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Hysteresis Filtering in the Space
of Bounded Measurable Functions.

PAVEL KREJCT (*) - PHILIPPE LAURENGOT (*¥)

Sunto. — Si definisce una mappa che associa ad ogni funzione we L *(0, T) e valore
ammissibile » > 0 la funzione & con condizione iniziale E° che minimizza la varia-
zione totale nell r-intorno di w su ogni sottointervallo [0, t]1 di [0, T]. St mostra che
questa mappa & non-espansiva rispetto a u, r e E°, e che coincide con il cosiddetto
operatore play se uw ¢ una funzione regolata.

Summary. — We define a mapping which with each function we L * (0, T) and an ad-
missible value of v > 0 associates the function & with a prescribed initial condition
&% which minimizes the total variation in the r-neighborhood of u in each subinter-
val [0, t] of [0, T]. We show that this mapping is non-expansive with respect to u, r
and E°, and coincides with the so-called play operator if u is a regulated
Sfunction.

Introduction.

The subject of the paper is motivated by applications of one-dimensional
hysteresis operators in damage evaluation algorithms based on the classical
rainflow counting method, see [2], [3] for further references. The original
engineering problem consists in estimating the material fatigue caused by a
large number of medium amplitude oscillations. The input signal has the form
of a very long sequence of real numbers representing, say, successive meas-
urements of one stress component. The rainflow method picks out and counts
closed loops of each given amplitude and, according to the so-called Palm-
gren-Miner rule, gives the instantaneous value of the damage functional as a
linear superposition of individual contributions of each closed loop obtained
from the Wohler diagram. According to the experimental evidence, there
exists a number » > 0 such that loops of amplitude smaller than r contribute

(*) This work has been done during the first author’s stay at the Weierstrass Insti-
tute for Applied Analysis and Stochastics (WIAS) in Berlin under the support of the
Deutsche Forschungsgemeinschaft (DFG), and at the Institut Elie Cartan in Nancy.

(**) Partially supported by Procope, Project No. 98158.



756 PAVEL KREJCI - PHILIPPE LAURENGOT

only negligibly to the total damage. Such loops can therefore be filtered out of
the input string in order to reduce the computational complexity. It was shown
in [3] that the rainflow filtering procedure coincides with what is called the
play operator in the literature devoted to the mathematical theory of hystere-
sis, see [2], [6], [7], [9].

It is convenient to represent the input string as a (piecewise constant)
Sfunction of time and to consider the play operator in a suitable space of (possi-
bly discontinuous) functions defined in a time interval [0, T]. A natural candi-
date seems to be the space of left-continuous regulated functions as the clo-
sure of the set of left-continuous piecewise constant functions with respect to
the uniform convergence. For a given parameter » > 0, a given left-continuous
piecewise monotone input function % :[0, T] — R with  monotonicity intervals
[te_1, tel, 0=t,<t;<...<t;,=T, and a given initial condition £’ R we define
the output &= F.[E°, u] of the play operator & by the recurrent formula

(0.1) &(t) = max {u(t) —r, min {u(t) +r, §&t 1)} }

for telt,_q, 1, k=1, ..., [. It was shown in [2] that the operator &, thus de-
fined is Lipschitz continuous with respect to the supremum norm: it can there-
fore be extended to a Lipschitz continuous operator in the whole space of left-
continuous regulated functions.

Alternatively, the play operator for continuous inputs and &°e [u(0) —
+, w(0) + 7] can be considered as the solution operator of the evolution varia-
tional inequality in the Stieltjes integral form

|u(t) — &) | <r VtelO, T],

(0.2) T
f (u(t) — &) — (1)) d&(t) = 0
0

for every continuous test function % such that |y(t) | <~ for every ¢, see [7].
The integral is meaningful due to the remarkable fact pointed out in [6] that
the play operator maps continuous functions into continuous functions of
bounded variation.

Our aim here is to construct a further extension of the play operator be-
yond the spaces of continuous or regulated functions. Since both these spaces
are closed in L * (0, T), a simple density argument based either on the explicit
formula (0.1) or on the variational inequality (0.2) cannot work. We make use
of another particular property of the play discovered more than ten years ago
by A. Vladimirov and V. Chernorutskii for continuous inputs, namely that it
associates with each function u the function of minimal total variation within
the r-neighborhood of % in each subinterval [0, ¢] of [0, T']. This also illus-
trates the hidden meaning of hysteresis filtering in the original engineering
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problem: the play operator minimizes the amount of relevant information
which has to be stored. The original result has been published only recently in
Sect. 4 of [8], it had been however mentioned earlier as private communication
in [7] and, in another form, in [9] (cf. also the related concept of e-variation of
regulated functions introduced in Sect. 3 of [4]).

