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Bollettino U. M. I.
(8) 6-B (2003), 181-198

Analytic Solutions to Nonlocal Abstract Equations.

GHISI MARINA

Sunto. — St considera il problema dell’esistenza di soluzioni globali analitiche per
equazioni astratte, in spazi di Hilbert, di tipo Klein-Gordon corrette con termini
non locali, del tipo:

u" +m(pull?, (A, u) Au + n(ul, (Au, u) u=0.

In particolare si individuano classi di condizioni sulle funzioni m ed n (sia in pre-
senza che in assenza di energie conservate) che garantiscono lesistenza di tali
soluzioni.

Summary. — In this paper we study the problem of existence of global solutions for
some classes of abstract equations, that generalize some type of Klein-Gordon equa-
tions, with nonlinear nonlocal terms of Kirchhoff type. We find some conditions
that guarantee the existence of such solutions whether in presence or in absence of
a conserved energy.

1. — Introduction.

Let V be an Hilbert space, which is imbedded in this antidual space V' by a
symmetric continuous compact map, and let H be the Hilbert completion of V
with respect to the product (u, v)y = (u, v), where (u, v) is the antiduality
between V' and V.

Let A: V—V' be a symmetric positive definite isomorphism, i.e.

1.1) (Au, vy =(Av, u) and (Au,u)=clul}, with ¢>0.
In this framework, we consider the following abstract Cauchy problem:

r { w” + m(|[ulf, (Au, u)) Au + n(|lul, (Au, u)) u =0

w0)=ugeV,u'(0)=ueV
while m, n :[0, + o[ X[0, + o[—R are continuous functions and:

m(r,s)=0 on [0, + oo X[0, + f.
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Since the operator A is symmetric and coercive, and m is nonnegative,
equation in (1.2) is of weakly hyperbolic type.

In the case =0 and m(r, s) =m(s), a concrete version of (1.2) is the
Kirchhoff equation (introduced by [8]):

(1.3) utt—m(f|Vu|2)Au=0 reQ
o

where Q = [0, 271" (and we look for solutions « which are 2 m-periodic fune-
tions in the space variables). The problem of existence of local-global solutions
for (1.3) has been studied by a lot of authors (both in Sobolev spaces and in the
analytic case); we refer to [1] and [10] for a complete bibliography. Only we re-
call some authors who studied the problem of analytic global solutions.

Bernstein [3] proved that equation (1.3) with analytic periodic data has a
global solution in one space dimension, assuming that

1.4) m  Lipschitz continuous and m=v>0.

Pohozaev [9] extended this result to several space dimensions. Later on Arosio
& Spagnolo [2] relaxed hypothesis (1.4) by assuming merely that m is continu-
ous and:

+ oo

(1.5) m is bounded or fm(s) ds=+ o,
0

Condition (1.5) was later removed by D’Ancona & Spagnolo [5]-[6], indeed
they supposed only m continuous and m = 0. We remark that in [6] it was con-
sidered the abstract generalization of (1.3), i.e. " + m({Au, u)) Au = 0. Later
on in [7] it was proved the existence of global in time, periodic in x, analytic
solutions for some system of the form:

h
(16) Ut = 21 Bz(”ul ||2» [ERS) ”um”Z) U@T
h
where U = (44, ..., u,,), matrices B; are continuous, 2 B;(ry, ..., r,) &; has

i=1
real eigenvalues for all £ = (&4, ..., &) e R"\{0} and ||f|| denote the L *norm.
Moreover they assumed that:

THEOREM 1. — The matrices B;(r, ..., #,,) are bounded.

or

THEOREM 2. — System (1.6) has a conserved coercive energy, i.e. there
exists some function L(w, ..., r,) (with =, ..., 7, =0) such that if U=
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(uq, ..., U,,) is a solution of (1.6) then
(1.7 Ly DIF, -, ot ) = Lllleez (O, .., [, 0)[P).
Moreover

lim L(ry, ..., r,) =+ .

