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Bollettino U. M. I.
(8) 6-B (2003), 415-433

Existence and Uniqueness of Solutions for Nonlinear
and non Coercive Problems with Measure Data.

PIRRO OPPEZZI - ANNA MARIA ROSSI

Sunto. – Si prova l’esistenza di una soluzione rinormalizzata per un problema ellittico
nonlineare noncoercivo in forma di divergenza, in presenza di termini di ordine
inferiore al secondo e dato misura. In ipotesi più restrittive si ottiene anche un teo-
rema di unicità.

Summary. – We prove the existence of a renormalized solution for a nonlinear non co-
ercive divergence problem with lower order terms and measure data. In a particu-
lar case we also give a uniqueness result.

Introduction.

In this paper we deal with a nonlinear and non coercive divergence equa-
tion containing lower order terms. Precisely we consider the following
problem:

( I )
.
/
´

2div (a(Q , u , Du)1F(Q , u) )1g(Q , u , Du) 4k

u40

in V

on ¯V

where j�Rn O a(x , s , j) �Rn is monotone, coercive and increases as NjNp21 .
Moreover s�ROF(x , s) �Rn increases as NsNp21 , while j�Rn Og(x , s , j) �
R increases as NjNp and satisfies a sign condition with respect to s . Here k is a
Radon measure vanishing on sets with zero p-capacity.

It is well known that a solution of nonlinear Leray-Lions type equations
does not lie in Ho

1, p (V) when the data is a measure. Therefore problem (I) has
no meaning in the usual distributional sense. So we use the framework of
renormalized solutions, which seems proper for such problems with measure
data (see [4], [7], [10] and others).

Denoting by t k (u) the truncation t k (u) 4 (uS (2k) )Rk , then we look for
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a function u : VKR such that

( II )

.
`
`
/
`
`
´

t k (u) � Ho
1, p (V) (kD0

s
V

aa(Q , u , Du), Ds k (u) vb dx1s
V

aF(Q , u), Ds k (u) vb dx1

1s
V

g(Q , u , Du) s k (u) v dx4s
V

vs k (u) dk (v� Ho
1, p (V)OL Q (V)

lim
kKQ

1

k
s

]kGNuNG2k(

NDuNp dx40

where s k (u) 4 ( (2NuN1k11)S0)R1.
We get an existence result which improves the one obtained in [10] and

[11], where only the lower term g was considered and the one obtained in [3],
where Ff0 and stronger assumptions on g are made.

We point out that in [8], [9], [10] it was possible to get a stronger limit
condition

lim
kKQ

s
]kGNuNGk11(

NDuNp dx40 ,

however also under asymptotic condition in (II), we are able, under regularity
conditions for the dependence on u , to obtain an uniqueness result when g de-
pends only on s .

A case where an operator with such a kind of lower order terms was con-
sidered is the paper [5]. In [5] the distributional formulation is possible, be-

cause g does not depend on Du and the authors assume pD22
1

n
. Just such

an assumption allows them to get a solution in a Sobolev space W 1, q
o (V),

1 EqE
n

n21
(p21).

1. – General hypotheses and definition of the problem.

Let V be a bounded open set in Rn , nF2. Let p be a real number

such that 1 EpEn and let p 8 be its Hölder conjugate exponent gi.e.,

p 84
p

p21
h. Moreover we denote by

Mo
p (V) 4

]m : B(V) KR : NmN(V) EQ , NmN(E) 40 (E� B(V) such that cp (E) 40( ,
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where B(V) is the Borel s-algebra, NmN is the total variation of m and
cp (E) is the usual p-capacity of a set E%V with respect to V .

For k , t , lD0 we define the functions t k , s t : RKR as:

t k (s) 4 (sRk)S (2k), s t (s) 4 ( (2NsN1 t11)S0)R1 .

We say that u : VKR is cp-quasi continuous if for every eD0 there exists an
open set Ue%V , with cp (Ue ) Ee , such that uNV0Ue

is continuous.
We shall write «cp-a.e.» instead of «almost everywhere with respect to

p-capacity».
Analogously to [1] we also define the functional class:

R1, p
0 (V) 4 ]v : VKR : v measurable , t k (v) � Ho

1, p (V) for every k�R1 ,

) an unique cp -quasi continuous representative vA of v(

We recall that for every u�R1, p
0 (V) there exists a measurable fuction v : VK

Rn such that Dt k (u) 4v1]NuNGk( a.e. in V for any kD0 (see Lemma 2.1 in [1]).
This function v , which is unique up to almost everywhere equivalence, will be
denoted by Du .

