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Approximate Smoothings of Locally Lipschitz Functionals (*).

ALEKSANDER CWISZEWSKI - WoJCIECH KRYSZEWSKI

Sunto. — L’articolo tratta il problema dell’approssimazione di funzionali localmente
Lipschitziani. Viene proposto un concetto di approssimazione che si basa sull’idea
dell’approssimazione in grafico del gradiente generalizzato. Si prova Uesistenza di
tali approssimaziont per funzionali localmente Lipschitziani definiti in domini
aperti di RY. Infine, si presenta un procedimento di approssimazione normale re-
golare di insiemi regolari (introdotti in [13]).

Summary. — The paper deals with approximation of locally Lipschitz functionals. A
concept of approximation, based on the idea of graph approximation of the genera-
lized gradient, is discussed and the existence of such approximations for locally
Lipschitz functionals, defined on open domains in RY, is proved. Subsequently, the
procedure of a smooth normal approximation of the class of regular sets (contai-
ning e.g. convex and/or epi-Lipschitz sets) is presented.

1. — Introduction.

In the paper we investigate locally Lipschitz functionals defined on open
domains in the real N-dimensional Euclidean space RY and their (Clarke ge-
neralized) differentiability properties in the context of approximation theory.
Our purpose is twofold. First, we determine whether given a locally Lipschitz
f: U—R, where UcRY is open, it is possible to approximate (in an appropria-
te way) its Clarke generalized gradient Jf (see Section 2 for details concerning
notation and preliminaries) by gradients of C'-smooth functions. Our interest
in the question is motivated by applications to problems of smooth approxima-
tions of sets in RY and the celebrated Whitney theorem [30] (see also e.g. [22])

saying:

Given a C'-smooth function f: U—R and a continuous function ¢ : U—
(0, +), there is a C* (or even an R-analytic) function g : U— R such that

@) |f®) —gx)| <ex), for all xeU;
(i) [Vf(x) — Vg(@) | < e(), for all xe U

(*) Supported by KBN Grant 2 P03A 03315.
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It is natural to ask to what extent this result may be generalized for a local-
ly Lipschitz f. We shall also address the problem of the subgradient represen-
tation of a set-valued map. Suppose that ¢ : U — RY is a set-valued map (with
nonempty values). We say that ¢ has (Lipschitz) variational structure if the-
re is a locally Lipschitz function f: U— R such that, for each x € U, 9f(x), the
Clarke generalized gradient of f at x, is contained in ¢(x). We also say that fis
a (Lapschitz) potential of @. There are several results providing sufficient con-
ditions for ¢ to have such a structure (see e.g. [7, Sec. 2.5] for an up to date
survey of the problem).

It appears that both problems have much in common and, in fact, may be
answered simultaneously. The key to such an answer is provided by the con-
cept of graph approximation of set-valued maps (see for instance, the second
author’s survey [20], [19] or [21]). Namely, in Section 3, we shall prove

THEOREM. — An upper semicontinuous set-valued map ¢ : U —o RN with
compact convex values has a (Lipschitz) variational structure if and only if,
for any € >0, there is a C”-function g : U— R such that Vg is an e-approxi-
mation (on the graph) of ¢. More precisely a locally Lipschitz function
f: U—R is a potential of ¢ if and only if, for any & >0, there is a C~-fun-
ction g : U—R such that

@ |fx)—gx)| <e on U;
(i) Vg is an e-approximation on the graph of ¢.

Such a function g shall be referred to as the e-approximate smoothing of f.
It is clear that this result constitutes a locally Lipschitz counterpart of the
Whitney theorem.

To explain our view-point let us recall that due to the Rademacher theorem
a locally Lipschitz f is almost everywhere (a.e.) differentiable and, for
xeU,

() 9f(x) = conv{pe R |p= lim Vf(x,), x,—= and Vn Vf(x,) exists}.

The lack of continuity of the a.e. defined gradient implies that in general 9f(x)
is essentially a set and excludes its (uniform) approximability by gradients of
smooth functions. For instance, if Rax+—f(x) := |x|, then

[—1 if x<0,
fle)y=4[-1,1] ifx=0,
1 if x>0.

This example shows that indeed one can expect neither the existence of uni-
form continuous approximations of Jf nor their required particular, i.e. gra-
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dient like, form. But 9f admits continuous graph approximations (this holds for
any upper semicontinuous set-valued map with closed convex values in view of
the Cellina theorem [8]) and it makes sense to ask whether there are graph-
approximations of df being gradients of some smooth real functions. It also ap-
pears that our approach has much in common with the notion of a derivate
container introduced by Warga in [26] (comp. [27]) in the context of non-
smooth controllability problems — see Remark 3.8 below.

Secondly, in section 4, we shall provide some examples of applications. Ac-
tually, as any approximation result, ours has numerous applications; we have
recently used it in the context of partial differential equations with disconti-
nuous nonlinearities [14] as well as in the theory of generalized hamiltonian
systems. Here we shall study the following issue. If K is a closed subset of RY,
then the distance function dy is (globally) Lipschitz but not differentiable (e.g.
on the boundary bd K of K). Approximate smoothings of dx on R¥ \K provide
appropriate regularizations of K. More generally, assume that K:= {xe
U|f(x) <0} is closed in the open domain U of a locally Lipschitz function f.
Taking a properly chosen approximate smoothing ¢ of fin U\K, appropriate
sublevel sets of g provide a sequence {K,}, -, of outer approximations of K
converging to K (in a well-defined sense) and allowing to study the normal (or
tangent) cones to K in terms of the limit behavior of normal (or tangent) cones
to K,,. Our interest in these issues has been inspired by the recent papers of
Cornet and Czarnecki [11, 12] and Benoist [5]. Our methods allow to obtain
more general results by simpler means.

Finally, in Appendix we prove a quantitative version of a deformation lem-
ma valid for locally Lipschitz functionals.

2. — Preliminaries.

As usual, || and (-, -) denote the Euclidean norm and the inner product in
RY, respectively. Let AcRY; for xeRY, d(x, A) =d,(x) := in£ | —al.

Given ¢>0, B(4, ¢) :={xeRY |dy(x) <e}, D(A, ¢) := {weRY |dy(2) < e}.
The closure, the boundary, the interior of A and the convex hull of A are de-
noted by el A, bd A, int A and conv A, respectively. By A°:= {xeRY |VaeA
(x, a) <0} we denote the (negative) polar cone of A. Clearly A°°:= (A°)° is

the smallest closed convex cone containing A4, i.e. A°° = cl Agoﬂ-conv A |. The
distance between A and Bc RY is defined as dist (4, B) := [ilng 5 la—b|.By
the support function of A we mean the function o ,: RY >R U { + o} given by

o4() :=sup(a,v), veRY.
acA
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It is clear that o4 is a lower semicontinuous gauge function (i.e. it is subadditi-
ve and positively homogeneous); moreover clconv A= {xeRY |Vve RY
(x,v) <04(v)}; 04 is continuous and finite if and only if A is bounded. Any
lower semicontinuous gauge o determines a closed convex (and bounded whe-
never o is finite) set B= {xeRY |VveR" (¥, v) <o(v)} and then oz =o0.

