ylx,t) <1}, @ =@QF \Br)N{ylx,t)=1}.

For (x, t) € Q, it follows from the definition of solution that p =0 and u =
Ue=0. Thus

’f)_c(u—,ug—vs)A(pdxdt‘ = ‘f}‘gvgzlqodxdt‘ <
Qo Q

1/2
(fvgdxdt) (f(ﬂ£+v£)|4|(p|2dxdt)
Qo Qo

f??(ﬂ—ﬂe—vg)ﬁ¢d90dt| =0
Qo

For (x, t) e Q,, there are relations u =p < 1 and u=u,, so
&

1/2

1/2
S\/Coe( fe*”‘dacdt)

Qo

and consequently hn})

’f)_c(u—,ug—vf)A(pdxdt‘ = ‘f}‘gvgzlqodxdt‘ <
Q1 Q

12

1/2
(f(/;e+vs)|4|go|2dacdt) \/2( fe*lx\dacdt)

Q1 Q1
—v,) dpdxdt | =
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Next, we pass to the limit in (4.10) for e—0 and finally arrive at the
equality

(4.14) [ 7zhdzdt=0

Qr
for an arbitrary function %, which signifies that 7 = 0 and, respectively, p = 0.
This proves the theorem. =

A. - Proofs of auxiliary propositions.

A.1. Proof of Lemma 3.1.

Let us define the function @(x) as the solution of (3.6), (3.7), (3.8) in the
smaller domain @ N B(3R,) with the Dirichlet condition (3.7) satisfied on the
sphere 0B(3R,) instead of dB(R. ). The solution ¢(x) is unique and bounded
independently of R... Using the pertinent local estimates, we find that the gra-
dient of ¢ is bounded at a finite distance from Q°:

Choose a function # e C *(Q) such that

1, |x|<R,,

(®) =
7 {o, 2| = 2R,

Conditions (3.7) and (3.8) hold for ¢ and
—Amy) — eF-V(ng) = ,(x), xeQ,

where
451(9c)=10 |@,(x) | =C if Ry<|x|<2R,.

The function V = u — g solves the boundary value problem (3.6), (3.7) with
the homogeneous boundary condition (3.8) and a bounded right hand side in
(3.6), which vanishes outside of the spherical layer B(2R,)\B(R,).

Let us rewrite (3.6) as an equation for V, multiply this equation by V, and
integrate the result over the domain @. Integration by parts shows that for
e<e(Ry)

(A1) rp=[|wWpdesn=c [ |V]de.
Q |x] <2R,

Now, we estimate the right hand side of this inequality. Put I,(v) &
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J |V]dS and pass to the spherical coordinates (r, ). Using the equality
|@] =7
Re
oV
f —(r, 8) dr
or

||

| V()| = . Vo, 0) Ear, 0)),

we obtain the estimates

. R 1/2

\/ln(RTRO) fﬂr|VV|2d1ﬂ , n=2,
A2) |V(x)| < <] N "

\ (R&R:i;:ﬁ_:i_jm )1/2 ffr|VV|2d7' , m>2.

||

These estimates yield the inequalities

1/2
C(nR )1/2( |VV|2dac) —CI,VInR,, n=2,
(A3)  I,(r < * Qf !

CII, n>2.
Using (A.3) we find that
2R,
T, VInR =2
(A4) I= f[o(r) dr < {Cl B =2
) Cl,, n>2.

Combining (A.4) with (A.1) yields the estimate

/< {C\/lnR*, n=2,

C, n>2.

(A.5)

Substituting (A.5) into (A.3) we see that

I < {ClnR*, n=2,
0= C, n>2.

The inequality

ChhR,., n=2,

(A.6) max |V| s{
C, n>2,

|x] = Ro

now follows from the local estimate [9]. The maximum principle for the func-
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tion V(x) implies the boundedness of |V(x) | and, consequently, that of «(x) in
B(R()):

max u(x) <
|’b| <Ry

{ClnR*, n=2,
C, n>2,

Outside of B(R,), the function u(x) satisfies the homogeneous equation (3.6).
One more application of the maximum principle for u(x) in @ N B(R,) com-
pletes the proof of estimates (3.9). m

A.2. Proof of Lemma 4.1.