Now let a : V3R3Rn KRn be a Carathéodory function satisfying the
following conditions:

(i) there exist n�L 1 (V), c�R1 such that

aa(x , s , j), jb Fn(x)1cNjNp

for a.e. x�V and every s�R , j�Rn ;

(ii) there exist m�L p 8 (V), c1 , c2 �R1 such that

Na(x , s , j)NEm(x)1c1 NjNp21 1c2 NsNp21(ii0)

aa(x , s , j)2a(x , s , h), j2hb D0(ii1)

for a.e. x�V , for every s�R , j , h�Rn , jch.
Let g : V3R3Rn KR be a Carathéodory function such that:

(iii) there exist an increasing, continuous function b : [0 , Q) K [0 , Q)
and a nonnegative function d�L 1 (V) for which

Ng(x , s , j)NGb(NsN)(NjNp 1d(x))

for a.e. x�V and every s�R , j�Rn ;
(iv) there exists r�R1 such that

g(x , s , j) QsF0

for a.e. x�V , j�Rn and every s�R such that NsNFr.
Let F : V3RKRn be a Carathéodory function such that:
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(v) there exists b�L
n

p21 (V), for which

NF(x , s)NGb(x)(11NsNp21 )

for a.e. x�V and every s�R .

The aim of this paper is to prove the existence and, with some restrictions
on the data, uniqueness of solutions for problem (I), where k� Mo

p (V).
The notion of such a solution is determined by the following defini-

tion.

DEFINITION 1.1. – Let k� Mo
p (V) be given. We say that u�R1, p

0 (V) is a
renormalized solution of problem (I) if u satisfies

(1.1) s
V

aa(Q , u , Du), Ds k (u) vb dx1s
V

aF(Q , u), Ds k (u) vb dx1

1s
V

g(Q , u , Du) s k (u) v dx4s
V

vs k (u) dk

for every k�R1 , v� Ho
1, p (V)OL Q (V), and

lim
kKQ

1

k
s

]kGNuNG2k(

NDuNp dx40(1.2)

Such a definition is the same as in [7], because it is equivalent to consider
h i u in place of s k i u , with h�W 1, Q (R) having compact support.

2. – Preliminaries and estimates.

For h�N , let us consider

F h (x , s) 4
F(x , s)

11
1

h
NF(x , s)N

, gh (x , s , j) 4
g(x , s , j)

11
1

h
Ng(x , s , j)N

,(2.1)

with F , g like in Section 1.
We inform that from now on we shall denote by C a generic positive con-

stant which can change from a line to another one.

THEOREM 2.1. – Let f� H21, p 8 (V) and, for h�N , F h , gh as in (2.1). Then
there exists u� Ho

1, p (V), which solves

ah (u , v) 4 a f , vb for any v� Ho
1, p (V)(2.2)
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where

ah (u , v) 4s
V

a(a(Q , u , Du)1F h (Q , u) ), Dvb1s
V

gh (Q , u , Du) v .

PROOF. – Since gh , F h are bounded by h , we may apply Theorem 2 of [6]. r

LEMMA 2.2. – Let F�L p 8 (V)n , ( fh ) a sequence in H 21, p 8 (V)OL 1 (V) such
that sup

h
V fh V1 EQ and, for any h�N , uh � Ho

1, p (V) a solution of (2.2) with

fh 2div F in place of f .
Then there exists Cm �R1 such that the following estimate holds

s
]NuhNGm(

NDuhNp GCm (h�N , (m�R1 .

PROOF. – It is not restrictive to assume mFr . Let us consider

v4W l(t m(uh) ) as test function in (2.2), where W l(s)4se ls 2
, with l4g b(r)

2c
h2

.

Being s
]NuhNFr(

gh (Q , uh , Duh ) W l (t m (uh ) ) F0, we have:

s
V

aa(Q , uh , Duh ), Dt m (uh )b W 8l (t m (uh ) ) G

Gs
V

fh W l (t m (uh ) )1s
V

aF , Dt m (uh )bW 8l (t m (uh ) )1

2s
V

aF h (Q , uh ), Dt m (uh )b W 8l (t m (uh ) )2 s
]NuhNEr(

gh (Q , uh , Duh ) W l (t m (uh ) ) G

GW l (m) sup
h

V fh V1 1
c

8
s

]NuhNGm(

NDuhNp 1CW 8l (m)p 8
VFVp 8

p 81

1 s
]NuhNGm(

b(11m p21)NDuhNW 8l (t m (uh))1b(r) s
]NuhNGr(

(NDuhN
p1d)NW l (t m (uh))NG

GW l (m) sup
h

V fh V1 1
c

4
s

]NuhNGm(

NDuhNp 1CW 8l (m)p 8
VFVp 8

p 81

1C(11m p21 )p 8 W 8l (m)p 8
VbV

p 8
p 81

1b(r) s
]NuhNGm(

1

c
(aa(Q , uh , Duh ), Duh b1NnN)NW l (t m (uh ) )N1b(r) W l (m)VdV1 .