Consider an open Uc R and a locally Lipschitz function f: U— R. The di-
rectional derivative (in the sense of Clarke) of f at x e U in the direction ve
RY is defined by

fo(a; ) = Tim sup L4 TSW)

y—ax, h—0" h

It is clear that, for all v e U, ve RY, f°(x; v) is a well-defined real number and
the function v— f°(x; v) is a Lipschitz continuous finite gauge (of rank equal
to the Lipschitz rank of f around x). Therefore f°(x; -) determines the genera-
lized gradient of f

f (@) :=={peRY |VveRY (p, v) <f(x;v)}
and
Os() =f(x;v), veRV.

The set-valued map U 3 x— 9f(x) has compact convex values and appears to be
upper semicontinuous, since the function (x, v) — f°(x; v) is an upper semi-
continuous real function.

The Rademacher theorem asserts that f is differentiable almost every-
where in U, i.e. for almost all xe U, Vf(x), the gradient of f at x, exists
and

(Vf(x), v) <f(x; v), veRY,

If g : U—R is C'-smooth, then it is locally Lipschitz; g°(x; v) = (Vg(x), v) and
dg(x) = {Vg(x)} for e U and ve RY. The reader should consult [9] for other
useful properties of f° and of.
Let us note the following two straightforward facts.
LeEmMA 2.1. — Suppose that f: U—R is locally Lipschitz.
G) If g : U—R is a nonnegative C'-function, then

A fg)(x) = f(x) Vg(x) + g(x) If(x) (xel).

(i) If g1, g2: U—R are nonmegative C'-smooth and g,(y) + g-(y) =1
Sfor all y from a neighborhood of xe U, then

If(x) = (g1 fHw) + g f)x). ™
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Assume AcRY and let ¢ : A - RY be a set-valued map (i.e. to each x€ A a
nonempty set @(x)cRY is assigned). Given a neighborhood U of the graph
Graph (¢) := {(x, ) e A X RY |y ep(x)} (in A X RY), we say that g: A—RY
is a U-approximation (on the graph) of ¢ if

Graph(g)c U.

Similarly, given a function ¢ : A— (0, + ), we say that g is an e-approxima-
tion (on the graph) of ¢ provided

) VeeA g(x)eB(e(B(x, e(x)) NA), &x)).

It is a routine to show that these notions coincide, that is: for any neighbor-
hood U of Graph (¢), there is a continuous &(-) such that an e-approximation of
@ is a U-approximation, and, conversely, given continuous &(-), there is a nei-
ghborhood U such that a U-approximation of ¢ is an e-approximation. Thus, in
the sequel, we shall speak of e-approximations for continuous functions €. For
more details concerning graph approximation (in a much more general set-
tiing) see [19], [20] or [21].

In order to obtain a more analytic characterization of graph-approxima-
tions we shall need the following notation. For AcRY, let

Alll := inf (@, u) = — inf .
Al Sup inf (a, ) ,nf oaw)
It is easy to see that |||A||| = ||| conv A||| = ||| cl conv A||| . Since D(0, 1) is

compact convex, in view of the well-known min-max equality (see e.g. [1, Th. 8.1]),

®) Al = inf  sup (a,u)= inf |a].
)

aeconvA uweD(0, 1 aeconvA

Thereore |||A||| =0 if and only if 0 € cl conv A.
In particular, for f: U—R as above and xe U,

)l =~ _inf £ .

ueD(0, 1

LEMMA 22. — Let UcRY, ¢: U—RYN with closed convex values, ¢ :
U—RYN and ¢: U— (0, + ). The following conditions are equivalent:

() g is an e-approximation of ;
(i) for any xeU, there is ¥ € U with |x —% | <e(x) such that
lllg(@) — @) ||| <e(x);
(i) for any xe U, there is * € U with |x —% | < e(x) such that

YueD(0,1) (g®), u)—0,mu) <e().
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Proor. - By (2), g is an e-approximation of ¢ if and only if, for each x € U,
there is @ € B(x, e(x)) and ¥ € (%) such that |g(x) —¥ | <e(w), ie. |||g(x) —
p@) ||| <e(x) in view of (3).

On the other hand

llg(x) — @) ||| = sup (g(x), u)— sup (y, u));
ueD(0,1)

y e

thus (ii) and (iii) are equivalent. =

3. — Approximate smoothing.

We shall start with the «if» part of Theorem stated in Introduction. Let, as
above, UcRY be open.

THEOREM 3.1. — Let ¢ : U —oRY be an upper semicontinuous set-valued
map with compact convex values. If, for any (constant) € >0, ¢ admits e-ap-
proximation of the form Vg: U—RY, where g : U—R is a C'-smooth fun-
ction, then @ has (Lipschitz) variational structure.

PROOF. — For any integer n =1, let g,: U—R be a C'-smooth function
such that Vg, is a (1/n)-approximation of ¢. Since ¢, being upper semiconti-
nuous with compact values, is locally bounded (i.e. for any x € U and any boun-
ded neighborhood V, c U of x, there is ¢, > 0 such that sup |z| <c,foryeV,),

zep(y)

we get by (2) that the family {Vg,} is also (uniformly) locally bounded.

Without loss of generality, we may assume that U is connected. Choose
xy € U; replacing g, by ¢.,(-) — g..(xy), we may also assume that g, (x,) =0 for
all n. This, the local boundedness of the family {Vg,} and the mean value
theorem imply that, for any x e U, the set {g,(x)} is bounded and the family
{g.} is equicontinuous. Therefore, by the (generalized) Ascoli-Arzela theorem
(see e.g. [15, Cor. 0.4.12]), we may assume that g, converges almost uniformly
(i.e. uniformly on compact subsets of U) to a continuous function f: U—R. It
is clear that f is locally Lipschitz.

Fix xe U, ueD(0,1) and ¢>0. Choose 1 >0 such that D(x, 3n)cU
and

(4) Vz EB(QC, 37’]) O'¢(z)(u) < 0¢(x>(u) +e.

Such a choice is possible in view of the upper semicontinuity of ¢.
Take an arbitrary y e U with |y — | <# and 0 <& <#. By the mean value
theorem, for each n, there is 6, (0, 1) such that

9,y + hu) — g, (y)

5
®) 7

=(Vg,(y + 0, hu), u).
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By Lemma 2.2, there is %,eU (depending on y and k) with |y+0,ku—7%,| < 1
such that "

1
(6) <ng(y + gn hu); u> = O—(p(g‘/ﬁ)(u) + % .
Clearly |x—7%,| <27+ l; hence, for sufficiently large =, say = =n,,
n
le—7%,| <3y and L <e. By (5), (6) and (4), for n=n,,
n

@ g”(“m;)_g"(y) < 0y () + 2

Since g, —f uniformly on D(x, 3%), by (7)

fy+ /u;) Dy yese.