If » is only in L (0, T), there exists still a critical value o(u) >0 such
that the r-neighborhood of % does contain functions of bounded variation for
r > o(u) and does not for r» < o(u). We thus state the problem the other way
round using the Vladimirov-Chernorutskii property as another definition of
the play: given we L * (0, T) and r > o(u), we look for the function of minimal
variation in the r-neighborhood of u with a prescribed initial condition.

Our main results (Theorems 1.2, 1.3) state that the play operator is well de-
fined and Lipschitz continuous in L (0, T') for > o(u). As corollaries, we
prove that (0.1) holds for left-continuous piecewise monotone inputs (and
hence our definition coincides with the classical one on the space of left-contin-
uous regulated functions), a superposition formula (Brokate’s identity) holds,
and that there exists a unique extension up to » = o(u).

The paper is organized as follows. In Section 1 we state the problem and
list our main results. The well-posedness of the play operator in L * (0, T) is
established in Section 2. The following Section 3 is devoted to the Lipschitz es-
timate. The corollaries are proved in Section 4.

Acknowledgement. The authors wish to thank M. Brokate, J. Sprekels, U.
Stefanelli, A. Visintin, and the referee for valuable suggestions and comments.

1. — Main results.

Let T€]0, «[. We consider the space L * (0, T) endowed with the system
of seminorms

(1.1) [vllia. 5y := sup ess {|v(®)|; tela, b}

for 0 <a<b<T. Indeed, ||[;o, 7y is a norm.

We further denote by G(a, b) the space of regulated functions « :[a, b] —
R, that is, functions for which both one-sided finite limits (¢ +), u(t —) exist
for all tela, b], with the convention u(a —) :=u(a), u(b +) :=u(b), and by
BV(a, b) the subset of G(a, b) of functions of bounded variation. The space
G(a, b) endowed with the norm ||||[a p1 is a Banach space and BV(a, b) is dense
in G(a, b) (see e.g. [1]). By LG(a, b) and LBV(a, b) we denote the space of
left-continuous functions from G(a, b) and BV(a, b), respectively.

For any function e L (0, T) we define the number

1.2) o(w) :=inf{r>0; IpeBV(0, T), |lu — nllo. n<7r}.
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Obviously, o(u) is always finite as o(u) < ||ulljo, 77, and o(u) =0 if and only if
ue G0, T).
For ueL*(0,T), &R and r> o(u) we define the set

(1.3) B(E%, u) := {neLBV(O, T); |lu — nllo, ;< 7, n(0) =E°}.

Note that B,.(&°, u) is non-empty. Indeed, as r > o(u), it follows from (1.2) that
there is # € BV(0, T) such that |ju — 77||[0, 71 < r. We now introduce the function
7 defined by

(1.4) 70) =& [ :=nt-), telo,T].

Then 5 and % coincide except on a countable subset of [0, T]. We therefore
have that |lu—7|. ms<r and 7%eLBV(0,T) with 7(0)=E&° hence
neB(E, u).

DEFINITION 1.1. — For given ue L *(0, T), £°c R and r> o(u) we define
the subset P.(E°, u) of B,.(E°, u) as the set of all functions & e B,(E°, u) such
that

— 3 . ( 0
(1.5) }(/]'ag E= 1nf{¥?1£77, ne B,(&Y, u)} for every te[0, T1].
Our main results can be stated as follows.

THEOREM 1.2 (Existence and uniqueness). — Let ue L *(0, T), £°e R and
r> o(u) be given. Then the set &P,(& 0 u) contains a unique element denoted
by v.[E°, u]. Moreover, there exists a partition 0 =ty <t;<...<t,=T such
that the function &:= p,[E°, u] is monotone in each closed interval [t,_1, t;],
k=1, ..., 1, and non-monotone in each interval [t,_,, t,.1), k=1, ...,1—1.

A typical diagram of the dependence of &= p,[E°, u] on u for a special
choice £°=u(0) of the initial condition is shown on Figure 1.

