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6-Curves Inducing two Different Knots
with the Same 2-fold Branched Covering Spaces.

Soo HwaN KiMm (*) - YANGKOK KIm

Sunto. — Per un nodo K con un’inversione forte i indotta da un tunnel di scioglimento
abbiamo una proiezione IT : S®— S?/i che é un ricoprimento doppio ramificato so-
pra un nodo banale I1(fix (2)), dove fix (i) e l'asse 1. Allora un insieme I1(fix (1) U K)
¢ chiamato 0-curva. Costruiamo 0-curve e 1 ricoprimenti Zy @ 7, ciclict ramificati
sopra, O-curve, che hanno due decomposizioni di Heegaard non isotopiche che sono
uno stabilmente equivalenti.

Summary. — For a knot K with a strong inversion 1 induced by an unknotting tunnel,
we have a double covering projection IT:S%—S3/i branched over a trivial knot
II(fix (1)), where fix (1) ts the axis of .. Then a set II(fix (1) U K) is called a 6-curve.
We construct 6-curves and the 7,@ 7y cyclic branched coverings over 6-curves,
having two non-isotopic Heegaard decompositions which are one stable equivalent.

1. — Introduction.

Every closed orientable 3-manifold M has a Heegaard splitting which is a
decomposition of M into two handlebodies. There is a canonical process, called
stabilizations, which transforms a Heegaard splitting of genus ¢ into one of
genus g + 1. It is known that for many manifolds, there are more than one iso-
topy class of minimal genus Heegaard splittings. However for non-minimal
genus Heegaard splittings, very little is known, and the only manifolds for
which non-isotopic Heegaard splittings of non-minimal genus have been ex-
hibited are obtained by surgery on pretzel knots [3] and by Kogayashi for
torus sum of pretzel link complements with 2-bridge link complements [6]. In
both cases the manifold is shown to contain irreducible Heegaard splittings of
arbitrary large genus. Examples of arbitrarily high genus Heegaard splittings
which are isotopic after one stabilization were found by Sedgwick [9]. How-
ever, it is not known whether the Heegaard splittings in those examples are
non-isotopic before the stabilizations, nor whether that they are stabilizations

(*) The first author was supported by KOSEF 1999.
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of a common low genus Heegaard splittings. We now are interested in the
problem what kind of knots have homeomorphic branched coverings. In [5]
they consider two different knots K, and a torus knot 7(3, ¢q) which have the
Brieskorn homology spheres >.(2, 3, q¢) as 2-fold cyclic branched coverings,
where (2, 3, q) are relatively prime. Also, it is shown that two inequivalent
Heegaard splittings of 2(2, 3, ) of genus 2 associated with 7(3, ¢) and K,
are one stable equivalent.

In (1, 1)-decomposition and tunnel theory, we have O-curves constructed
as follows: For a knot K with a strong inversion ¢, we have a double covering
projection I7 : S®— S3/i branched over a trivial knot I7(fix ()), where fix (i) is
the axis of a strong inversion <. Then the set I1(fix (1) U K) is called a spatial 6-
curve associated with (K, i), and more restrictively, a spatial 6-curve of a
strong inversion induced by an unknotting tunnel is called a 6-curve. One
overall approach to the knot theory of graphs is to seek knots associated with
a graph G so that questions about G can be translated into questions about
knots. For example, we recall that a 6-curve G is locally unknotted if every
constituent knots are trivial. For each of the three trivial simple closed curves
J;(i=1, 2, 3) in a locally unknotted 6-curve G, the arc G — J, lifts to a knot K;
in the two-fold cyclic branched covering of S*® branched over J;. The un-
ordered triple (K;, K,, K3) of knots in S® is an isotopy invariant of a 6-curve.
In [12] it is shown that a locally unknotted 6-curve is planar if and only if one
of the three knots K; is trivial. Thus the problem of deciding whether or not a
O-curve is planar reduces to determining whether or not its three constituent
knots and one knot in a branched cover are trivial. In [7] they show that a 6-
curve of a strong inversion induced by an unknotting tunnel has the following
characteristic: The set of the constituent knots of a 6-curve consists of two
trivial knots and a knot with a 2-bridge decomposition.