Therefore, for any u e D(0, 1),

o : Sy + hu) — f(y)
0 gpy(u) = f(x; ) = inf sup S Oy (u).
>0 yeB(x,y), he(0,n) h

This implies that o4 < 0, on RY, ie. of(®)c o) for all teU. =

REMARK 3.2. — For the sake of completness we shall discuss a different, mo-
re synthetic proof of Theorem 3.1. As above the sequence (g,,) converges almo-
st uniformly to f and the sequence (Vg,) is locally bounded. By the Dunford-
Pettis theorem Vg,—heLl.(U, RY) (weakly). Hence, for any test function
k: U—R (e. a C*-function with compact support),

ff(ac) Vk(x) de = lim fg,z(oc) Vi(x) de =
U U
— nli_{% fk(ac) Vg, (x) de = — fk(x) h(x) dx ,
U U

i.e. h is the weak gradient of f. Since fis locally Lipschitz, fe W, *(U) and its
weak gradient & = Vf a.e. on U (where Vfis the ordinary gradient existing a.e.
in view of the Rademacher theorem) — see e.g. [16, Sec. 5.8]. By the Conver-
gence Theorem (see e.g. [2, Th. 3.2.6]), Vf(x) € ¢(x) for almost all x e U. Hen-
ce, by (1), in view of the upper semicontinuity of ¢ and because values of ¢ are
convex, df(x)Cce(x) for all ke U. =

In the rest of this section we shall deal with the converse of Theorem 3.1.
The argument we are going to present is standard and follows the steps of the
Whitney theorem’s proof with necessary adjustments provided by below Lem-
ma 3.4.
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Let w : R¥ >R be a C*-mollifier, i.e. a nonnegative function with the
support
suppw c D(0, 1)
and such that
f w@)de=1.
RN

Suppose f: R¥— R is a locally Lipschitz function with compact support; then f
is globally Lipschitz. For any A >0, we define the A-regularization of f
putting

®) g:@) = [ flo—12) 0(2) de
RN
The following properties are self-evident.
PROPOSITION 3.3. — Let L > 0 be the Lipschitz rank of f. If g, is a requlari-
zation of f, then
@) g, s C~-smooth;
(i) g, is a uniform AL-approximation of f;

(iii) suppg;cD(supp f, 1). =
The next lemma plays a key role in our smoothing procedure.

LEMMA 3.4. — Let fi, ..., f,: RYN—R be Lipschitz continuous functions of
common rank L and compact supports. For any € >0, there is u >0 such
that, for all xeRY, there exists T e B(x, &) such that

(2 + hu) — f;
9) VYueD(0,1) sup fita ) /i@ <fi@; u)+ £
2eBle, u), he (0, 1) h 2

for each 1=1, ..., n.

Proor. — Fix y € RY. By the very definition of the directional derivative, for
all weD(0, 1), there is 0 <y =ny, u) < SiL such that

(10) sp  TEHMTIE e 0+ <

zeB(y, 2n), he (0, ) h

for all i=1, ..., n. By compactness, we can choose u,, ..., %,, € D(0, 1) such
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that D(0, 1) is covered by {B(u;, n(y, u;))}/-. Put

77(?/) = min{e, ’7(2/, ul)) [RRE} '](y, um)}-
Then, for each 1 =1, 2, ..., n,

11)  VueDO,1) sup file + ) — £i(2) <foly; u) + g

ze By, 2n), he (0, n(y)) h

Indeed, take any u e D(0, 1), ze B(y, 2n(y)) and ke (0, n(y)). For some je
{1, ..., m} we have |u —u; | <#n(y, u;). Using (10), the Lipschitz continuity of
fi and f3(y; -), we get for each 1,
fiz+hu)—fi(z)  filze+hu) = f;(2)  fi(z + hu) — f;(z + hu;)
I B 3 " I

& &
<fiy; ) + 3 + Ly, wp) <fi(y; w;) + 1

€ €
<fiy;w+ Llu—w |+ 2 <fily;w+ 2,

which proves (11).
Let K:= 'U1 supp f;. There are ¥, ..., y,€ K such that K is contained in
p 1=

Vi= 'U1 B(y;, n(y;)). The compactness of K also implies the existence of 7, >0
J=
so small that B(K, n,)cV. We put

U= min{% s Yy, -y 77(?/p>}~

We shall verify (9). Take x e RY. Two cases are distinguished. If x ¢ V, then
B(x, 2u) N K = @, which means that, for z € B(x, u), 0 <h <u and uw e D(0, 1),
one has

filz + hu) =0 = fi(2),
for all ¢, because |z + hu —x| < |z — x| + u|u| <2u. Since f7(x; u) =0, con-
dition (9) holds with ¥ :=x. If x € V, then there is y; € K such that |x —y;| <
n(y;). Take zeB(x, u), he(0,u), ueD(0, 1), then |z—y; | <u+ny) <
2n(y;) and 0 < < n(y;). Hence putting ¥ :=y; and using (11) one obtains (9)
again. =

As a consequence we derive the local version of our result.

ProposITION 3.5. — Let f; (i =1, ..., n) be as in Lemma 3.4. Then, for any
e >0, there exists A, >0 such that the following conditions are satisfied:
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() for any A < A, A-regularization gi (of f;) is a uniform e-approxima-
tion of f;, for all 1 =1, ..., n;

(i) for any xeRY, there exists T € B(x, &) such that for all A <A, and
each 1=1,...,n

Il Vgi(x) = af,@ ||| <e.

Proor. - We apply Lemma 3.4 and put 4, := min {,u, %} > 0. Take A < 4,.

In view of Proposition 3.3 (ii), property (i) holds.
To proceed with (ii), fix a point & and u € D(0, 1). There is 6 = 0(4, &, u) <
u such that, for all 7, we have

(12) Vhe(0,8) (Vgi(e), u)< gf(x+h@;)—g;(x) . g

By (9) we get, for ke (0, 0),

gi(@ +hu) — gi(x) _
h

1 f[ﬁ(ac—/lz+hu)—fi(x—/lz)]w(z)dz<ff(%;u)+g.

D(0, 1)

This inequality along with (12) gives (Vgi(x), u) <f7@; u) + e.
Since u was arbitrary, this completes the proof in view of Lemma 2.2. =

REMARK 3.6. — By inspection of the above proofs, it is easy to see that we
can achieve that, given an arbitary neighborhood W of 'U1suPp fi,if xeW,
iz
then the existing point ¥ lies actually in WN B(x, ¢). =

Now we are in a position to prove the main result of this section.