Figure 1. — A diagram of the play operator & = p,[u(0), u].
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THEOREM 1.3 (Lipschitz continuity). — For arbitrary w,veL (0, T),
E% n°eR and r> o(u), s> o(v) there holds

(1.6) 10,[E% ul—p,[n°, v1llo, 7y < max {|E°— 9|, |r—s| +|lu—vlo, 7}

The identity (1.7) below for the play defined by (0.1) is in this form due to
Brokate, see Proposition 2.2.16 of [2]. Similar considerations can be found in
Section 34.2 of [6].

COROLLARY 1.4. — For every ueL *(0, T), r>o(u), h>0 and &°, n°eR
such that |E°—n"| <h we have

(17) ph[g()’ pr[noy /M]] = pr+h[§0) /LL] .

The next result enables us to extend our construction up to the limit case
r = o(u). In typical cases, the function Py, [& 0 u] will no longer be of bounded
variation, but the main analytical properties are preserved.

COROLLARY 1.5. — Consider n°eR and weL (0, T). Then there exists a
function P,y[n°, ul € LG(O, T) such that

(1.8) hl_i)%{r ||pg(u)+h[770a u]— P@m)[ﬁoa u]”[o, mn=0.
Moreover, for every h>0 and E°c[n°—h, n° + h] we have
(19) pg(u)+h[§0) u] = ph[go’ pg(u)[no’ M]] .

To conclude, we show that p, coincides with the classical play operator on
inputs u e LG(0, T) by proving the following statement.

COROLLARY 1.6. — Let 0 =ty <t < ... <t;=T be a partition of [0, T]. Con-
stder a function uwe LG(0, T) which is monotone i [t,_, t.] for every k=
1,...,0. Let 2R and r> 0 be given. Then the function &= p,[E°, u] satis-
fies (0.1).

We prove Theorem 1.2 in Section 2, Theorem 1.3 in Section 3, and the
proofs of Corollaries 1.4, 1.5, 1.6 are given in Section 4.

2. — Existence and uniqueness.

With the notation from Section 1, the aim of this section is to prove Theo-
rem 1.2. As we are working with piecewise monotone functions in B,(E°, u),
we first look for subintervals of [0, T'] on which the function % is within a dis-
tance (in L *) at most » from a monotone function. Before passing to the proof
of Theorem 1.2 itself, we formulate this as an auxiliary statement.
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LEMMA 2.1. — Consider a € [0, T[ and n°eR. For tela, T] we introduce
the set M(t) defined by

2.1) M) = {neLBW(a, t) monotone; n(a) =n", [t —nlla, o <, r}.
Assume that the set
22) A= {tela, T), M(t) = 0}

1s non-empty and put b:= sup A. Then there exists a function & e M(b) such
that for every tela, b] and ne LBV(a, b) satisfying

2.3) n@ =7 fu—=rll,n<sr
there holds
2.4) Var £ < Vary .

[a, t] [a, t]

Proor or LEMMA 2.1. — We first prove that M(b) is non-empty. By defini-
tion of b, there exists an increasing sequence {t,}, t,—b as n— « and a se-
quence {7}, ™ e M(t,) for ne N. We extend the functions 7™ onto [a, b]
by putting "™ (t) = n™(t,) for telt,, b], and for every ne N we have

7™ @) | < lllgo, n+r  Viela, b]

[Vabr]' n™ = |n®) =9 a)| <lullo, ry+r+ |7°] .
@,

By the Helly Selection Principle (see [5]) there is a subsequence of {7} (not
relabeled) which converges pointwise to a function # € BV(a, b). Moreover, the
functions ™ being monotone, the sequence {7’} contains either an infinite
number of non-decreasing functions or an infinite number of non-increasing
functions. We may therefore assume that » is monotone in [a, b]. Finally,
since |[u =l ;<7 for every neN, we have for every non-negative test
function fe L'(a, b)

b b b
ff(t)( |u®) =™ @) —r) dt< ff(t)( |u@®) =3 @) | —r) dt <2lullp, mff(t) dt,
a ty t

n

and the Fatou lemma yields

b b
S u) = ntr | = dt < tim int [ 7@ futh) — @) | ) de <0,

hence |ju — 17||[a, 5 < 7. We now put 7(t) := 5(t —) for t e]a, b], 7j(a) := °. Then
7(t) e LBV(a, b) is monotone and coincides almost everywhere with #, hence
7 e M(b) and M(b) is thus non-empty.
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We next denote by M * (b) (M ~ (b)) the set of non-decreasing (non-increas-
ing, respectively) functions in M(b). Assume first that M * (b) is non-empty.
We set

2.5) &) :==1inf{n(t); neM *(b)} for tela, bl,
and claim that
(2.6) EeM*(b).