PIRRO OPPEZZI - ANNA MARIA ROSSI420

Using the following property of W l

W 8l (s)22klNW l (s)NF
1

2
(s�R(2.3)

we get

1

2
s

]NuhNGm(

(n1cNDuhNp ) G

G s
]NuhNGm(

aa(Q , uh , Duh ), Duh b yW 8l (t m (uh ) )2
b(r)

c
NW l (t m (uh ) )NzG

G
c

4
s

]NuhNGm(

NDuhNp 1W l (m) sup
h

V fh V1 1
b(r)

c
W l (m)(VnV1 1CVdV1 )1

1C[W 8l (m)p 8
VFVp 8

p 81 (11m p21 )p 8 W 8l (m)p 8
VbV

p 8
p 8 ] .

Hence the boundedness of g s
]NuhNGm(

NDuhNph
h�N

follows. r

LEMMA 2.3. – Let F�L p 8 (V)n , ( fh ) a sequence in H 21, p 8 (V)OL 1 (V) such
that sup

h
V fh V1 EQ and, for any h�N , uh � Ho

1, p (V) a solution of (2.2) with

fh 2div F in place of f. Then there exists a constant C�R1 such that:

Vln (11NuhN)VHo
1, p (V) GC (h�N

PROOF. – Let f(t) 4 s
0

t 1

(11NsN)p
ds . It is clear that f is bounded and Lips-

chitz continuous, so the sequence (f(uh ) )h is uniformly bounded and lies in
Ho

1, p (V). Moreover, by using f(uh ) as test function in (2.2), remembering con-
dition (iv) and Lemma 2.2, we have:

s
V

c
NDuhNp

(11NuhN)p
1

n

(11NuhN)p
Gs

V

aa(Q , uh , Duh ), Df(uh )b 4ah (uh , f(uh ) )1

2s
V
»F h (Q , uh ),

Duh

(11NuhN)p «2s
V

gh (Q , uh , Duh ) f(uh ) GCs
V

NfhN1

1s
V
»F,

Duh

(11NuhN)p «1s
V

b(11NuhN
p21)

NDuhN

(11NuhN)p
1C s

]NuhNGr(

b(r)(NDuhN
p1d)G

GC sup
h

V fhV11Cs
V

NFNp 81
c

4
s

V

NDuhN
p

(11NuhN)p
1s

V

b
NDuhN

(11NuhN)
1Cb(r)(Cr1VdV1) .
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Hence by using Young’s inequality too:

s
V

NDuhNp

(11NuhN)p
GCkVnV1 1sup

h
V fh V1 1VFVp 8

p 81VbVp 8
p 81b(r)(Cr1VdV1)l .

Then by Poincaré’s inequality our assertion follows. r

THEOREM 2.4. – Let F , fh , uh be like in Lemma 2.2. Then there exist A ,
B�R1 such that

s
V

NDt k (uh )Np GA1kB (k�R1 , h�N .(2.4)

PROOF. – By using the test function v4t k (uh )2t t (uh ) in equation (2.2),
with rG tEk , where r is given in condition (iv) of Section 1, we get

c s
]tGNuhNGk(

NDuhNp 1 s
]tGNuhNGk(

nGk sup
h

V fh V1 1 s
]tGNuhNGk(

aF , Duh b1

1 s
]tGNuhNGk(

b(11NuhNp21 )NDuhNGk sup
h

V fh V1 1C(VFVp 8
p 81VbVp 8

p 8)1

1
c

4
s

]tGNuhNGk(

NDuhNp 1C s
]tGNuhNGk(

b p 8 NuhNp Gk sup
h

V fh V1 1C(VFVp 8
p 81VbVp 8

p 8)1

1
c

4
s

]tGNuhNGk(

NDuhNp 1Cg s
]tGNuhNGk(

b n/(p21)hp/ng s
V

Nt k (uh )Np *hp/p *

G

Gk sup
h

V fh V1 1C(VFVp 8
p 81VbVp 8

p 8)1
c

4
s

]tGNuhNGk(

NDuhNp 1

1Cg s
]tGNuhNGk(

b n/(p21)hp/ng s
]NuhNGt(

NDuhNp 1 s
]NuhNFt(

NDt k (uh )Nph
By Lemma 2.3 we get N]NuhNF t(NG

C

( ln (11 t) )p
for each h�N , tD0, then we

choose tDr such that C g s
]NuhNFt(

b n/(p21)hp/n
E

c

4
.

Therefore, thanks also to Lemma 2.2, we obtain:

s
]tGNuhNGk(

NDuhNp GC g s
V

NnN1VFVp 8
p 81VbV

p 8
p 81Ct VbV

p 8
n

p21

h1k sup
h

V fh V1 .