THEOREM 3.7. — Suppose f: U—R, where Uc RY is open, is a locally Lip-
schitz function. For any continuous € : U— (0, + o), there is a C“-function
g: U—R such that

@) for all xeU, |f(x)—g(x)| < e(®);

(ii)) Vg 1s an e-approximation (on the graph) of If(:).
In other words g is an e-approximate smoothing of f.
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Proor. - Let {K,} -, be an increasing family of compact sets such
that

13)  Ky=0; VYn=1 ¢0=KcintkK,, and U= UK,
Foranyn=1,let P, :=int K, . \K, ;. In view of (13), {P,,} is an open cove-
ring of U; let {¢, },-1 be a C “-smooth partitition of unity subordinated to it,
ie. supp ¢ ,CcP, for any n=1.

Clearly, functions ¢ ,-f (n=1) are (globally) Lipschitz and may be conside-
red as defined on RY. In view of the continuity of e, the numbers

1
£, := min { > mi}gs(m), dist (supp ¢ 3, K;), dist (supp ¢, K1)} ;
reny

1

Ep = min { E rr}{in 3(90)5 diSt(SuPp(pn—I’ [:Kn)a diSt(SuPp(pn+2) K72+1)} (nZZ)
CELy+1

(where ( denotes the complement) are positive. Applying Proposition 3.5, for

each n =1, we find 4, > 0 such that, for any 0 <1 < 1,, A-regularizations g,

and g/*! of ¢ ,-f and ¢, -f, respectively, are appropriate uniform (e, /2)-ap-

proximations and, for any xe P, U P, ,, there is x e B(x, ¢,) N (P,UP, ;1)

(see Remark ) satisfying

(14) Il Vgi' (@) = g, H@) || <e,/2
and
(15) |||Vgﬂfb+l(x) - a(@n-%—lf)(%) ||| < 877,/2

for all 0 <1 <41,. Moreover, taking into account Proposition 3.3 and decrea-
sing 1, if necessary, we may assume that

(16) supp g/'CP, and supp g/'"'CP, .y

for all 0 <A <A1,. Furthermore, without loss of generality, one can also assu-
me that the sequence {1,},_; is nonincreasing.
Finally, define g : U—R by the formula

9@ = 3 gl @).

Evidently, g is well-defined and C “-smooth since, by (16), at most two terms
may be nonzero simultaneously. It remains to show that ¢ is an e-approximate
smoothing of f. For a fixed xe U, there is a unique n =0 such that xe
K, 1\K,. If n=0, then g(y) = g} (y) on a neighborhood of x and the claim
follows from (14) and the definition of ;. If » =1, then, by (16), g(y) =
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n

g1 (y) + 97+ 1(y) for y from a neighborhood of x. This yields
amn Vg(x) = Vgi' () + Vgi' 1 (x).

n n+1

By the choice of numbers ¢,, we gather that, for all y e B(x, ¢,),
(18) q07z(y)+(pn+l(y)=1'

Therefore

lg(@) = f(@) | < |97, (@) — @, (@) f@) | +]9£71 (@) — @1 (@) f@)] <&, <e(x).
By (17), (18) and Lemma 2.1,

I Vg(@) = of@) ||| < || Vos, (@) — @, /@ ||| +

|||ng+1(%) - a((pn+1f)(%) ||| S En S 8(90)’

n+1

which, in virtue of Lemma 2.2, ends the proof. =

REMARK 3.8. — We would like to thank the referee for turning our attention
to the contribution of J. Warga concerning the so-called derivate containers.
In [26] Warga studies a Lipschitz functional f: U—R and says that a family of
compact subsets {A¢ f(x) [xe U, e >0} of RY is a derivate container for f if
AT f(x) cAf f(x) (y <eé) and, for every compact subset U*c U, there exists a
sequence {f;} of C'-fuctions defined on a neighborhood of U* such that
ilin}o fi =f uniformly on U* and, for any xe U* and ¢ > 0, there are i;,, 6 >0

(depending on & and U¥*) such that Vf;(y)e ¢ f(x) provided ¢ =1, and
|y —x| <d. He also shows [26, Th. 2.5], that the family 0°f(x):=
cl conv{Vf(y) ||y — x| <e, Vf(y) exists} (xe U, € >0) is a derivate container.
It is not difficult to see that the generalized gradient of(x) = Doas f(x) for each

x e U. Having these facts, one may prove the local version of the «only if» part
of Theorem from Section 1 — comp. Proposition 3.5. It seems however that the
presented self-contained setting and the consequent use of the language of
graph-approximations is more convenient. ™

COROLLARY 3.9. — Let f: U—R, where UcRY is open, be a locally Lip-
schitz function. Suppose ceR and f~1(c) #@. There exists a locally Lip-
schitz function g : U—R such that:

() g ') =f"e) and (f(x) —c)gx) —c) =0 for all xe U,
(i) g is C*-smooth on U\f '(c);
(i) for all xef1(c), dg(x) c If (x).

Proor. — For simplicity of notation assume that ¢=0. Let ¢: U— (0,
+ ) be given by e(oc)=min{|f(9c)|2, |f(x)|/2}. Clearly e(x)>0 if xe
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U\f1(0). Put fz = f|f (0, + ») and f; = f|f ~'(— %, 0). In view of Theorem
3.7, there are e-approximate smoothings gg:f (0, + ©)—R and g¢;:
f1(—=o,0)—>R of fy and f;, respectively. The function g : U—R is given by
gp(x) if f(x) >0
g(x) =40 if flx)=0
gr(@) if flx) <0.

It is not difficult to show that ¢ is locally Lipschitz, conditions (i), (ii) are sati-
sfied and

(19) VYeeU |f(x)—g(x)| <e(x).

To check (iii), suppose first that x ef 1(0) and that Vg(x) exists. For any
uweRY and & >0, we have

g(x + hu) B g(x + hu) — f(x + hu) N flx + hu) -
o h o

N fle + hu) — f(x)

SLZh|u|? P

|f(x + hu) | N flxe+ hu)
h h

where L, is a Lipschitz rank of f around x. Hence
(Vg(o), w) < f(a; u),

i.e. Vg(x) € 9f(x). Now suppose that g is not differentiable at x € f~*(0). Recall
that, in virtue of (1),

dg(x) = conv {z = nli_r)r})c Vg(a,) |c,—x, ©, e Qg}

where @, is the set (of full measure) on which Vg exists. For any z=
lim Vg(x,) € 9g(x) (x,—x and x, € 2 ), there are two possibilities: almost all
x, belong to f71(0) or, for a subsequence (still denoted by {x,}) one has
f(x,) # 0. In the first case z € 9f(x) since Vg(x, ) € If(x,) and the graph of of is
closed. Otherwise, for any =, there is ¥, e B(x,, &(x,)) such that Vg(x,) e
B(f(x,), e(x,)). Clearly %, — x; hence, again by the closedness of the graph of
df, we gather that ze df(x). Hence Jg(x)c df(x) since the latter set is
convex. N

4. — Approximate smoothings of sets.

In this section we shall apply results of Section 3 to the problem of regula-
rization of sets in RY and their approximation by smooth sets.
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Suppose U is an open subset of RY. Let Kc U be closed in U. By the nor-
mal cone to K at x e K we understand the cone

Ng(x) 1= ddg(x)°°.