Lt Ty 0

or

THEOREM 3. — System (1.6) is 2 X 2 in one space variable, with a conserved
energy (see (1.7)). Moreover, denoted by ¢; ; ¢, j =1, 2 the coefficients of the
matrix B, one has:

® (i P2:1=0
® |¢p5 (1, 5)| <A(r) (A continuous function)

° inf(')L(V, $)— +© ag r— + ©
s=
® )1 1(r,s)— s a(r,s) |2S C¢; 2(r, s) for some constant C.

By following [7], the purpose of this paper is to study the problem of exis-
tence of A-analytic solutions (see Definition 2.1) for (1.2). We observe that, in
contrast with the cases considered in the literature, in our situation we have
not necessarily a positive conserved energy and the functions m and % in (1.2)
in general are not bounded.

We remark that (1.2) is an abstract equation modeling the Klein-Gordon
nonlocal equation:

1.8) uy — m(JulP?, [[Vul?) du + n(|lul?, |[Vul?) w=0.

In fact we treat (1.2) if there exists a conserved energy (see Theorem 3.1-
3.3) or a semi-conserved energy (see Theorem 3.5). In particular we prove the
global well-posedness in the class of analytic 2sz-periodic functions for the
Cauchy problem to (see example 3.7):

wy — m(||[Vul*) Au + n([ul?) w =0
+ o

where m =0 and [ w(s) dseR. Another equation to which our results apply
0

is (see example 3.11):
wy — ||Vul[* Au + |Vulfu=0.

In Section 2 we give some definitions and a result of extension of solutions of
the linear equation u"” + m(t) Au + n(t) u =0.

In Section 3 we state the main results and give some applications.

In Section 4 we give the proofs.
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2. — Preliminaries-Linear case.

2.1. Preliminaries.

Let V, H, V', A be as in the Introduction. We give the following (see [9]):

DEFINITION 2.1. — A vector veV is called A-analytic if there exist con-
stants K, A such that:

AlveV and |[(A'v, v)|"?<KAj! for each j=0,1, ...

In the following we denote the class of A-analytic vectors by A.
Since the embedding V<V’ is compact, the Hilbert space H has a or-
thonormal basis (v,) cV such that for each k=1, 2, ...

2.1) Av,=2%v,, A,>0 and A,—>+o as k—+ .
Let us remark that we can assume that (1) is a nondecreasing sequence. Now

let us give the following (see [2], Proposition 1)

PROPOSITION 2.2. — A vector u = 2, u, vy, is in A if and only if there exists
some O >0 such that: F

2 || *e < + 0.
B

At this point we recall some examples of A-analytic vectors, when A = — A (see
(2], p. 3).

Let H, ,}_per (R") be the space of the functions u e H}..(R"), a-periodic in each
variable (a > 0).

1. Let us set V=H_} o (R"), and V' = H}!,.,(R"); then A : V—V" and if
w eV is analytie, then it is A-analytic.

2. Let Q c R" be a bounded open subset. Let us set V=H}(Q2)and V' =
H 1(Q),then A : V—V'. Moreover if % is analytic in some neighborhood of £
and

A*u=0 on 32 for each k=0,1...

then u eV and u is A-analytic.
2.2. Linear equation.
Let us consider the Cauchy problem

u" +m(t) Au + n(t) u=0
2.2)
Uy, U €A
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where the coefficients m, n satisfy the following conditions:

T T
2.3) m=0, fm(s)ds< + o, f|n(s)|ds< + o,
0 0

The following lemma is proved by using the method of perturbed energy of in-
finite order, firstly introduced by [4] and already used by [2], [6], [7]. For the
convenience of the reader we sketch the proof.

LEMMA 2.3. — Let us suppose that m,n satisfy (2.3) and let ue
C%([0, TT, V) be a solution of (2.2).
Then w and u' can be extended as A-analytic functions on [0, T].