Hence Lemma 2.2 gives the assertion. r

THEOREM 2.5. – Let (uh )h�Z1
be a sequence in Ho

1, p (V), for which
estimate (2.4) holds. Then there exist u�Ro

1, p (V), a subsequence of (uh ),
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still denoted by (uh ), and a function v�L r (V)n for every 1 GrE
n

n21
,

such that

a) Dt k i uh � Dt k i u in L p (V)n for each k�R1 , uh Ku a.e. on V .

b) a(Q , uh , Duh ) 1]NuhNGk( � v 1]NuNGk( in L p 8 (V)n

c) N]x�V : NuhNFl(NGS p * (A1B)
p *

p l2p * /p 8 for each lF1, where S
is the Sobolev embedding constant.

d) For each 1 GrE
n

n21
NDuNp21 �L r (V), a(Q , uh , Duh ) � v in

L r (V)(1 EpGn).

PROOF. – The proof is analogous to the one given in [8] (Theorem 2.2 and
Proposition 2.4). r

THEOREM 2.6. – Let F , fh , uh like in Lemma 2.2. Moreover we assume ( fh )h

to be weakly convergent in L 1 (V). Then, for a suitable constant C and for
every h�N , the following inequality holds:

(2.5) s
]kGNuhNG2k(

NDuhNp GkC k s
]NuhNFk(

NfhN1g s
]NuhNFk(

b n/(p21)hp/nl1

1C(VnV1 1VFV

p 8
p 81VbV

p 8
n/(p21)) , kFr .

Besides if u�R1, p
0 (V) is the limit of a subsequence of (uh ) like in Theorem

2.5, it satisfies estimate (1.2).

PROOF. – Let us consider v4t 2k (uh )2t k (uh ) as test function in the equa-
tion (2.2) with kFr . Analogously to the proof of Theorem 2.4, we have:

s
]kGNuhNG2k(

(cNDuhNp 1n) G2k s
]NuhNFk(

NfhN1
c

4
s

]kGNuhNG2k(

NDuhNp 1

1C s
]NuhNFk(

(NFNp 81b p 8)1Cg s
]NuhNFk(

b n/(p21)hp/ng s
V

Nt 2k (uh )Np *h(n2p) /n

G

G2k s
]NuhNFk(

NfhN1
c

4
s

]kGNuhNG2k(

NDuhNp 1C s
]NuhNFk(

(NFNp 81b p 8)1

1Cg s
]NuhNFk(

b n/(p21)hp/ng s
]NuhNG2k(

NDuhNphG2k s
]NuhNFk(

NfhN1

1
c

4
s

]kGNuhNG2k(

NDuhNp1C s
]NuhNFk(

(NFNp 81b p 8)1Cg s
]NuhNFk(

b n/(p21)hp/n

(A12kB) ,

in virtue of Theorem 2.4.
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Thanks to equi-integrability of fh , Theorem 2.5 c) and semicontinuity of the
norm, it results:

1

k
s

]kGNuhNG2k(

NDuNp G
1

k
lim inf

h
s

]kGNuhNG2k(

NDuhNp G

GC ke1g s
]NuhNFk(

b n/(p21)hp/nl1
C

k
(VnV1 1VFV

p 8
p 81VbV

p 8
p 81VbV

p 8
n/(p21))

for each kFke , ke�N suitable. r

THEOREM 2.7. – Let fh �Co
Q (V), F�L p 8 (V)n , h�N , fh � f in L 1 (V). For

each h�N , let uh � Ho
1, p (V) be solution of (2.2) related to fh and F . Let u be the

limit of a subsequence of (uh ), still denoted by (uh ), as in theorem 2.5. Then for
any kD0, it results:

lim
hKQ

s
]NuhNGk,NuNGk(

aa(Q , uh , Duh )2a(Q , uh , Du), D(uh 2u)b dx40.(2.6)

PROOF. – For kD0, let us consider the function s k , introduced in Section 1,
W l (s) 4se ls 2

, with

l4
b(k11)2

4c 2
and for j�N , c j (s) 4

.
/
´

1

0

2NsN/j12

if NsNG j

if NsNF2 j

if jGNsNG2 j .

We choose vh , j 4W l (t 2k12 (uh 2u) ) c j (uh ) s k (u) as test function in
equation (2.2). In fact vh , j � Ho

1, p (V) because vh , j 4W l (t 2k12 (uh 2

t k11 (u) ) ) c j (uh ) s k (u) a.e. in V, by definition of s k .
Moreover let kDr , so in ]x�V : NuhNFk11(O ]x�V : s k (u) c0(, vh , j

has the same sign as uh . Then, for jD3k13, it results:

s
V

aa(Q , uh , Duh )2a(Q , uh , Du), Dt 2k12 (uh 2u)b W 8l (t 2k12 (uh 2u) ) s k (u) dxG