This cone admits a more intrinsic description by means of the tangent cone to
K at x (in the sense of Clarke)

die(y + b
Cula) = {uz—:RN| O ) :o};

y—x,yeK, h—0" h
namely
Ng(x) = Cx(®)° = {peRY |VueCx(x) (p,u)s0}.

It is clear that if x eint K, then Ng(x) = {0}.

Here and below, by a smooth set in U we understand a closed (in U) set K
for which bd ; K, the boundary with respect to U, is an (N — 1)-dimensional
C *-smooth manifold, that is, for any x € bd ;; K, there is a neighborhood Vc U
of ® and a C”-function g : V—R such that 0 is a regular value of g and
bd y KNV =g 1(0). In this case

Ny(@) = {AVg(x) |21 =0}.

Let us first observe that the very notion of regularization and/or approxi-
mation of a set requires a careful description. If one wants just to approximate
a given (closed in U) set K c U in the sense of the existence of a smooth set X in
an arbitrary neighborhood V of K (but such that U\V # 0), then the problem is
eagy. It is enough to take a nonnegative C “-function 5 : U— R equal to 0 on K
and 1 on the complement U\V of U (such functions always exist). The Sard
theorem implies the existence of a regular value ¢ e (0, 1) of 5. The set K:=
710, €] is a desired smooth set contained in V. In this way, putting K, :=
7 1[0, &,] where (e,) is a sequence of regular values tending to 0, we obtain
the sequence {f(n} of closed (in U) smooth neighborhoods of K such that

K= Olkn (it is clear that if the boundary of K with respect to U is not com-

pact, then the family {K,} is not necessarily cofinal in the family of all neigh-
borhoods of K).

However, such approximations seem to be useless if one requires that
a set K should have the same geometry and/or topology as K. For instance,
without additional assumptions on K and 7 one cannot expect that K
is homeomorphic to K. The geometrical properties of K, which should
be inherited by its approximations, may be - for instance - stated in
the language of tangent (or normal) cones to K and the accuracy of
approximations studied in terms of their relations with tangent (or normal)
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cones to approximating sets. Some abstract variants of such approximations
are discussed in [12].

Regular sets.

In the present paper we shall deal with sets of the form
S) K={xeU|f(x) <0}

where Uc RY is open and f: U— R is a locally Lipschitz function. We say that
K is represented by f. This, of course, does not restrict generality since any
closed set is represented by its distance function being (globally) Lip-
schitz.

Let

Z=7(f):={xeU|0edf(x)}
be the set of critical points of f.
REMARK 4.1. — Since the domain U of fis open, neither K nor Z must be clo-
sed in RY; these sets are, however, closed in U. It is easy to see that K =

int KUf 1(0) and bd K, the boundary of K with respect to U, equals to
bd KNU=K\int Kcbd f2(0)NUcf1(0). If

(20) fFloynz=o,
then bd ;K=f"1(0). m
Above mentioned additional conditions concerning K and implying the exi-

stence of appropriate «good» approximations will now be stated in terms of the
functional constraint f. After [13] and [4] we recall the key definition.

DEFINITION 4.2. — Let K be of the form (S).
(i) We say that K is regular if the set Z\K is closed in U.
(ii) If, for any x e bdy K,
21) ,dim inf [l Sf ) Il >0,

then K is said to be strictly regular.

REMARK 4.3. — It is to be emphasized that (strict) regularity is not a proper-
ty of a set alone; it strongly depends on a function representing it. For instan-
ce, any closed set Kc RY admits a C *-function f: R¥ — R such that K = f~1(0)
but, in general, above conditions (i), (ii) are not satisfied. Therefore, when
speaking of (strict) regularity of K c RY we have to consider a particular (local-
ly Lipschitz) function f: U—R representing it.
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(1) If K is regular, then there is an open set Vc U conatining K such that,
for x e VAK, 0 ¢ 9f(x) (e.g. we may take V:= U\(Z\K)). Thus, the regularity of
K means that f has no critical points in V\K. We emphasize also that no as-
sumptions concerning the behavior of Jf on K are stated.

(2) Tt is clear that any strictly regular set is regular for (21) implies the
existence of V as in (1) above (}).

(3) Assume that K is of the form (S) and consider the following
condition:

() there is a meighborhood Vc U of K such that ir;\f Il afCy) ||| >0.
yeV\K

Evidently () implies that K is strictly regular (®). Conversely, if bd ;K is
compact and K is strictly regular, then condition ( *) is satisfied. Hence (at
least for sets of the form (S) with compact boundary with respect to U) one
may think of strictly regular sets in terms of condition ().

(4) If condition (20) holds, then K is strictly regular (since the function
y— ||| 9f(y) ||| is lower semicontinuous) and has nonempty interior. The same
argument shows that the set U\int K (represented by —f) is strictly
regular.

(5) At last observe that, in general, neither regular nor strictly regular
sets are required to have nonempty interiors. m®

We shall now provide some examples of (strictly) regular sets.

ExamMPLE 4.4.

(1) Any closed convex subset of RY (represented by dy) is strictly regu-
lar (see [13]).

(2) Any proximate retract (see [23], [17]) is strictly regular. Recall that a
closed set Kc RY is a proximate retract if there is an open neighborhood V of
K and a retraction » : V— K such that |(x) — x| = dg(x) for all x € V. An easy
computation shows that in this case |||ddx(x)||| =1 on V\K. Thus K, repre-
sented by dg, is indeed strictly regular.

(3) In particular proximally smooth sets from [10] are proximate retrac-
ts and, thus, strictly regular.

(") Direct argument: let {x,} be a sequence in Z\K such that x,—x e U. Clearly
xeZ; if xeK, then xebdyK and 0= lim ||9f(x,) || = liminf ||3f(y)|| >0, a
contradiction. o y=ayek

() Actually condition ( * ) was used in [13] to define strictly regular sets; in [13] the
infinite-dimensional situation was considered and condition (ii) of Definition 4.2 was not
sufficient for our purposes.
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(4) Any orientable (N — 1)-dimensional closed C'-manifold M in RY is
strictly regular. Indeed, then M = g ~1(0) where g is a C! function defined on a
neighborhood W of M and 0 is a regular value of g. Letting f(x) = |g(x) | for
xe W, we see that M is represented by f and 7Jl_lgl ;15"4 |Vf(y)| > 0. Note that

such manifolds are not necessarily proximate retracts unless they are of class
C>.

Similarly the graph of a C'-function g : U;— R, where U;c R is open
(N =N; + Ny); it is represented by f: U= U; x R™>—R given by f(x, y) =
|g(-%') - y| ’ (9(;, Z/) eU.

(5) To see a set which is regular but not strictly regular consider K :=
S;US_, where S, :={z=(z,y) eR*|[(x — k) +y*=1}.

(6) The so-called «Warsaw sinusoid», i.e. the set K := {(x, y) € R | #
0, y=sin(1/x)} U {0} x [—1, 1] is not regular.