ProoOF. — Let ¢ .(t) be a family of Friedrics mollifiers and let us define the
positive function:

m.&(t) =m * Qé(t) te+ Hﬁ/[/ *0,— mHLl(O,T)

where m denote the hull extension of m on the whole real axis R.
We have (see [2]):

H m, —m
Vms

Now let us denote, by using the Fourier’s expansion, the considered solution
+

—0 as &—0.
L0, T)

2.4

of (2.2) by u(t) = >, wp(t) v, then u, satisfies the Cauchy problem:
k=1

)+ m(t) A2, + n(t) u, =0

| we(0) =g,y 2w (0) =1y 4,
+ +
where uy= 2, U,V and u; = > Uy, Ve
k=1 k=1

If we define
Es,k(t) = |7/{/k,(t) |2 + ma(t) kauk |2v
we find easily:

m/
- E, ,+ |n||uk||uk,|

&€
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Hence, by (2.1)-(2.3), we obtain:

T

Ee,k(t) = Ce,TEe,k(O) exp /lkf
0

m,(s) — m(s)

V. (s)

‘ ds
Let 0 (see Proposition 2.2) be such that:
+ ©
kgl 66'1’”‘( |u1’k |2 + |iku0’k|2) < + OO,
then, by (2.4) there exists € >0 such that
P Loi, ol
1;—:1 E. () ez SKE,T% e B, (0) < + .

Therefore as in [2] u and %' can by extended as A-analytic functions on
[0, T1.

3. — Results-Applications.

3.1. Principal results.

Let L :[0, + ©o[—[0, + [ be a continuous function. We say L admissible
Sfunction if for all y,= 0 the greatest solution of
[y =L
y(0) =1y,
is bounded from above on the bounded subsets of [0, + o[.
In the following we call conserved energy for (1.2) a continuous function

E(w, r,s) =w+ M(r, s) defined for w, , s =0 such that for all solution u e
C*([0, TI, V) of (1.2):

E(lfu" B, [l @), (Aw, w)(t)) = By By, N0 |, (Ao, u0))

Let us recall that we indicate by c¢ the constant in (1.1).
At this point we can state:

THEOREM 3.1. — Let us suppose that the initial data uy, u, € A and that at
least one of the following is verified:

1. the functions m, n are bounded;

2. E is a conserved energy for (1.2), moreover:
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(@) M(r, s) =My(r, s) + K(r), with K< 0 and
3.1) inf My(r,s)eR;

r,s=0,r<(1/c)s
(b) for all =0, the function L(y) =y + p — K(y) is an admissible
Sfunction,
(c) for each I =1[0,z]c[0, + oo

3.2) lim min  E(w, r,s) =+ .

w+s—+owo rel,r<(l/c)s

Then problem (1.2) has a global A-analytic solution we C2?([0, + [, V).
An immediate consequence of Theorem 3.1 is the following:

COROLLARY 3.2. — Let us suppose that E is a conserved energy for (1.2)
and:
lim E(w,r,s)=+ .
r+w+s—>+»

Then problem (1.2) has a global A-analytic solution we C2([0, + o[, V) if
Ug, U eA.

Let us remark that the result of [6] is not contained in the previous theo-
rem, since in that case there exists a conserved energy, but not verifies
necessary (3.2). Now we give a generalization of such result.

THEOREM 3.3. — Let us suppose that E is a conserved energy for (1.2) such
that M(r, s) = My(r, s) + K(r), with K<0 and:

3.3) inf My(r,s)eR.
r,s=0,r<(l/e)s
Moreover let us assume that for all § = 0, the function L(y) =y + 5 — K(y)
1s an admissible function and that for some continuous function vy and

r<cls:

(3.4) |n(r, s)| < y(r, M(r, s)).

Then the Cauchy problem (1.2) with wu,, u;€A has a global A-analytic solu-
tion ueC?([0, + [, V).

Let us observe that in case of a completely general M we can not assure the
existence of a global analytic solution. In fact we have:
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27
EXAMPLE 3.4. — Let V=H3, )0 (R), V' = H: ) R), [W|f = [w(x)*dx and
0
A= —A. Then there exist some uy, u; €A such that the Cauchy problem
B 1
1+ ||Vt

w(0, x) = uy, u;(0, ®) =u,,

Uy Au—||uH4u=0,

has not a global analytic solution.

Let us point out that in the case of Example 3.4 the hypotheses of Theorem
3.1-3.3 are not verified. Indeed if £ is a conserved energy, then

1 73
Ew,r, s) = E(w + arctans) — ? + constant .