Taking (2.6) for granted, we pick n e LBV(a, b) satisfying (2.3) and put
@.7) &) := min {g(t), n° + Yatlgn} for tela, b].

For a.e. te[a, b] we have by hypothesis

wt) —r<&t) su(t)+r,
u(d) —r<n(t) <n°+Varn,

hence
wt) —r<&t) <u(t)+r ae. in [a, b].

Moreover, £ is a non-decreasing left-continuous function on [a, b] satisfying
E(a) =17, hence E eM *(b), and E(t) < &(1) a.e. as well. Recalling (2.5) we con-
clude that &=§&, hence Var& = &(t) — n°<Varn for tela, b] and (24)
holds. fe 1 a1

It remains to check (2.6). It is easy to see that &(a) = #° and & is non-de-
creasing on [a, b]. We next prove that there is a sequence {& (”)} in M*(b)
converging pointwisely to &£. To this end we argue as in the proof of the Helly
Selection Principle (see [5], pp. 372-374). Recalling that & has only a countable
number of discontinuity points in [a, b] we choose an arbitrary dense count-
able subset K:= {z;};>; of [a, b] containing a, b and all discontinuity points
of &. Fix n=1. For each je{1,...,n} there is e M *(b) such that
0 <7Y(z) — &;) < 1/n. The function

EW :=min{n, 1<j<n}
then clearly belongs to M *(b) and satisfies
0<EM()—-E&@E)<lm, 1<j<n.
Therefore, for every ¢t e K we have

2.8) lim E™ () = &@).
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Each point se[a, b]\K is a continuity point of &, and for te K, t=s we
have

0<EM(s) = &(s) < (™) — &) + (&) — &(5)),

hence (2.8) holds for every t e [a, b].
We are now in a position to complete the proof of (2.6). For each ne N
there exists a set Z,c[a, b] of measure zero such that

2.9) ut) —r<EP@)<u@t)+r for tela, b]\Z,.

Then Z := !1Z" is a set of measure zero and passing to the limit in (2.9) as
n—> o we obtain

w(t) —r<&t)<u@)+r for tela, b]\Z,

hence |ju — &4, 5y < 7. It remains to check that & is left-continuous. Indeed,
put

Et):=&t—) for tela,dl, Ea):=n".

Then, as £ and & coincide except on a countable set, we conclude that
EeM ™ (b) and € <&. From (2.5) we obtain that € = £, hence (2.6) holds.
Finally, if M *(b) = @, we necessarily have M ~(b) # @, and putting

&) :==sup{nt); neM (b)} for tela, b]

we proceed similarly as in the previous case to complete the proof of Lem-
ma 2l =

We now pass to the proof of Theorem 1.2.

PROOF OF THEOREM 1.2. — Let ue L *(0, T), £°c R and » > o(u) be given.
For some 7' e]o(u), 1 we choose 7'e B, (E°, u). According to Assertion
7.3.2.1.(3) of [1], every regulated function can be uniformly approximated by
piecewise constant functions. Since #' is left-continuous, the approximations
can be chosen to be left-continuous as well, hence there exists a partition
0=5y<8<...<s,=T of [0, T] and real numbers w;, ..., w,, such that the
function w of the form

w(0) =&  wt)=w; fortels;_;,s], i=1,...,m
satisfies |w — ', 7y <7 —7'. This means in particular that

(2.10) we B.(E% u).
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We next introduce the set
2.11) M, (t) = {n e LBV(0, t) monotone; 7(0) =&°, |lu — nllo, 4 <7}

for te [0, T]. Owing to (2.10), the function w |, 5,; belongs to M;(s;), hence the
set

Ay = {tel0, Tl, My(t) =0}

contains s;. We apply Lemma 2.1 and putting ¢; :=sup A;=s; we find a
function &; e M, (t;) such that

<
@12 Ve Ea< e

for every t € [0, ¢,]and 7 € LBV(0, t;) with 7(0) = &°, |lu — #l|o, 1, < 7. We stop
the algorithm and put &:= &, provided ¢, =T. If {; < T, we first observe that
&, is non-constant in [0, ¢;]; otherwise, for 4; := max {j; s; <t} =1, the func-
tion &:[0, s;, .11 —R defined by

- g° if tel0, ¢]
t) =
S0 {w(t) if telt, si,41]

would belong to M;(s; ;1) which contradicts the definition of ¢;.