Smooth approximation of regular sets.

First let us introduce some auxiliary concepts. Given a sequence {4, },-;
of subsets of RY, the upper limit of (A,), Limsup A, is the set of cluster poin-

ts of sequences {y,} such that y,eA,. Similarly, given a set-valued map ¢
from A c RY into the family of (nonempty) subsets of RY, the upper limit of ¢
at the cluster point x, of A is defined as
Limsup ¢(x) := {y € RY | lim inf d(y, ¢(x)) =0} .
T2

x— iy

REMARK 4.5. - If K, represented by a locally Lipschitz f: U— R, is strictly
regular, then for each xebd K,

22) Limsup 3f(y)°° ¢ 3f(x)°°.

y—u,yeK

Indeed: let g € Limsup df(y)°°. There are sequences y,—w, ¥,¢K and q,—q,

y—u,yeK
¢,€9f(y,)°°, n=1. By (21), there is m >0 such that ||3f(y,) || =m for
almost all »; thus ¢, = 4, p, where p, € If(y,) and 4,, = 0. Clearly the sequence
{4, } is bounded and (for a subsequence) A,,— A = 0. Since (again for a subse-
quence) p,—p € Jf(x), we infer that g =Ape df(x)°°. =

We shall need another concept of a limit for sequences of sets. Recall that
the (extended) Hausdorff distance between two closed nonempty subsets A, B
of RY is defined by

9((A, B) := max {sup d(a, B), sup d(b, A)} ,
eB

acA b
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which may be equal to + «© when A or B is unbounded. Given a sequence
{A,}7_; of closed subsets of RY and a closed AcRY we write

A=9C- lim A,

if and only if HILHL I(A,, A) =0. In this case, for any ¢ >0, AcB(4,, ¢) and
A,cB(A, ¢) for almost all » =1. Observe also that if A = 93— ﬂl% A, then
A = Limsup A4, = Lyifg Oionf A, (see e.g. [3] for the notion of the lower limit
Lim 1;5 i

Let us also note the following simple facts.

LEMMA 4.6. — Let A, BcRY be compact convex and C = A°°.
@) If 0¢A, then C= AQOAA and C is pointed ().
(ii)) The closed convex cone spanned by CU B, t.e. the cone [CU B]°°
equals to cl {zgoi conv[A U B]}.
(iii) If 0 ¢ conv[A U B], then the cone [C U B]°° is pointed; conversely, if
[C U B]°° is pointed, 0 ¢ A and 0¢ B, then 0 ¢ conv[AUB]. =
Now we state the main result of this section.
THEOREM 4.7. — Let K, represented by a locally Lipschitz function f: U—R,
be regular and suppose that bdy K is compact. Then:

@) there is a sequence {K,}; -1 of closed (in U) smooth sets with com-
pact boundaries (with respect to U) and such that, for all n=1,

(23) K=

n

1Kn, KcintK,,cK,,,cintK,,

s

(24) K=9C—- nli_r)rgo K,
and K, is bi-Lipschitz homeomorphic to K, .1 (*). If K is strictly reqular, then
for any n=1, K is a strong deformation retract of K, (®).

(ii)) For alln=1 and all x € bd ;y K, the closed convex cone spanned by
Ny (x) U of(x) is pointed,

() Recall that a closed cone L is pointed if LN (—L) = {0}.

(*) Meaning that there is a Lipschitz homeomorphism H,: K,— K, . ; with the in-
verse H, ! being also Lipschitz.

(®) Le. There is a continuous homotopy H : K, X [0, 1] — K,, such that H(0, x) = x,
H(1,x)eK for xe K, and H(t, x) =« for te[0, 1], xe K.
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(i) for any sequence {x,};-1 such that x,e K, and x,—xebdyK,
(25) Limsup N (x,) c Limsup 9f(y)°°.

n— e y—a ek

ProoF. — 1. The compactness of bd;; K implies that in place of the open nei-
ghborhood V of K (from Remark (1)) one may take V:= B(K, 29) where ¢ >0
is small enough to ensure that ¢l Vc U and f has no critical points in V\K and,
if K is strictly regular, then

(26) Jinf[[|3f@) || =z m >0

(comp. Remark 4.3 (3)). Clearly cl V\int K is compact. Let
W:=B(K,d) and Q:=W\Z

(recall that Z = {x e U|0 € df(x)}). Then W and L are open, Kc Wcel WcV
and W\Kc Q.

II. Let x € Q. Since 0 ¢ 9f(x), by the separation theorem, there are u > 0
and we RY, |u| =1, such that o 5, (%) + 4 < —\/u. The upper semicontinuity
of the function £ 3x — 0 4, («) implies the exitence of » =7, € (0, 1) such that
D(x, 2r)cU and o4, (u) +u < —\/ﬁ for all y e D(x, 27). Hence

27 conv D(3f(D(x, 27)), ) N B0, \/r) =0 .

Let {1;};., be a partition of unity inscribed into the cover {B(x, )}, 0, ie.
for each jeJ, there is x;e 2 such that supp 4;cB(x;, 1;) where 7 :=7,.
Define

ENED) :]E/l"'(x) v, ref.
Clearly €,: 2— (0, + o) is continuous. Given x € 2, there is 7 eJ such that
Ai(x) >0 (therefore x e B(x;, r;)) and &;(x) < ;. Hence
D(3f(D(x, &,(x))), &1(x)) c DAf(D(w;, 277)), ;).
Now let
e(x) = min {e,(x), dz(®), 3, |f(x)|?, |f@)|2}, @xeQ.
It is clear that, for any xe Q, B(x, e(x)) c VA\Z and

(28) conv B(3f(B(x, &(x))), e(x)) N B(0, Ve(x) =0.

Moreover, e(x) >0 for xe Q\f 1(0).
If K is strictly regular, then (26) holds and modifying the above construc-



308 ALEKSANDER CWISZEWSKI - WOJCIECH KRYSZEWSKI

tion in an obvious way, we may assume that, for x e W\K,
(29) conv B(9f(B(x, ¢(x))), e(x)) N B0, m/2) =0 .

III. As in the proof of Corollary 3.9, we construct a locally Lipschitz fun-
ction g: 2—R such that ¢ 1(0) =f"1(0)N X, g is an e-smoothing of f on
Q\f71(0), dg(x) c 3f(x) for xef~1(0) and f(x)g(x) >0 on 2\f 1(0). Moreo-
ver

(30) 0¢0g(x) whenever xef.
It is clear for xeg 1(0)N Q. If xe 2\g '(0), then
(31) Vg(x) e B(3f(B(x, &(x))), &(x));

hence, by (28),

(32) |Vg(a) | > Ve@)>0.
Similarly, by (28),

(33) 0 ¢ conv [dg(x) U If(x)]
for all xeQ.