Therefore, if we want satisfy (3.1) (resp (3.3)) then must be K(r) < — " for
large 7, then L is not an admissible function. 3

Let us consider now the case in which do not exists a conserved
energy.

Let E(w, r, s) =w+ M(r, s), w, r, s =0 be a continuous function. We call
E semi-conserved energy for (1.2) if there exists a continuous function ny(r, s)
such that, if v e C2([0, T[, V) is a solution of (1.2) then

4

d
B e Ty (e, ) = gl (e, ) ol

We can therefore state:

THEOREM 3.5. — Let us suppose that E is a semi-conserved energy for (1.2)
with M(r, s) = 0. Moreover let us suppose that:

1. n¢(r, s)r< K(M(r, s)), for r<c¢~'s, where K is a nondecreasing func-
tion, and L(y) =y + K(y) is an admissible function.
2. At least one of the following conditions s verified:

(a) for each I=10,2]c[0, + o[
3.5) lim inf  M(r,s)=+o;

s—> 4w rel,r<(l/c)s

(b) for some continuous function y and r<c ls:

(3.6) |n(r, s)| < y(r, M(r, s))
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(c) for some continuous functions ¢, y with lim ¢(s) = + oo:
S— + ®©

(3.7 [10(r, 8) |p(s) < x(r, M(r, s))(r<c's)

and for some continuous function y(-,-,-), nondecreasing in each varia-
ble:

(3.8) |n(r, s)| <vy(r, M(r, s), ny(r, s)) (r<c “1g).

Then Problem (1.2) has a global A-analytic solution ue C%([0, + »[, V) as
soon as Uy, u; eA.

An immediate consequence of Theorem 3.5 is the following:

COROLLARY 3.6. — Let us suppose that E is a semi-conserved energy for
(1.2) such that

né(r, s)r<c,+c;M(r,s) and lim M(r,s) =+ .

r+s—>+

Then Problem (1.2) has a global A-analytic solution ue C%([0, + o[, V) as
00N as Uy, U €A.

3.2. Applications.

Now we get some examples in which we can apply Theorem 3.1-3.5.

In these examples, we assume V=H | ..(R"), V' =H] . (R"), and A= —A.

Moreover, in all the considered case, we suppose that the initial data
Ug, Uy € V are A-analytic, and || denotes the usual L? norm.

ExXAMPLE 3.7. — Let us suppose that m, n:[0, + o[—R are continuous
Sfunctions and that:

3.9 m=0 and inf(; fn(o) doeR .
r= 0

Then the Cauchy problem

[ 2wy — m(||Vul?) du + n(|ul?) =0

(3.10)
u(oy 90) = /M/O) ut(oy 90) = Q’{/1

has a global analytic solution uwe C2([0, + o[, V).
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ExAMPLE 3.8. — Let ¢, be a constant for which (1.1) is verified. Then the
Cauchy problem:

[y — [Vl du — (G lulf +1)u=0

3.11)
w(0, x) = ug, u,(0, ) =uy

has a global analytic solution we C([0, + o[, V).

ExXAMPLE 3.9. — The Cauchy problem:

[Vl [Vadl* [l P~
U — 1 T e T
(3.12) 1+ ful] (1 + [l
w(0, ) =ug, u; (0, x) =uy

has a global analytic solution we C2([0, + o[, V).

ExamMpPLE 3.10. — The Cauchy problem:

2
Uy — ﬂAu + arctan (|[Vul?) u =0
(3.13) 1+ |[Vaul?
’LL(O, 90) = Uy, ut(O) 90) =U

has a global analytic solution we C2([0, + o[, V).
ExamPLE 3.11. — The Cauchy problem:

[y — ||Veul[* Au + ||VeilPe = 0

(3.14)
/M/(Ov x) = u’O’ ut(oy 90) = ul

has a global analytic solution we C2([0, + [, V).

4. — Proofs.

We fix a notation that we use in the following proofs, i.e.:
m, () := m(o@®) [, (Av®), v®))),  n,(t) == n(ll®) [, (Av@D), v(1))).