We next continue by induction. Assume that we have already constructed a
partition 0 =ty <t; <...<t, <T for some k=1 and a sequence {&,, ..., &}
of functions &;:[0, {;,] >R, 1 <j <k, such that

213) t;=s; for 0sj<k,
2.14) il m=§; for 1sj<k,

215) &,(0)=£" and |ju— &l 47,
(2.16) &) is monotone and non-constant in [{;_,, ¢], 1<j<k,

(2.17)  &; does not admit any monotone extension onto [¢;_;,;+ €] such that

Hu—EH[o,t_,H]ST for any e>0 and 1<j<k,
<
@19 Yy &< Yoy

for each te [0, t,] and e LBV(0, t,) with 7(0) = &°, |ju — ’7||[0,th <7,

We now proceed to the induction step. Assume for instance that &, is non-
decreasing in [t,_q, t,] and put &*:=E,(t,). As before we introduce the
set

219) M, 1(t) = {5 e LBV(t;, t) monotone; n(ty) = &*, |lu — . 4 <7}
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for telty, T1. Put 7, := max{j; s;<t;} =k. Then the function w:[t, s; 1] =R
defined by

w(ty) ==&%  w) :=wlt)=w;, ,, for telty,s; ]
belongs to M) . (s;,+1), hence the set
Apiq = {telty, T1, My, 1(t) =0}

contains s;, ;1. As before, we apply Lemma 2.1 and putting ¢, ,; := sup 4,1 =

Si,+1= Sp4+1 We find a function &, €M, ,(f;. ) such that

2.20 Var &, ., < Var

(2.20) Var Skt LA

for every t e [t;, ty+1] and n e LBV({y, t,,1) with n(t,) = &%, lu — nlly,. 1. 1 < 7.
Note that for every telt, t.,1], the set M, ,(f) contains only non-increas-

ing non-constant functions. Indeed, if there would exist a non-decreasing

function # e M), {(t) for some t €lt,, t;, ], then putting

- () if te[0,t,],
E(t) = Sk Nk
nt) i telt,t]
we would ob:cain a non-decreasing extension & of &, onto [0, #] which would
satisfy |lu — &[o, 5y < 7 in contradiction with (2.17). This implies in particular
that w(ty +) =w;, ., < &".
We now define the function &, by
[ E.(D) if te[0, t,]
Ere1(®) =4 2 .
St if telty, thiql.
By construction, the properties (2.13)-(2.17) are fulfilled at the level £ + 1. It
remains to check that (2.18) holds for &, ;.

Let n e LBV(0, t; ;) be given with n(0) = &°, [lu — nlli0.+,. ;1 < 7. The induc-
tion step will be complete if we prove that

2.21) }Ofatr]'ngS}gatl;n for every telty, tp,1].

We first notice that (2.17) yields
(2.22) n(t, +) < &~

Indeed, we have w(t, +) < £*, and if 5(t, +) > E*, there holds w(t) < &* < n(t)
for t € [y, t, + 8] for some 6 > 0. Consequently |EF —u(t) | <7 a.e. in [t;, t, +
0] and we could extend &, by the constant value &* beyond ¢, in contradiction
with (2.17).
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We fix the number
(2.23) ti=inf{telt, 1, 4] &) =&},
and check that
(2.24) max {n@), nt +)} = &F.

Assume for contradiction that (2.24) does not hold. Then there exist e>0, >0
such that

(2.25) nt) <E'—e

for telt—06,t+01N [t _1, t;]. Put a:= max {t; 1,t—0}, b:=min{t;,t+0}.
Then (2.16) yields &, (a) < &, &,(b) = E*. Taking a smaller value of ¢ if neces-
sary we may assume that &,(a) <& —e. Put

[ min{&,(t), £ — e} for tela, b],

2.26 &) =
(2.26) &) 1516(0 for te[0, a]U1b, t,.].

Then, owing to (2.25), we have

u(t) + 1= §,(t) = &) = min {&,(1), n()} = u(t) —r
for a.e. tela, b, and & is non-decreasing in [t _, ¢, ] with E(b) < &,(b) = EF,

hence

Var & < Var &,
[o,b]g [o,b]gl"

which contradicts (2.18).
We thus proved that (2.24) holds. Now we distinguish two cases:

(1) i < tkl

Let us introduce an auxiliary function n* by the formula

k -
2.27) n (1) i { g for teli, 4],

n(t) for te[0,t1 UL, tp.i].
Then (2.20) yields

2.28 Vv 1<V *
(2.28) o Sken von

for every te[t;, .. 1] and from (2.18) we obtain

(2.29) Var &, ,,< Var n*.