IV. We shall now redefine g to obtain a locally Lipschitz function
h: W—R satisfying assumptions of Lemma 5.1 (see Appendix). We put

h) :{g(ac) if te W\K;
0 if reK.

Then h (-, 0] =K. Take b >0 such that # '(— o, b]cW.
Take a positive integer 7,=b "' and, for any n =1, let

K, :=h 1(—o,(ny+mn)].

Condition (23) is immediate and (24) holds since given an arbitrary ¢ >0,
there is n; such that K, c B(K, ¢) for all n =n,.

Since, for any n =1, (ny +n) ! > 0 is, by (30), a regular value of &, K, is a
smooth set (it is closed in W and, its boundary with respect to W or U,
bd K, =h *((n+mny) ') is compact and contained in W\K).

Let n =1. There are now two cases:

(a) K is regular;
(b) K is strictly regular.
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In each case there is 0<a<(ny+mn+1)"! such that g '(a,b) =
h (@, b) is nonempty,
(34) ir}f lldg@) ||| >0 and clg '(a, b)cW.

xeh “(a,b)

Indeed, in case (a), we may take any a e (0,(ny+n +1)"1): then h [a, b] =
g [a, b] is compact and contained in 2, so by (30) and the lower semiconti-
nuity of |||3¢g(-) |||, condition (34) is satisfied. If (b) holds, then in view of (31)
and (29), condition (34) is satisfied with a =0.

Clearly h =g and dh = 3g on h ~'(a, b) = g "(a, b); in view of (34) and part
(B) of Lemma 5.1 (where d = ! , C= ! ), K, is homeomorphic to

Ny + 1 Ny +n+1

K, ., through a bi-Lipschitz homeomorphism and if K is strictly regular, then
K is a strong deformation retract of K,. This shows assertion (i).

V. Let xebdyK,, n=1. By Lemma 4.6 (ii), [N, (x) U df(x)]°°, the
closed convex cone spanned by Nk (x)UJdf(x), is equal to
el {igol-conv[Vg(ac) U af(x)]}. Again by Lemma 4.6 (iii) and (33), this cone is

pointed, which proves assertion (ii).

VI. Finally let « e bdy K, take a sequence {x, } such that x, e K,,, x,—x
and suppose that g e Limsup N (x,). Without loss of generality suppose that

Wex,) =g(x,) = ! (?.Z.mxn e bdyK,), n = 1. Again without loss of generality
Wwe may assume t}(;at there exists a sequence g, € Nk (x,) such that g,—¢q. For
any n, by (31), there is 4, =0 such that

(35) qn =4, Vg, =A,p, +1,&x,) u,

where p, € f(Z,), f@nj 0, for some ¥, € B(x,, &(x,)), and |u, | <1. By (32),
the sequence {l% \/e(xn)} is bounded, which means that 1, e(x,) —0, i.e.

g= lim g,, where q,=2,p,cdf@)”.
Therefore q e Limsup 9f(y)°°.

y—ox,yeK
The proof of %gl‘t (iii) and thereby of our theorem is completed. =

REMARK 4.8. — Let K be as in the above theorem.
(1) If K is strictly regular, then by (22),
Limsup N, (x,) c 9f(x)°°

or, equivalently,
Limsup Graph (N, ) ¢ Graph (9f(-)*°).

n— ©

This can be improved: (arguing as in step VI) we see that the sequence (1,) is
bounded and that (passing to a subsequence if necessary) Vg(x,) —z e dg(x);
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hence, by (35),

Limsup Ng («,,) c dg(x)°° .

(2) Let K be regular. Take b’ > 0 such that f~1(— o, b']cW, a suffi-
ciently large » =1 such that Kc K,cf '(—o,b’)and a’'€(0,b") (ora’' =0
if K is strictly regular) such that f !(—«,a’']lcintK,. Then

|||c9f(oc) ||| >0. Let A(x) =h(x) — (ny + n)" !, xeW, ie. bd K, =

1(0) It is clear that ' < 1nf f< sup f<b',4>0o0onf 1(b'),4<0on

(0 A471(0)
f(a") and, since 34 = oh onA 1(0), by (33), 1nf ||| 24(x) U 3f(x) ||| > 0.
')

Therefore, by part (B) of Lemma 5.1, for any a'<csd<b', the sets
f (=, c] and f~1(— o, d] are bi-Lipschitz homeomorphic, K is a strong
deformation retract of f 1(— o, d] provided K is strictly regular, and, by part

(A) of Lemma 5.1, for c e {a ", mf f} the sets f ~1(— o, ¢] and K,, are bi-Lip-
schitz homeomorphie. e

Hence: K, is bi-Lipschitz homeomorphic to f~1(— o, ¢] for all =1 and
all, sufficiently small, c>0. =

To proceed further we need the notion of an epi-Lipschitz set. Let UcRY
be open. A set K of the form (S), represented by a locally Lipschitz f: U—R,
satisfying (20) is strictly regular and, additionally, it is epi-Lipschitz in the
sense of Rockafellar [24]: for any x € K, the Clarke normal cone Ng(x) is poin-
ted. Indeed, in view of [2, Prop. 16, 7.3], for any « e bd; K, Ng(x) c If(x)°° =
AL>JO 10f(x). Thus Nk(x) must be pointed.

Conversely, given a closed (in U) epi-Lipschitz set Kc U (i.e. such that, for
all x e bd K, the cone Ng(x) is pointed), we gather that K is strictly regular
and condition (20) holds. Namely it is represented by A :=dx —dpx: U—R
and, as shown by Hiriart-Urruty, 0 ¢ 4 x(x), x € bd ;K. Clearly the interior
int K of an epi-Lipschitz set is nonempty and bd ;K = 4 z1(0).

The next result explains the relevance of assertion (ii) of Theorem 4.7.

THEOREM 4.9. — Suppose that K, represented by a locally Lipschitz fun-
ction f: U—R, is regular and has the compact boundary bd ;K. Assume
that there is a family {M, }r—-1 of subsets of U, being closed in U, with com-
pact boundaries bd y M, = M, \int M,, such that

(36) K=9C—- nli_r)r}o M,,
and, for almost all n=1,

37 Kcint M,,.
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1f,

38) for almost all n=1 and all xebd y;M,,
the closed convex cone spanned by Ny (x) U df(x) is pointed

then, for almost all n,
(i) M, is epi-Lipschitz;

(i) M, is bi-Lipschitz homeomorphic to M,, ., and to K, (where K, is
the set constructed in Theorem 4.7);

(iii) K is a strong deformation retract of M, provided K 1is strictly
regulayr.

ProOOF. — Assumption (38) implies that, for almost all n, say n =n,=1, and
all x € bd ;y M,,, the normal cone Ny (x) is pointed. Hence, for n = n,, M, is an
epi-Lipschitz set; thus it is represented by 4,: U—R, 4,(x) =d(x, M,) —
d(x, CM,); condition (20) holds, i.e. 0/e 34 ,(x) and

Ny, (%) = AL;JOMA W)

for xe4,1(0) =bd, M,. By Lemma 4.6 (iii), 0 ¢ conv[34, (x) U df(x)] (on
A4,1(0)); since 4, 1(0) is compact, we have
39) inf |||]o4,,(x) U f(x) ||| >0
red;(0)
provided n = n,.