Firstly we prove:

LEMMA 4.1. — For every uy, u; € A there exists a time T = T(uy, u,) such
that problem (1.2) has a solution we C2([0, T1, V) with AueC°([0, T], V).
Moreover u, u' are A-analytic.

Proor. — (we follow the outline of [2])
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Let V), be the linear space spanned by v, ..., v, (the first h-eigenvectors)
and let P,: H—V, be defined by:

I
Phu = kgl (u, vk)Hvk'
Let us consider the Cauchy problem in V,:

(CP,) [ wy + mlly, B, (A, w,)) Ay, + 0wy, |7, (A, w3, )) w5, = 0
h
u,(0) = Pyug, wy (0) = Pyu,.

Since V), is finite dimensional, by the Peano’s Theorem, problem (CP,) has a lo-
cal solution, which can be extended to a maximal solution w,:[0, T\,[—V,.
Now let us prove that 7),=T >0 for all he V.
If we set y,.(t) := (u,, (%), v1)g, then we can define:

1
ep(uy, t) := E(i% |y @) |2+ |y @) |2+ |9l ) ]5).

It is easy to prove that:

t t
e (uy, 1) < ep(uy, 0) exp( f/lk |1—m,,(s)|ds + f |1—mn, (s) |ds)
0 0

=: ep(uy, 0) v, (1),

therefore one has

h
(4.1) o 7 + (A, ) < 2 121 ep(uy, 0) v (?).

On the other part, by the A-analyticity of u,, #; (see Proposition 2.2), there
exists some 6 >0 such that:

(4.2) 2 1:201 e (uy, 0) e***<C' 4,
where we have set, for C:=e?

Bi=1+ C}:Ejl e 2% (| (ug, vy |PA% + | (uo, v)u |2+ | (uy, v)m |?) -
Now let us define:

-1
T:=(1+ sup |1—m(r,s)| + sup |1—n(1",s)|) 0.

0<r,s<p 0<r,s<p
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Let us prove that 7, > T for all he N, and
(4.3) [t |7, (A, w) < B on [0, T1.
Let us set
T =sup{tel0, T,[: luy |, (Auy, w,) < B on [0, t]}.

We shall prove that T;* > T. Let us suppose by contradiction that 7;* < T'. In
this case, by the definition of T

Ti Ti

f|1—muh(s)|ds+f|1—nuh(s)|dssé.
0 0

Now let us observe also that T;* = T, is not admissible (since in this situation
m,, and n,, are bounded and then the solution, using Lemma 2.3, can be ex-
tended on [0, T,]), then must be T;* <T,. Therefore, by (4.1)-(4.2):

h
||uh||%'1(Th*) + <Auh(T};k), uh(Th*)> $ 20]62::1 ek(uhy 0) eélk < ﬁ ,

whereas, by the definition of 7} one obtains
lfon B (T3 + (A, (T5), i (TiF)) = B

Hence we have a contradiction. So we have achieved (4.3).
Therefore on [0, T'] we obtain:

e (uy, ) < Ce® (| (ug, V) |2A% + | (s V)i |+ | (ugy v)i |?),

hence, for some d > 0:

+ o + o )

1241 Afer(uy,, ) < dkgl e2M (| (ug, v)u |PA% + | (uo, v)i |2+ | (uy, v)i |2) -
By this, the sequences (A%u,;) and (A%?w,) are bounded in C°([0, T], V).

Now the compactness of A ': V—V and Ascoli’s Theorem ensure that

there exists a subsequence (u,,) and a function % such that AueC °(to, T1, V)
and Aw,,— Aw, w,—>u, uy,—u' in C°([0, T], V). Therefore, by letting k— + oo

in (CP,,) we see that w, —u" in C°([0, T], V), u solves problem (1.2)
and

+ oo +
> ere(u, t) < > Ce®re(u,0)< +o0. m
k=1 k=1

We recall that, by (1.1), if % is a solution of (1.2) then we have:

1
4.4) (7S ;<Au, w).
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Let u be a local A-analytic solution (see Lemma 4.1) of (1.2) defined on
[0, T[, T > 0. If we prove that u can be extended on the whole [0, T'] as an
A-analytic function, then by standard arguments we can easy obtain the
global existence of . In fact we prove Theorem 3.1-3.3-3.5 if we show that
we can apply Lemma 2.3.