Gs
V

aa(Q, uh, Duh)2a(Q, uh, Du), Dt 2k12(uh2u)b W 8l(t 2k12(uh2u)) c j(uh) s k(u) dx1

1 s
]NuhNFk11(

gh (Q , uh , Duh ) vh , j dx4s
V

aa(Q , uh , Duh ), Dvh , j b dx1

2s
V

aa(Q , uh , Duh ), Dc j (uh ) s k (u)b W l (t 2k12 (uh 2u) ) dx1
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2s
V

aa(Q , uh , Du), Dt 2k12 (uh 2u)b W 8l (t 2k12 (uh 2u) ) c j (uh ) s k (u) dx1

1s
V

gh (Q , uh , Duh ) vh , j dx2 s
]NuhNGk11(

gh (Q , uh , Duh ) vh , j dx4s
V

fh vh , j dx1

1s
V

aF , Dvh , j b dx2 s
]NuhNGk11(

gh (Q , uh , Duh ) vh , j dx1

2s
V

aa(Q , uh , Duh ), D(c j (uh ) s k (u) )b W l (t 2k12 (uh 2u) ) dx1

2s
V

aa(Q , uh , Du), Dt 2k12 (uh 2u)b W 8l (t 2k12 (uh 2u) ) c j (uh ) s k (u) dx2

2s
V

F h (Q , uh ) Dvh , j .

By assumptions (i) and (iii) it follows:

2 s
]NuhNGk11(

gh (Q , uh , Duh ) vh , j dxGb(k11) ks
V

dNW l (t 2k12 (uh 2u) )Ndx1

1 s
]NuhNGk11(

NDuhNp NW l (t 2k12 (uh 2u) )Ns k (u) dxlG

Gb(k11) k s
V

dNW l (t 2k12 (uh 2u) )Ndx1

1
1

c
s

]NuhNGk11(

(aa(Q , uh , Duh ), Duh b2n)NW l (t 2k12 (uh 2u) )Ns k (u) dxlG

Gb(k11) k s
V

dNW l (t 2k12 (uh 2u) )Ndx1
1

c
s

V

NnW l (t 2k12 (uh 2u) )Ndx1

1
1

c
s

]Nuh2uNG2k12(

aa(Q,uh,Duh)2a(Q,uh,Du),D(uh2u)bNW l(t 2k12(uh2u))Ns k(u) dx1

1
1

c
s

]NuhNGk11(

aa(Q , uh , Duh ), DubNW l (t 2k12 (uh 2u) )Ns k (u) dx1

1
1

c
s

]NuhNGk11(

aa(Q , uh , Du), D(uh 2u)bNW l (t 2k12 (uh 2u) )Ns k (u) dxl.
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Let us now evaluate:

s
V

aa(Q , uh , Duh ), Dc j (uh )b s k (u) W l (t 2k12 (uh 2u) ) dxG

GW l (2k12)
1

j
s

] jGNuhNG2j(

(m1c1 NDuhNp21 1c2 NuhNp21 )NDuhNdxG

GW l (2k12) k 1

j
s

]NuhNFj(

NmNp 8 dx1C
1

j
s

] jGNuhNG2j(

NDuhNp dx1

1c2 (2 j)p21 N]NuhNF j(N1/p 8 1

j
g s

] jGNuhNG2j(

NDuhNp dxh1/pl .

By theorem 2.5 c) (2 j)p21 N]NuhNF j(N1/p 8g 1

j
h1/p 8

is bounded. Moreover by

theorem 2.5 c) again, the measure of ]NuhNF j( decreases with j uniformly
with respect to h , so thanks to (2.5) and the assumptions on ( fh ) and F , it is
possible, for any eD0, to choose je�N such that

Ns
V

aa(Q , uh , Duh ), Dc je (uh )b s k (u) W l (t 2k12 (uh 2u) ) dxNGe for any h�N

With such a choice of je and remembering the property (2.3) of W l , we
get:

1

2
s

V

aa(Q , uh , Duh )2a(Q , uh , Du), Dt 2k12 (uh 2u)b s k (u) dxG

Gs
V

aa(Q , uh , Duh )2a(Q , uh , Du), Dt 2k12 (uh 2u)b s k (u) yW 8l (t 2k12 (uh 2u) )1

2
b(k11)

c
NW l (t 2k12 (uh 2u) )Nz dxGs

V

fh vh , je dx1s
V

aF , Dvh , je b dx1e1

2s
V

aa(Q , uh , Duh ), Ds k (u)b c je (uh ) W l (t 2k12 (uh 2u) ) dx1

2s
V

aa(Q , uh , Du), Dt 2k12 (uh 2u)b W 8l (t 2k12 (uh 2u) ) c je (uh ) s k (u) dx1

1b(k11) ks
V

dNW l (t 2k12 (uh 2u) )Ndx1
1

c
s

V

NnW l (t 2k12 (uh 2u) )Ndx1
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1
1

c
s

]NuhNGk11(

aa(Q , uh , Duh ), DubNW l (t 2k12 (uh 2u) )Ns k (u) dx1

1
1

c
s

]NuhNGk11(

aa(Q, uh, Du), D(t k11 (uh)2t k11 (u))bNW l (t 2k12 (uh2u))Ns k (u) dxl1

2 s
]Nuh2uNG2k12(

aF h (Q , uh ), D(uh 2u)b W 8l (t 2k12 (uh 2u) ) c je (uh ) s k (u) dx1

2s
V

aF h (Q , uh ), Dc je (uh ) s k (u)b W l (t 2k12 (uh 2u) ) dx .