[0, &] [0, &]
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On the other hand, for telt;, ¢, ;] we have

@30)  Vary—Vary*=Varsy+ |nt+)=nto| - |n® =&~ [ -ntt+)],

where, by (2.22) and (2.24), either 5(t) = & and

|7@®) — & + [ =t +) | =77(i)—17(tk+)$¥=211;77+ |n(t) = n(t+) |,

or n(t) <E&*, nt+) =& and
In@® — & | + |EF —n(t, +) | =2&" —n@® — n(t, +) <29 +) — n@ — n(t, +)
S[\if?ﬁ'ﬂ“' [7(t) — (. +) |,

hence Xatr]' n= }(/;ag 7n* and (2.21) follows from (2.28) and (2.29).
(i) t =t,:

Put **(t) :=n(t) for te [0, t,[ ULy, tp41], n**(t;) := E*. Then (2.18) and
(2.20) yield
(231) Var &,,,< Var g, Var§k+1$Var77** for telty, t,.1].

[0, #] [0, ] i, t]

By (2.22) and (2.24) we have 5**(t, +) = n(t, +) < &, n(t,) = EX = n**(t,),
hence

Xatrin**—Varn— |7t +) —n(te) | + |9 (@ +) — n** (&) |
k

=Varn+ & —n(t,) < Varyp,
[tk, t] g E 77( k) [Tk, t] g

and we obtain (2.21) from (2.31). The induction step is complete.

Owing to (2.13), after a finite number of steps we obtain ¢, =T for some
I <m. Putting &:=&, we have found a function &e P,(£°, u) satisfying the
conditions of Theorem 1.2, and the existence part is proved.

To prove uniqueness, we consider an arbitrary function 7 e #,(£°, u) and
put

V(t) := Var E= [\gatr i

for te [0, T], where & is the element of #,(£°, u) we have just constructed
above. Assume that

t:=max{te[0,T]; E=5 in [0,t]} <T.

Observe that the maximlgm exists by the left-continuity of & and . We find
ke{l,...,1} such that t e[t _1, t;[ and assume for instance Athat & is non-
decreasing in [t _q, t.]. The function ¢— &(t) — n(t) = &) — V(t) + V(t) — n(t)
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is non-decreasing and positive in 1¢, #,]. As & and 5 have the same total varia-
tion on every subinterval of [0, 7] and coincide on [0, i], there holds S(i +)—

(t) |17(t+)— (t)| = |17(t+) — (t)| hence either E(i+) =17(i+), or
Et+)—nit+)=2(EE+) — EF)). Assume first that EE+)— it +)=¢>0.
Then & + ) — &) = /2, and putting

2o | EO for te [0, U, T1,
C &ty —e2  for tell, t,],

we see that & is non-decreasing in [¢;,_;, t;], and for a.e. t  [t,_,, t,] we have
uw(t)+r=E&1t) = E(t) =n(t) = u(t) —r with Var 5 V(t,) — ¢/2, which is a
contradiction.

Therefore we necessarily have E(t +)= n(t +). We fix some x€]0, &(t;) —
n(t)l and put

=inf{telt, t,]; &) —n(t) = K}.

Clearly s > ¢t and for te]f, s[ we have

(2.32) 0<&)—nit)<k<&s+)—n(s+).
We next define the number
(2.33) e:=&(s) —n(s) €10, kI,

and choose 6 >0 in such a way that
|&(s) — &) | < e/2, |n(s) —n(t)| <e/2 Vtels—0,s]clt_q, s].
We have (s +) —&(s—=0) =V(s+)—V(s=0) = |n(s+) —n(s —0) |, hence
o:=min{e, &s+)—E&(s—0)} >0.

Indeed, 0 =0 would imply &(s+)—&(s—0)=n(s+)—n(s—05) =0, hence
E(s+)—n(s+) =& —0) — n(s — 6) which contradicts (2.32).
We define the function

E(t) for te[0, s —0]Ult,, T,
2.34) &) :={ min{&®), Es+) -0} for tels—0,s],
E&t)y—o for te]s, t;].