Proof of Theorem 3.1

® Case m, n bounded. We can apply directly Lemma 2.3.
® Case 1)-3) hold true.
By (3.1), there exists 6 such that M(r, s) = 6 on the strip » < 2 . Moreover
Cc

since (4.4) holds true and £ is a conserved energy, then, for some = 0:
e " |17 = Ellun |, oo i, (A%o, 20)) = Mol (A, ) — K(|fullfr)
<p — K(|[ulffy),
hence:
(lulli) =20, wyy < llullf + [l |
< [lallyy + B — K(lll ).

Now, if we define ¥ := ||ul|%, we obtain the ordinary differential inequality y' <
y + B — K(y), and since y + 8 — K(y) is an admissible function, by a standard
comparison argument ¢ must be bounded on [0, 7[. Hence |ju’ |3 and, by (3.2),
(Au, ) must be also bounded on [0, TT.

Therefore m,(t), n,(t) are bounded, and we can apply Lemma
23. =m

Proof of Theorem 3.3.
We only have to prove that we can apply Lemma 2.3, that is

T T
(4.5) fmu(s) ds+f|nu(s)|ds< + o0,
0 0
As in the second case of the previous theorem, we can prove that |jull%, and
hence |lu'|}% are bounded on [0, T[. By this fact, since
M(”’LL”%{, <A’LL, ’M)) = E’(”ul ||%{7 ||’I,L0 ||%{7 <A’LL0, uO)) - ||’I,L ' ||%—Ia

then M(|Jul};,(Au, u)) is bounded too.
Let us define

Eo(t) := [+ [ + loully + M(lully, (A, w)).
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Then, since E is a conserved energy and M(|u|%, (Au, u)) is bounded, one can
easy see that for some constant Cy:

Ey = —2m, (t){(Au, u) — 2n, @) |[ulf + 2|u’ |F + 4u’, )y
=2( = m, (A, u) = n, @) llullfr) + 200 + 2" [ =l
< 2(— m, (t(Au, u) —n, )| + 2Ey+ Cr) .
Since |lu|% and M(|jul%,(Au, u)) are bounded, then by assumption (3.4),
n(|lull, (Au, u)) is bounded on [0, TT. Hence:

T

f |l (Aw, u)) |ds < + .
0

Moreover, for some constant c;:
Ey < —2m(|[ulf, (Au, u)){Au, u) + cp + 2E,.

By this, for some constant Bj:

T
f2m(||u”12q,(Au, u)){Au, u) ds < Ey(0) e + By,
0

hence it is also bounded

T
[y, aw, wpyds= [ mdlully, (Aw, w) ds
0

[0, TLN{(Au, uy>1}

+ f m(lul, (Aw, u)) ds. =
[0, TLN{{Au, uy <1}
Proof of Theorem 3.5.

Firstly, we prove that, |[u'|%, and hence || are bounded on [0, 7T. In
fact:

1
B < |mollly, (A, ) [l ool < = (g oy, (A, e ol + e )

Hence, since M =0 and K is nondecreasing £’ < E + K(E). Since L(y) =y +
K(y) is an admissible function, then by a standard argument for the ordinary
differential inequalities, £ must be bounded on [0, 7T. Then |[u'|}% and M (and
hence |3 and né(|ul?, (Au, u))|u|?) are bounded.

Moreover if (3.5) hold true, then (Au, u) is bounded, and hence the func-
tions m(|Jul%, (Au, u)) and n(|lul, (A, u)) are bounded too and we can apply
Lemma 2.3.
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If it is not the case, let us define, as in proof of Theorem 3.3:
Eo(t) = e +w [+l + Ml (Au, w)).