In this paper we construct a locally unknotted non-planar 6-curve and
show that the unordered triple (K, K, K3) of knots in a branched cover of
S3 have two different knots, torus knot 7(3, |68 +1|) and montesinos knot
m(—1:(2,1)3,1)(|68+1], |B]), f# —1. We then show that Z,D Z, cov-
ering over a f-curve have two equivalence classes of genus 2 Heegaard split-
tings which are one stable equivalent. This construction comes from mon-
tesinos knots or Dunwoody Heegaard decompositions, and produces infinitely
many pairs of different prime knots whose 2-fold branched coverings are
homeomorphic.

2. — The 6-Curves of Montesinos knots and Z,® Z, coverings.

In [1] montesinos knots were considered to construct homeomorphie 2-fold
cyclic branched covering space associate to the seifert fiber space.
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Fig. 1. - m(—=1:(2, 1)(3, 1)(|68+ 1], |B]))

Indeed X(2,3,q9=|68+1]) is a 2-fold cyclic branched covering of two dif-
ferent knots, the torus knot 7(3,¢q) and montesinos knot m(—1:
(2,1)3,1)(|68+1], |B])), where § is integer such that

2(=1)3B)(|6+1 )+ 3)(|68+1])+2(1)(|68+1|)+2(|F])(3)==1.
The manifold admits at least two equivalence classes of genus 2 Heegaard
splittings.

For i =1, 2 and an integer n, we denote by o} the n-tangle whose incom-
ing arcs are i-th and (¢ + 1)-th strings. For example,

(7} G,0,07

For a product T of tangles, we define a T-tangle by the following link or
knot.
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For example, (0,0,)!%"!l-tangle denotes the torus knot 7'(3, |68+1|).

We now construct a 0-curve from m(—1:(2, 1)(3, 1)(|68+1], |8])) as
shown in Fig. 1, where the dotted line is the axis of the strong inversion 7 in-
duced by an unknotting tunnel. We obtain a 6-curve, denoted by 6(x, y, z), as
the quotient of (S®, m) by a strong inversion 7 as shown in Fig. 2(a), where
{x, y, 2} is the set of three edges, each of which joins the two vertices. The
xUy,yUzand z U x are called the constituent knots of 6(x, ¥, z), and denot-
ed by k,,, k,. and k,, respectively. First, we construct the 2-fold covering
M;(k,,) of S % branched along k,,. Let z be the lift of the edge z in M;(k,,).
Then z is a knot which bounds an orientable surface in M, (k,,). Hence we can
construct the 2-fold covering of M, (k,,) branched along z. This is the Z, ® Z,
branched covering M, (6) of 6(x, y, z). By the same way, we can also construct
M, (0) by choosing M,(k,.) or My (k.,) instead of M(k,,). Indeed M, (6) is in-
dependent of the choice of the constituent knots, when we first construct the
2-fold branched covering of one of constituent knots of 6(x, ¥, 2).

LEMMA 1. — Let 04, 0, be tangles defined as above. Then
(1) oio0]=0%010%, 050104 =0]0%01,
(2) (01090501)° is commutative with ¢4, and
(3) (01020501) 05 = (0,02 = (050,)% where e, n= +1.