Clearly vh , je K0 a.e. in V and (vh , je )h is uniformly bounded; moreover
Dvh , je �0 in L p (V)n , because

Dvh,je4W 8l (t 2k12 (uh2u))(Dt 3k13 (uh)2Dt k11 (u)) 1]Nuh2uNG2k12(c je(uh) s k (u)1

2W l (t 2k12 (uh 2u) ) D(t 2 je (uh )2t je (uh ) )
sign (uh )

je

s k (u)1

1W l (t 2k12 (uh 2u) ) c je (uh ) Ds k (u) ,

so it results

lim
h

s
V

fh vh , je dx40, lim
h

s
V

aF , Dvh , je b dx40 .

Besides a(Q , uh , Duh ) c je (uh ) �vc je (u) in the L p 8-norm by Theorem 2.5
b) and (Ds k (u) ) W l (t 2k12 (uh 2u) ) K0 in L p (V)n , so, as hKQ ,

s
V

aa(Q , uh , Duh ), Ds k (u)b c je (uh ) W l (t 2k12 (uh 2u) ) dxK0 .

The fourth integral in the last inequality goes to zero, because

Dt 2k12 (uh 2u)W 8l (t 2k12 (uh 2u) ) s k (u) �0 in L p (V)n , while

a(Q , uh , Du) c je (uh ) Ka(Q , u , Du) c je (u) in L p 8 (V)n .

By dominated convergence and reasons similar to previous ones also integrals
between square brackets go to zero as hKQ .

Now we observe that NF h (Q , uh ) c je (uh )N4
NF(Q , uh )N

11 (1 /h)NF(Q , uh )N
c je (uh ) G

b(11 (2 je )p21 ) and 1

h
NF(Q , uh )NG

1

h
b(11 (2 je )p21 ) K0. So, being F a

Caratheodory’s function, and b�L n/(p21) (V), we have F h (Q , uh ) c je (uh ) K

KF(Q , u) c je (u) a.e. in V and also in the L n/(p21)-norm. On the other hand
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(Dt 2k12 (uh 2u) ) s k (u) �0 in L p (V)n , hence

s
]Nuh2uNG2k12(

aF h (Q , uh ), D(uh 2u)b W 8l (t 2k12 (uh 2u) ) c je (uh ) s k (u) dxK0 .

Moreover F h (Q , uh ) W l (t 2k12 (uh 2u) ) 1]NuhNG2 je(K0 in L n/(p21) (V)n , while
Dc je(uh) sk (u)1c je(uh) Dsk (u)�Dc je(u) sk (u)1c je(u) Dsk (u) in L p (V)n. This
implies the convergence to 0 for the last integral.

This concludes the proof. r

THEOREM 2.8. – Let uh , u�R1, p
0 (V) be such that, for any kD0,

t k (uh ) �t k (u) in Ho
1, p (V) and a.e. in V . If moreover for any kD0 (2.6) holds,

then, by passing to a subsequence, if necessary, it results:

Duh KDu a.e. in V , 1]NuNG t( Dt k (uh ) K1]NuNG t( Dt k (u)

strongly in L p (V)n , (k , tD0 .

PROOF. – See [10] Theorem 3.3. r

3. – Existence and uniqueness theorems.

THEOREM 3.1. – Under hypotheses in Section 1, let k� Mo
p (V). Then there

exists a renormalized solution u�R1, p
0 (V) of problem (I) in the sense of Defi-

nition 1.1.

PROOF. – We recall that by Theorem 2.1 of [2] there exist f�L 1 (V) and
F�L p 8 (V)n such that k4 f2div F . Now let ( fh ) be a sequence of C Q

o (V) such
that fh K f in L 1 . For every h�N let uh � Ho

1, p (V) be a solution of Problem (I)
related to fh 2div F . Let u the limit of a subsequence of (uh ) like in Theorem
2.5. Let us prove that u is the desired solution.