Then, since E is a semi-conserved energy and n,(||Jul%,(Au, u))|ully is a
bounded function, we have, for some constant Cy:

Eq =2(—m,@)Au, u) = n, Ol + " [7) +
+a(u', Wy + 2ne([ullf, (Au, u)(u', u)y
<2(—m, ($)Au, u) = 0, @O [ulfr) + 5l [l
+2fulffy + g (lullfr, (A, w)) |lulf
<2(=m, (Au, ) —n, Ol + Cr) .

® (Case (3.6) holds true.
The function n(|julf%,{Au, u)) is bounded, hence as in the second case of the
previous theorem we can prove that

T T
[ ol aw, wy ds + [ |l (Au, w)) |ds < + oo,
0 0

and apply Lemma 2.3.

® (Case (3.7)-(3.8) hold true.
Since y is nondecreasing in each variable, then there exist two constant a,, a,
such that:

||, (Au, w)) | < ylay, az, no(lulf, (Au, u)))

=y o(no(lulliy, (Au, u))).

Let us set
ri= el (Au, wp) dr
[0, TIN{(Au, u) <ag}
r,= [ el (Au, u)) p(Au, uy) dr,

[0, TLN{(Au, u) > ag}

where, for s = a3, we have ¢(s) =1. Since

T
[y ooully, (Au, w))) do< Ty + T,
0
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we can conclude, by (3.7), that

T

f |n|lulffr, (A, u)) |ds < + o
0

Therefore as in the previous theorem we can prove that

T
fm(Hu”ZKAu, u)) ds < + o
0
and apply Lemma 2.3. =
Proof of Example 3.4.

We shall prove that there exist some initial data such that |/} blows-up in
a finite time. In fact we have that:

[V

m + [ P+ [l

(('M/t, u)H), = -
hence, integrating over [0, T]:

IV

t t
ey W = (s, wpdy + J o+ oz — [ T g
; ST

Let us assume that t <1 and (u;, %)y > 1, therefore

t
(ug, )y = fHuHWt.
0

If we denote y = |[ulf%, yo = |juo|?, We obtain, for ¢ <1:

t
y’azfy?’(t)dt,
0

t 2
4\ !
(5)-s=([ froe]]
4 ;

Then we have proved that:

t 2
4 4
4.6) LWy ( fy3(r) dr) .
44\

hence
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Now let us define

t
zi= fy?’(t) dr .
0
By (4.6) we deduce:
("B =yd + 422,

hence by a standard comparison argument, if ¥, is sufficiently big, z blows-up
in a time 7y <1, and therefore y blows-up too. =

Proof of Example 3.7.
The function

E(w, r, s)=w+ fm(x) da + fn(m) dx =w+ M(r, s)
0 0

is a conserved energy, that, by (3.9) verifies (3.3) with M =M, and K =0.
Moreover L(y) =y + 8 is obviously an admissible function, and » depends only
from », hence we can apply Theorem 3.3. =

Proof of Example 3.8.
In this case a conserved energy is the function

2 2
S Co?
E(w,r,s)=w—l——2 -2

Moreover M,(r, s) is nonnegative on the strip » < > and L(y) = 2y + f is an
C

—r=w+Myr,s)—1r.

0
admissible function for all = 0. Then we can apply Theorem 3.3. =

Proof of Example 3.9.
The function

2

E(w,r,s)=w+ _5 =w+ M(r, s)
2(1 + %)

is a conserved energy. Therefore all the hypotheses of Theorem 3.1 as obvious-
ly verified, by assuming M,(r, s) = M(r, s) and K(r) =0. =
Proof of Example 3.10.
The function
E(w, r, s) =w + arctan (s) r = w + M(r, s)

is a conserved energy that verifies (3.3) with M,(r, s) = M(r, s) and K(r) = 0.
Moreover L(y) =y + 3 is an admissible function, and » is bounded. Then we
can apply Theorem 3.3. =
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Proof of Example 3.11.
We can apply Corollary 3.6, since the function

3
E(w, r, s)=w+% =w+ M(r,s)

is a semi-conserved energy, with ny(r, s) = —s, and for r < ¢, 's (where (1.1)
is verified with ¢ = ¢):
né(r,s)r=s?r<c; 's®. =
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