Then E is non-decreasing in [t _q, t;], E(t) < &(t) for every tels—9, ;]
On the other hand,

Et) —n(t) = &s — 0) — n(t) = (E(s) — 1(s)) + (&(s — 0) — &(s)) + (n(s) — (1))
=(0 for every te]s—0, s] and

Et)—nt) = Et) —nt)—e=0 for every tels, t;],
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hence |ju — E|o, 7y <7, while [\Ofar &= [\Ofar] &— o< VI(t,), which is a contra-
’ » b s b

diction. This completes the proof of Theorem 1.2. =

3. — Lipschitz continuity.

In this section we give the proof of Theorem 1.3. It will be based on the fol-
lowing two lemmas.

LEMMA 3.1. — Consider ue L * (0, T), r>o(u), E°cR and &=p,[E°, ul.
Assume that there is a subinterval [Ty, T.] of [0, T] on which there
holds

(8.1 &) > &(ry) Vielry, T1].
Then for each ¢ >0 and telry, v,] the set
3.2) M .(t) = {relrg, U, &) Su(r) —r+ e}
has positive measure.
LEMMA 3.2. — Consider ueL*(0, T), r>o(u), E°cR and &=p,[E°, ul.

Assume that there is a subinterval [Ty, 1] of [0, T]1 on which there
holds

(3.3) &) <&(ry) Vielry, 14l
Then for each ¢ >0 and telt,, 7] the set
(3.4) M: () :={relr,, U, &) =u(r) +r—¢}

has positive measure.

We prove only the assertion of Lemma 3.1; Lemma 3.2 is completely
analogous.

Proor oF LEMMA 3.1. — We first check that under the hypotheses
of Lemma 3.1, the set

Ag(t) = {relr, tl, |u(T) — &(7y) | > 7}

has positive measure for every te]r,, t,]. Indeed, assume for contradiction
that there is t* e]r(, 7] such that meas A:(¢*) =0. Putting

g*(t):{g(t) %fte[O,rO]U]t*,T],
&(ty) if telry, t*],
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we have, on the one hand, £*e B,(E%, u). On the other hand, (3.1) yields
\Y% =V +&(t*) - >V =V *
N ans (0.70) §+6(%) = &xo) (0,301 s 0,341 $

which contradicts Definition 1.1 and Theorem 1.2.
We next proceed to the proof of (3.2). Arguing by contradiction again we
assume that there is ¢ >0 and t* €], 7] such that

meas M: .(t*)=0.

Recalling Theorem 1.2, we find ke {1, ..., [} such that rye[t,_1, [ and put
¥ :=min {¢*, ¢;}. Then

(8.5) meas M .(7%) =0,

(3.6) & is non-decreasing on [7,, T*] (recall (3.1)).

Consider telr,, v*[. It follows from (3.1) that, for almost every reA(?),
there holds

Erg) <&@ <=su(r)+r and |wr)—E&y)|>7,
consequently
&(rg) <u(r)—r for ae. TeA(t).
Combining this inequality with (3.5) yields
3.7 &(rg) <&(r)—¢e for ae. TeA(t).

As the set A;(¢) has positive measure for every t ]y, 7%[, we may let 7 tend
to 7o+ in (3.7) and conclude that

3.8) o) =&(rog+)—¢.
We now define a function EeLBV(O, T) by
Ht) = { &t) ff tel0, to]UlT*, T1,
Et)—¢e if telry, T*].

Owing to (3.5), we have |u —AEH[W*] <r and thus & e B,(E°, u). On the other
hand, (3.6), (3.8) yield that & is non-decreasing in [7,, 7*] and

s o) e = B
[Xag]é [Xag]é &™) — &(ty) [Xe;{]é €

which contradicts Theorem 1.2. Consequently meas M;" () >0 for every te
179, 71] and the proof of Lemma 3.1 is complete. ™

We are now ready to prove Theorem 1.3.

PROOF OF THEOREM 1.3. — Let u, ve L *(0, T), £°, n° e R and » > o(u), s >
o(v) be given, and put &:=p,[E°, ul, :=p,[5°, v]. We first prove that for
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every te [0, T] we have

(3.9) Et) — () S max{[E°—n°|, [r—s| +[u—vllo, 1}
Interchanging the roles of & and # and taking the maximum over t e [0, T'] we
then obtain the assertion of Theorem 1.3.
To prove (3.9), we put
do :=max {|E°—n°|, |r—s| + llw = vllro, 1}

and consider an arbitrary d>d,. Assume that there is 7,€]0, T] such
that

(3.10) &) —n(ry) >d,
and put
(3.11) 7o :=sup{tel0, v,1; &t)—n(t) <d}.