First, we consider problem (4.6)-(4.7) in the bounded domain RE=Qn
B(R) and suppose that h(x, t) vanishes outside a compact subset of Q% for
each te (0, T). The equation for ¢ is

a
(A7) a_(f —F-Vo+24¢ = h(x, t), xQF, te (0, T).

The boundary conditions are ¢|s-=0, 9¢/Iv|s =0, @], =g =0; moreover,
@ | t=7=0.

We introduce the new time variable T = T — ¢. This transforms the problem
stated above for equation (A.7) into that of finding ¢ = @(x, ) from the
equation

a
(A.8) —a—¢—F~V¢+/1A¢=h,(9c,t)e E=QRx (0, 7),
T

under the boundary and initial conditions

(A9) ¢|S’:0? a_(p =0, q)||x\:R:0y (plr:OZO-

v |s
In (A.8), we use the original notation of (A.7) for the function of the reversed
time 7 that corresponds to .

It is well known [9] that problem (A.8)-(A.9) has a unique solution ¢ e
W2LQF). We seek estimates for this solution which do not depend either on
R or on 4.

We multiply equation (A.8) by Ag and integrate over Q% x (0, 7). For each
7e (0, T), this yields the equality

1 T T
(A.10) = f |Ve(z, ®) |2dx+f fl|A<p|2dxdr’ = fl(t’) dr' +J(1),
ZQR 0 QR 0
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where

(A11) I= [(F-Vo) dpde, J@ = [ [hdgdedr'.
QR 0 QR

It is evident that

f f —~VhVedxdr’

0 @F

f thgodxdr’

0 @

(A12)  |J(D)| =

<

=<

1 T
Eff(|Vh|2+|V(p|2)dxdr’.

OQR

We represent the integrand of the first summand in (A.10) in the form
Vo |?divF
(A.13) 1= f(u —qu-[(Vga-V)F]) de + Jg,
QF 2
where

1
Js= f((F-Vw)—aq’ - —|V¢|2<F-v>) @
s o 2

is the boundary integral and (repeated indices imply summation)

dp Fo oF; 3¢ op
(F-Vo)Adp=F, — —, V¢ [(Vp-V)F]= — — .

This identity is derived using integration by parts and the elementary
formula

Vo-[(Ve-V) F].

V ZF V 2 3: F
(F'Vw)AQDIdiV((F‘V@)V(p_ |V )+ | §0|2d1V B

Using (A.9), (2.7), and (2.8) we conclude that the boundary integral in
(A.13) is non-negative:

a 1
Jo= [ (Evp 2= 2 1veEy) ds-

1
— |V¢|2(F‘v)dSS0.
|¢] =R 2

le| =R
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Hence in (A.10)

(A.14) f](r) dr—f f( |V(p| divF —Vg-[(Ve- V)F]) dedt <

0 B(R)

C(||F||<1>)f f|Vgp|2dacdt.
0 B(R)
We collect (A.10), (A.12), and (A.14) to obtain the following estimate, which is
valid for 7 (0, T):

(A.15) — f|qu(r x)| dac+f fﬂ|Ag0| dedt <
0 QR

CFI™) [ [(1vnI+ Vgl dodt

0 QF

The Gronwall inequality permits us to deduce from (A.15) an estimate for in-
stant values of the L2 norm of V¢ that is uniform in 7 e (0, T'). Combined with
(A.15), this estimate yields the desired inequality (4.8), where the constant C,
does not depend on R.

Denote by ¢,(t, x) the solution of (A.7) that corresponds to B =g. For
each fixed R >0, the restrictions of functions from the family {¢,, 0 > R}
constitute a weakly precompact class in W2 (Q#). Using a diagonal process,
we can choosg a sequence g, / o so that for each R > 0 there is weak conver-
gence ¢, T @ in W2 1(QF). The limit ¢ solves (4.6)-(4.7) and inherits the es-
timates of the lemma from ¢,,.

Inequality (4.9) is obvious from (4.6) and the Cauchy inequality. This
proves the lemma. =
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