Pl =
I | I | I I
I | I B+ ! p
IR | 1(2B U i(clczczcl) i
| 2B | o [
: : | __‘___I |l _ _‘7_ |
L _ |
LA 1 |
k'xl:y Ol‘kyz L J kz;l:
(a) (b)

Fig. 2. — A O-curve 0(x, y, 2)
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Proor. — (1) It is clear.
(2) Note that

oioso50i0%=0i050 0501 =0%0i05050%.
(3) Note that

0505050505 = 0501050503045 = 00505050505 and

I

Q
Do
S
Q
Do

Q
Do
S
Q
o™
Il
Q
Do ™
A
Q
Do ™
A
Q
Do ™
S
|

THEOREM 1. — Let k,,, k,. and k., be three constituent knots of 6(x, y, 2),

My (ky,), My(k,,) and My (k,.) be the 2-fold branched coverings of S? branched
along k,,, k,. and k.., respectively. Then

(1) The lifts ® and z of ® and z in My(k,,) and My(k,,) are the knot
m(—=1:(2,1)3,1)(|68+1], |B])).
(2) The lift y of y in My(k,,) is the torus knot T(3, |65 +1|).

PRrOOF. — (1) It is clear that & and z represent m(—1:(2, 1)(3, 1)(|65 + 1],
|B])) as the lifts of arcs x and z, respectively.

(2) We note that the lift  of v in M,(k,,) is a T-tangle as shown Fig. 3,
where

2B+ -1 -1 _-1,_-1 “1/,-1,_-1 _—1_—1\8 . —(28+1
T—Uz(/ )(01 02 032 03 )ﬁ01 (01 05 05 01 )laz(ﬁ )01'

]

Fig. 3. — The lift 4 of y in M,(k,,)

Thus it is enough to show that the T-tangle is (o705 1)% * -tangle(8 > 0)
or (o7'o; 1) *1-tangle(B < 0) which is the torus knot 7(3, |68+ 1]).
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1 1

Case i) f= —y>0. Since 07’0305 07! and 05! are commutative, we

have

111 -1, -1y -2
01 (01 03 05 017)0,

0.1—10.2—1(0.1—10.2—10.2—10.1—1) 0.2—1 — 0.2—10.1—10.2—10.2—10.2—10.1—10.2—1

-1 -1 ,.-1__-1_-1 -1,.-1_ -2 -1 -1 .-1,_-1 -1
0y (0105 05 01 )03 01 =03°(01 05 05°01°) 04
and so o7! and (o7'o5 05 o7!) 052 are commutative. Hence we have

2y -1 1 2y 1
05" (01030301) 01 (0,03020,) 03705 0,

_ 4y-1 2y —1, -1
=03 (01030201)701 03" 0,

_ 4y-1 2 -1, -1
=037 (0102020,)7 0,01 03

1 -1

=03(0,02020) 01 03 ' =05*(0,0,030,) % oilo;
={(0102) Y01 03" = (07 0 )P,

Case ii) B<0. Since o;'os'os'o;! and 05! are commutative, we
have

2 _ _
(020501)(010203201) 05=05020,020103020105=030301032010301050

=020102010201020201=0320102020,;0202020;
=01020102010205050,=(01030,01)(030,)(020,01)
and so 0,050, and (0,0,0,0;) 0% are commutative. Hence we have

0;% Y0o,03030,) PoiN(0,03050,) Po3% 1o,

__—2p-1 -B —p-1_-28-1
=03 p (01050507) /020201(01020201) f O A (251

28—

_ _—48-3 - 1
—Uz/ (01050504) 020201020

28—

__—4p-2 - 1
=032 A (01050504) 0201020

=(030,) % %050, = (o5 o )P, n

The three constituent knots k,,, k,. and k., of 6(x, y, z) are trivial. More-
over the lifts &, % and Z are nontrivial as shown in Theorem 1. Hence 0(x, v, 2)

is locally unknotted and non-planar by [12].
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LEMMA 2 ([8]). — Let M ,(0) be the 7o ® 7, branched covering of 6(x, y, 2).
Then we have

H,(M,(0), Z) = Hi(My(ky2), Z) @ H(Mz(ky3), Z) D Hy(Ms(ksy), Z).

COROLLARY 1. — Let M, (0) be the 7y ® 7, branched covering of 6(x, y, 2).
Then M,(0) is a Brieskorn homology sphere.