Clearly 7, = 0 and the left continuity of & and # entails that &(z,) — (7o) <d,
hence 7(,<7;. We have thus found a subinterval [7,, 7;] of [0, T] such
that

3.12) E(ty) —n(ty) <d and &) —n(t) >d for telry, 71].

According to Theorem 1.2, we may assume that both & and # are monotone in
[79, T1] by taking a smaller 7, if necessary. Now we have either

(3.13) &) > &(ry)  for telry, 741,
or there is t*e]t,, 7,] such that
(3.14) E(t*) = &(ty).

If (3.13) holds true, we put ¢ := d — dy > 0. By Lemma 3.1 the set M:".(7,) has
positive measure and we have for a.e. te M: () that

EB)—nt) su@)—r+e—t)—s)<|u—2ljo,m+e+s—7r

$d0+8Sd,

hence a contradiction with (3.12).
On the contrary, if (3.14) holds, then & is non-increasing in [z, t*]. From
(3.12) it then follows for te]r,, t*] that

n(t) <&@) —d<&(ry) —d<=n(ry).

We now apply Lemma 3.2 to conclude that M, (¢ *) has positive measure for
the same ¢ as above. But for almost every te M, ,(t*) there holds

nt)—E@) zvd) +s—e— (wt)+r) = _Hu_v”[O,T]_f"'s_/V'

B_do_ga_d,

which again contradicts (3.12). In other words, (3.10) cannot hold for any 7, e
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10, T, hence
Et)—nt)<d for all te[0, T].

As this is valid for each d>d,, we obtain (3.9) and the proof is com-
plete. =

5. — Further properties.
In this section, we give the proofs of Corollaries 1.4-1.6.

PROOF OF COROLLARY 1.4. — Put &, :=p,[5°, u] and &, := b, ,[E, ul.
Since &, belongs to LBV(0, T), we have o(&,) =0 and 7, := p,[E°, &,] is well
defined. By Theorem 1.2 we have 5, e LBV(0, T) and

e = n3lko. o< e = & llo, 1y + - — i llio, S 7+ R\

hence 7, € B, ,(E°, u). Moreover, &,,,eLBV(0, T) satisfies &,,,(0)=E&°
and (1.6) entails that

||§r_ §r+hH[0, T] <h.

Consequently, &, , € B,(E°, £,), and (1.5) guarantees that
< =i . 0 <
}g’atl;nh\}gggéwh mf{[\gggn, ne B, (& ,u)} [\gggnh

for every te [0, T], hence 5, e P,. (&% u). By Theorem 1.2 we readily con-
clude that ,=£&,,, and Corollary 1.4 is proved. =

PRrROOF OF COROLLARY 1.5. — Consider uwe L * (0, T), e R and a sequence
{h,} of positive real numbers such that z,—0 as n— . For every n we can
define &, := Py +1,[17°, u] and we have by (1.6) that

(41) ”gn - gm H[O, 7] S |hn - hm | .

Consequently, {£,} is a Cauchy sequence in L (0, 7) and its limit which we
denote by & . is independent of the specific choice of the sequence {&,}.
Putting pg(u)[no, u] := & . we thus obtain (1.8). Moreover, as a uniform limit of
functions from LBV(0, T), the function b, [n°, ] belongs to LG(0, T). Fi-
nally, passing to the limit in (1.7) as »— o(u) + we obtain (1.9) and the proof is
complete. =

PrOOF OF COROLLARY 1.6. — Let ke {1, ..., I} be arbitrary and assume for
instance that « is non-decreasing in [¢,_q, t,]. Put
&) for te[0, t;_41,

t) :=
nk( ) {max{g(tkl)r u(t)_’l"} fOI' te]tkfl’tk]’
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and

t:=max{telt, i, t;]; ut) —r<&t,_,)}.
Since both & and u are left-continuous, we have u(t) — r < &(t) < u(t) + r for
every te [0, T1, in particular £(¢, 1) < u(t,_{) +r<u(t) +r for telt, 1, t;].
Consequently u(t) — r <5, (t) <u(t) + r for every te[0, t,]. Moreover,

=V V. for telt,_q,1tl,
0 52l E T ortelleon

Var§> Var §+§(t) &t 1)

[0, 1]
Z[Var E+ult) —r— &t _ 1)—Var17k for telt, t1,

b
and Theorem 1.2 implies that #, =& in [0, £, ]. The argument is similar if u is
non-increasing in [¢,_q, ¢,] and the assertion follows easily. =
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