Let v� Ho
1, p (V)OL Q (V), we choose vs k (u) s k11 (uh ) as test function in

(2.2). We obtain

s
V

aa(Q, uh, Duh), Ds k11 (uh) s k (u) vb dx1s
V

aF h (Q, uh), Ds k11 (uh) s k (u) vb dx1

1s
V

gh (Q , uh , Duh ) s k11 (uh ) s k (u) v dx4

4s
V

fh vs k (u) s k11 (uh ) dx1s
V

aF , Ds k11 (uh ) s k (u) vb dx .

We prove that by passing to the limit as hKQ in such an equation we
get (1.1).
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Thanks to the Theorem 2.5 b) and Theorem 2.8, it results

a(Q , uh , Duh )1]NuhNGk12( �a(Q , u , Du) 1]NuNGk12( in L p 8 (V)n

while D(s k (u) s k11 (uh ) v)KD(s k (u) v) in L p (V)n . Therefore

lim
hKQ

s
V

a(Q , uh , Duh ), Ds k11 (uh ) s k (u) vb dx4s
V

aa(Q , u , Du), Ds k (u) vb dx .

In virtue of the estimates:

N1]NuhNGk12( F h (Q , uh )NGb(11 (k12)p21 ) �L n/(p21) (V) and

lim
hKQ

N 1

h
F h (Q , uh ) 1]NuhNGk12( NG lim

hKQ

1

h
b(11 (k12)p21 ) 40

it follows that F h (Q , uh ) 1]NuhNGk12(KF(Q , u) 1]NuNGk12( a.e. and in
L n/(p21) (V)n . Hence:

lim
hKQ

s
V

aF h (Q , uh ), Ds k11 (uh ) s k (u) vb dx4s
V

aF(Q , u), Ds k (u) vb dx .

Thanks to the growth of g , assumed in (iii) of Section 1, it results:

1]NuhNGk12( 1]NuNGk11( Ngh (Q, uh, Duh)NGb(k12)(d1NDt k12 (uh)Np) 1]NuNGk11( .

The right hand side of the previous inequality is strongly convergent in
L 1 (V), so, remembering that g is a Caratheodory function, we have

gh (Q, uh, Duh) 1]NuhNGk12( 1]NuNGk11(Kg(Q, u, Du) 1]NuNGk11( a.e. and in L 1 (V) .

This clearly implies:

lim
hKQ

s
V

gh (Q , uh , Duh ) s k11 (uh ) s k (u) v dx4s
V

g(Q , u , Du) s k (u) v dx .

Finally the convergence of

s
V

fh vs k (u) s k11 (uh ) dx1s
V

aF , Ds k11 (uh ) s k (u) vb dx

to s
V

fvs k (u) dx1s
V

aF , Ds k (u) vb dx is clear and our assertion is proved.

Estimate (1.2) follows from Theorem 2.6. r

REMARK 3.2. – If F40 it is possible to obtain in place of (1.2), the stronger
condition

lim
kKQ

s
]kGNuNGk11(

NDuNp dx40 .
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In [9], in the case where g , F , H are equal to zero and a doesn’t depend on u ,
is proved the uniqueness of the renormalized solution for a unilateral pro-
blem too.

In the next Theorem we give an uniqueness result in the actual con-
text.

THEOREM 3.3. – In addition to the hypotheses given in Section 1, let us as-
sume on a , F and g the following ones:

(vii) there exists m 1 �L p 8 (V) and for each kD0 there exists c(k) D0
such that:

Na(x , s , j)2a(x , s 8 , j)NGc(k)Ns2s 8 N(m 1 1NjNp21 )

for each s , s 8� [2k , k], j�Rn , and a.e. x in V .

NF(x , s)2F(x , s 8 )NGc(k) bNs2s 8 N

for each s , s 8� [2k , k], and a.e. x in V , where b�L n/(p21) (V) is the same as
in (vi) of Section 1.

(viii) g : V3RKR is such that

Ng(x , s)NGb(s) d for a.e. x in V and (s�R

s�ROg(x , s) �R is strictly increasing .

where b , d are the same of (iii) in Section 1.
Then the renormalized solution of problem (I) is unique.

PROOF. – Let u , w�R1, p
0 (V) be solutions of problem (I).

If e�l0, 1

3
k we let l e (s) 4

.
/
´

ln (s/e)

ln (1 /e)

0

if sFe

if sEe .

We observe that lim
eK0

l e (s) 41]0 , Q[ (s). Moreover, for kF1, l e (s) G11 ln k

for sGk . Let c j be defined as in the proof of Theorem 2.7. As test function
in (1.1) we choose ve , j 4c j (u) c j (w) l e (t a (u2w) ), with aD2 j . It results
ve , j � Ho

1, p (V), because ve , j 4c j (u) c j (w) l e (t a (t 2 j (u)2t 2 j (w) ) ). Now we
choose the same test function ve , j in the equation relative to w and we subtract
it from the one relative to u . We obtain

s
V

aa(Q , u , Du)2a(Q , w , Dw), Dve , j b1

1s
V

aF(Q , u)2F(Q , w), Dve , j b1s
V

( g(Q , u)2g(Q , w) ) ve , j 40
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We decompose the first integral in the following way

s
V

aa(Q , u , Du)2a(Q , u , Dw), Dl e (t a (u2w) )b c j (u) c j (w)1

1s
V

aa(Q , u , Dw)2a(Q , w , Dw), Dl e (t a (u2w) )b c j (u) c j (w)1

1s
V

aa(Q , u , Du)2a(Q , w , Dw), Dc j (u) c j (w)b l e (t a (u2w) ) .