LEMMA 3 ([2]). — A link type is presented in an m-bridge presentation if
and only if it is represented as a 2m-plat.

THEOREM 2. — Let M, (0) be the Z,® Z, branched covering of 0(x, y, 2).
Then M,(0) admits two inequivalent Heegaard splittings of genus 2. More-
over two inequivalent Heegaard splittings are one stable equivalent.

ProOF. — Since each constituent knots is trivial, each corresponding cover-
ing space is a 3-sphere S* having lifted knots Z, % and 2 as Theorem 1. Firstly,
the torus knot 7(3, |6 +1|) has bridge index 3; hence by Lemma 3 it has
plat index 6. Therefore, by Theorem 5 of [2], the 2-fold covering space My(k,,)
of M;(k,,) branched over (3, |65+ 1|) has Heegaard genus <2. Since
My(k,,) has a non-cyclic fundamental group, its Heegaard genus cannot be
less than 2, which establishes genus two. Secondly, in [2], the 2-fold covering
space Moy(k,.) = My(k,,) of My(k,.) =M,(k,,) branched over 3-bridge knot
K,=m(-1:(2,1)(3, 1)(|65+1], |B]|)) admit a genus two Heegaard split-
ting [5]. Note that the algorithm given in section 5 of [2] allows one to find a
Heegaard splitting of genus 2 for the 2 -fold covering space My(k,,) (resp.
Mz(kyz)) of a knot T(3, |68 + 1) (resp. K,), whenever two knots are present-
ed in 6-plat. Thus we may find Heegaard splittings of genus 2 for My(k,,) and
]Wz(kyz) from 6 -plat presentations of 7(3, |68+ 1|) and K,, respectively,
using that algorithm. By Theorem 8 of [2], these Heegaard splittings are
equivalent only if two knots are equivalent knot types. Since two knots
T(3, |68+ 1]|) and K, are inequivalent, the first assertion is established.

To prove the second assertion, suppose that M,(6) admit two genus
2 Heegaard splittings coming from 7(3, |64 + 1|) and K. Then by assertion
above, M,(0) admit inequivalent genus 2 Heegaard splittings. Note that
by singer-reidemeister all Heegaard representations of a closed orientable
3-manifold are stably equivalent. Using 4-colored graph (or crystallization)
for genus two Heegaard splittings as [5], we obtain two crystallizations
corresponding to two inequivalent Heegaard splittings of genus 2. Adding
a dipole of type 2 that corresponds to a single stabilization of the Heegaard
splittings, we obtain two crystallizations corresponding to two Heegaard
splittings of genus 3. By the finite sequence of crystallization moves (called
LCG moves in [5]) we have two isomorphic crystallizations. As a consequence,
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we have two equivalent Heegaard splittings of genus 3. (See [5] for
detail.) =

3. — The O-curves of Dunwoody Heegaard decompositions and Z,® 7,
coverings.

In 1994, Dunwoody [4] introduced 6-tuples of non-negative integers
(d, a,b,c,r, s), where d =2a + b + ¢, yielding a family of genus n Heegaard
diagrams H, of closed orientable 3-manifolds D, (d, a, b, ¢, 7, s). In [10] they
proved that D, (d, a, b, ¢, 7, s) are the n-fold cyclic coverings of S branched
over knots K, called Dunwoody (1, 1) knots. Furthermore they showed how to
find the unknotting tunnels of Dunwoody (1, 1) knots. In [7] a 6-curve of a
strong inversion induced by an unknotting tunnel has two trivial knots and a
knot with a 2-bridge decomposition as its constituent knots. As a general case
of 7@ 75 covering in Theorem 2, we have the following Z, @ Z, covering of 6-
curves induced by Dunwoody decomposition D,(d, a, b, c, 7, s).

THEOREM 3. — Let M be a closed orientable 3-manifold with genus two
Dunwoody decomposition Dy(d, a, b, c,r,s). Then M 1is the Z,D7Z»
branched covering of a 6-curve G. In particular it is a homology sphere if G is
locally unknotted and a lense space if G is not locally unknotted.