The first integral of such a decomposition is non-negative, so

lim sup
eK0

s
V

( g(Q , u)2g(Q , w) ) ve , j G lim sup
eK0

k2s
V

aF(Q , u)2F(Q , w), Dve , j b1

2s
V

aa(Q , u , Dw)2a(Q , w , Dw), Dl e (t a (u2w) )b c j (u) c j (w)1

2s
V

aa(Q , u , Du)2a(Q , w , Dw), Dc j (u)c j (w)b l e (t a (u2w) )l .

Now we evaluate

lim sup
eK0

2s
V

aF(Q , u)2F(Q , w), Dve , j b 4

4lim sup
eK0

k2 s
]eEu2wGa(

aF(Q, u)2F(Q, w), Dt a (u2w)b
1

t a (u2w)

1

ln (1/e)
c j (u) c j (w)1

2s
V

aF(Q , u)2F(Q , w), Dc j (u) c j (w)b l e (t a (u2w) )lG

Glim sup
eK0

kc(2j) s
]eEu2wGa(

bNu2wNNDt a (u2w)N
1

Nt a(u2w)N

1

ln (1/e)
c j (u) c j (w)1

2s
V

aF(Q , u)2F(Q , w), Dc j (u)c j (w)b l e (t a (u2w) )l4

42 s
]0Eu2w(

aF(Q , u)2F(Q , w), Dc j (u) c j (w)b
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because b(Dt a (u2w) ) c j (u) c j (w) �L 1 (V) and aF(Q , u)2F(Q , w),
Dc j (u) c j (w)b �L 1 (V). Thanks to assumption (vii) on a analogously we
obtain

lim sup
eK0

2 s
]eEu2wGa(

aa(Q , u , Dw)2a(Q , w , Dw), Dt a (u2w)b Q

Q
1

t a (u2w)

1

log (1 /e)
c j (u) c j (w) 40 .

Moreover it is clear that

lim sup
eK0

2s
V

aa(Q , u , Du)2a(Q , w , Dw), Dc j (u) c j (w)b l e (t a (u2w) ) 4

42 s
]0Eu2w(

aa(Q , u , Du)2a(Q , w , Dw), Dc j (u) c j (w)b .

Then

lim sup
eK0

s
V

( g(Q , u)2g(Q , w) ) ve , j 4 s
]0Eu2w(

( g(Q , u)2g(Q , w) ) c j (u) c j (w) G

G2 s
]0Eu2w(

aF(Q , u)2F(Q , w)1a(Q , u , Du)2a(Q , w , Dw), Dc j (u) c j (w)b .

By passing to the limit as jKQ and using (1.2) we have

lim sup
j

2 s
]0Eu2w(

aF(Q , u), Dc j (w)b c j (u) G

G lim sup
j

1

j
s

] jGNwNG2j(

b(11NuNp21 )NDwNc j (u) G

G lim sup
j

k 1

j
VbVp 8g s

] jGNwNG2j(

NDwNph1/p

1

1g 1

j
h1/p 8g 1

j
s

] jGNwNG2j(

NDwNph1/p

(2j)p/p 8gg s
] jGNwN)

b n/p21hp/n

N] jGNwN(N12p/nh1/p 8l40 .
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In fact, in virtue of estimate (c) of Theorem 2.5 it results

N] jGNwN(N(12p/n)1/p 8Gj 2(p */p 8)(12p/n)1/p 8 and 2
1

p 8
1

p

p 8
2

p *

p 8
(12

p

n
)

1

p 8
40 .

With analogous computations for the other terms of the last side in (3.1),
thanks to the corresponding growth conditions, we get

lim sup
j

s
]0Eu2w(

aF(Q, u)2F(Q, w)1a(Q, u, Du)2a(Q, w, Dw), Dc j(u) c j(w)b40 .

Therefore, by (3.1)

lim sup
j

s
]0Eu2w(

( g(Q , u)2g(Q , w) ) c j (u) c j (w) G0 .

Finally by Fatou’s lemma it follows that s
]0Eu2w(

( g(Q , u)2g(Q , w) ) G0, so the

increasing property of g(x , Q) ensures uGw . The roles of u and w may be ex-
changed, so that u4w .
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