Proor. - Let (H, H') = (Dy(a, b, ¢, v), D;*(a, b, c, r)) be the Heegaard
splittings of M, where D;* is the dual handlebody of D,. In other words, D,
and Ds* are 1-handle and 2 -handle. Then H is embedded into R so that the 7-
rotation with respect to «, ¥ and z axes induce three involutions @, ¢ and o on
H respectively as shown in Fig. 4.

la, la lq,

Fig. 4. — The 6-curves of Dy(d, s, b, c, 7, s)
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We now can choose a gluing homeomorphism % of the two handlebodies so
that £ is compatible with the involution o, i.e., 0|5 o = h o 0 5. Then by the
facts of Birman-Hilden’s theorem [2] and o = € 0 0 = 0 0 ¢, We may get a genus
2 closed orientable 3-manifold M with Z, @ Z, symmetry generated by ¢ and o.
For each involution 7 on H, we have a double covering projection P;: Dy— D, /i
branched over K; = P(A;), where A, is the axis of an involution 7. Note that K,,,
K, and K, are knots in a lens space, S? and S?, respectively. Moreover K, and
K, are knots in genus one solid torus with (1, 1)-decomposition with involu-
tions t, = (o/o U ¢/p) and t, = o/o U &/o respectively, and K, is a 3-bridge knot
with a strong inversion ¢, = (o/e U g/e) (see fig. 4). Note that the quotient
space D, /o is Dunwoody 3-sphere D, (a, b, ¢, r). Now for each involutions ¢, ¢,
and t,, we have a double covering projection Q;:D,/i— DtL/Z =S? such
that '

QtUOPGZQtQOPQ:QtEOPs'

Hence a genus two three manifold M has the 7Z,@® Z, covering projection
I1;,67,:M—S 3 with 17 ze@7,(A, UA,UA,) as a O-curve induced by Dun-
woody decomposition D.(d, a, b, c,r,s). ®

We now give some examples of two classes of 6-curves induced by Dun-
woody decompositions. Let G be a 6-curve induced by Dunwoody decomposi-
tion Dy(1, 1, 6, 6) as shown in Fig. 5. Then the three constituent knots of G
are trivial and so M;,q7,(60) is a homology sphere. The unordered triple
(K;, K;, K3) of knots in a branched cover of S have two different knots, torus
knot 7(3,7) and montesinos knot m(—1:(2,1)(3,1)(7,1)).

In general, we see that M, q,(0) is a homology sphere if 0 is induced by
Dunwoody decompositions D,(1,1,4t—2,4t—2), D,(1,1,4t,5) and
D,(|B|, |2B+1],4|B]|, |68 +1]|) with |65 +1| =3t + 1. Moreover the in-
duced locally unknotted 6-curves are the one in Fig. 2. The unordered triple
(K, K;, K3) of knots in a branched cover of S® consist of two different knots,
torus knot 7(3, |68+ 1|) and montesinos knot m(—1:(2, 1)(3, 1)(|68 +

[ =

Fig. 5. — A 6-curve of D,(1,1,6,6)

_ A
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ah

Fig. 6. — A 6-curve of D,(9,0,3,8)

1], |B])), B #= —1. Hence the Zy® Z, coverings over 0-curves have two equiv-
alence classes of genus 2 Heegaard splittings which are one stable equiva-
lent.

Let G be a 0-curve induced by Dunwoody decomposition D,(9, 0, 3, 8) as
shown in Fig. 6. The three constituent knots of G are two trivial knots and the
knot 6,. Then the lift z of z in M,(k,,) is the knot 8; and so M, 47, (0) =
L(21,8).

Similarly we see that My, 4,,(0) is a lens space if 6 is induced by
Dy(5,1,2,6), D;(3,4,3,6) and D,(2,2,3,5).
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