There, of course, exists b > 0 such that f 1(— o, b]c U and 0 ¢ 9f(x) if x €
£71(0, b]. By (36), there is 7; = n, such that M,,cf (- o, b) for n=n,. Let
n = ny; by (37) there is @ > 0 such that f (- o, a]cint M, (and a =0 if K is
strictly regular). In view of compactness, a < il’llf f, sup f<b; moreover

45,7(0) A1

n (0
4,>0onf '(b)and 4, <0onf '(a). Since inf |[|3f(x)[]| >0, in view of
xef (a, b)
(39) and part (A) of Lemma 5.1, we see that M, is bi-Lipschitz homeomorphic
tof 1(— oo, c] where a<c< @r}f fand K is a strong deformation retract of
M, if K is strictly regular. <" ©
Employing Remark 4.8 (2) we complete the proof. m

REMARK 4.10. — In the setting of Theorem 4.9, instead of (38) assume that,
for any sequence {x,} such x,eM, and x,—xebdy K,

(40) Limsup Ny, (x,,) ¢ N(x) := Limsup Jf(y)*°.

n—® y—uw, yeK

We claim that
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if, for any xebd y K, Np(x) is pointed (or, in the strict reqular situation,
the cone Jf(x)°° containing Ng(x)) is pointed, then condition (38) is
satisfied.

To see this observe first that, for almost all » =1 and x € M,,, the cones
9f(x)°° and Ny, (x) are pointed. It is obvious for Jf(x)°° — see Lemma 4.6 (i). As
concerns the other cone, suppose to the contrary (skipping subsequences)
that, for any », there would exist x, € bd y M,,, p,, € Ny (x,), |p,| =1 such that
the straight line {ip,|AieR}cNy (x,). Clearly (a subsequence) x,—xe
bd K, p,—peNs(x), |p| =1, and at the same time —p e Jf(x)°°, a contra-
diction.

Assume now that our claim does not hold. Again skipping subsequences in
order to simplify the notation, there is a sequence {x,},~1, ®, € bd ;y M, such
that the closed convex cone spanned by Ny (x,) U 9f(x,) (see Lemma 4.6 (ii))
is not pointed. Since both cones N, (x,) and df(x,)°° are pointed, it easily fol-
lows that, for any n =1, there are p,e Ny (x,), |p,| =1 and g, € df(x,)°°,
|g.| =1 such that p,= —gq,. It is clear that (for subsequences) x,—xe
bd K, p,—peNgx), q,—>qeNi(x), p=—q#0, ie. N(x) is not pointed, a
contradiction.

However, the pointedness of N(x) is too strong an assumption. Even in ve-
ry natural situations it cannot be satisfied (e.g. consider K being a one-point
set), =

In the following statement we recover generalizations of the main results
due to Cornet-Czarnecki [12]. We belive that our framework makes it possible
to essentially simplify their approach.

COROLLARY 4.2 (comp. [12]). — Suppose that K, of the form (S), satisfies
condition (20) (t.e. K 1s epi-Lipschitz) and the boundary bd K is com-
pact.

(A) Then there is a sequence {K, } of closed (in U) smooth sets such that
K= N K, KcintK,.,cK, . cintK,, K=9C— lim K, and K, is bi-Lip-
schitz homeomorphic to K for all n=1. Moreover,

Limsup Graph (N, ) ¢ Graph (Ny)

and, for all n=1 and x<ebdyK,, the cone [Nk (x)U 3f(x)]°° is pointed.

(B) Ifthere is a sequence {M,, } -1 of subsets of U, being closed in U, with
compact boundaries bdy M, such that

K=9— lim M,
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and

(41) Limsup Graph (Ny,) ¢ Graph (N),

n— o

then for all w,
(i) M, is an epi-Lipschitz set;
(i) M, is bi-Lipschitz homeomorphic to K (%).

Observe that above, contrary to Theorem 4.9, we do not assume that Kc
int M,. Since now the cone 9f(x)°° (x € bdy K) is pointed, condition (*) from
the footnote (or (41)) implies that (38) is satisfied.

Proor. — Again we use the notation of the proof of Theorem 4.7. Let us re-
turn to step IV of this proof. Since (20) is satisfied there is @ <0 such that
g [a, b] is compact and contained in ; hence (34) holds again.

Take a locally Lipschitz function »: W—R such that #|Z=0 and
n|g '[a, + ) =1 and define

[0 if teZNW;
h(90)=3l ]
n(x) glx) if xeQ.

Now we may proceed as in steps IV — VI of the proof of Theorem 4.7 (emplo-
ying Lemma 5.1) in order to complete the proof of part (A) of the asser-
tion.

As concerns part (B) we see that, by condition ( *) (or (41)) and Remark
4.10, for almost all » =1 and all xebd ;M,, the cone [Ny (x)U 3f(x)]°° is
pointed and we may reason as in the proof of Theorem 4.9. Since now a < 0 we
may take ¢=0, ie. M, (with large m) is bi-Lipschitz homeomorphic to
f i —,0l=K. =

5. — Appendix — Deformation lemma.

A part of the following lemma is a well-known standard for smooth fun-
ctions (see e.g. [25] and [29]). A particular case of the version we present has
been used in [12] without a proof (with a reference to [6] where only a part of
the complete proof is given). For the reader’s convenience (and for a future re-
ference) we provide a simple, constructive and quantitative proof of a result
slightly surpassing our actual needs.

(%) Since Ng(x) c df(x)°° for x € bd ;; K, condition (41) may be replaced by a slightly
weaker one:

(%) Limsup Graph (N, ) ¢ Graph (3f()°°).

n—
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LEMMA 5.1. — Let b : W— R, where Wc RY is open, be a locally Lipschitz
function such that, for some a <b, the set cl h ~'(a, b) is nonempty and con-
tained in W. Suppose  inf  [|[Sh(x) ||| >0 ().

xeh “(a, b)

(A) Assume further that there is a locally Lipschitz function A : W—R
such that A~1(0) # 0 and

(42) a< inf Rk(x)< sup h(x)<b,
xeAil(O) xEAfl(O)
43) A>0 on h7Nb), A4<0 on h Y a),
(44) inf |||dk(x) U d4(x) ||| >0.
red~1(0)

Then, for any ce (a, inf h],
4710)

() the sets h®:=h 1(—ow,c] and S:=4"1(— o, 0] are bi-locally
Lipschitz homeomorphic;

(i) h" 1s a strong deformation retract of S.

(B) For any c<d in (a, b), h¢ and h* are bi-locally Lipschitz homeomor-
phic and h® is a strong deformation retract of h°.

ProoF. — Part (B) follows from (A) if we take A(x) :=h(x) — d.
To prove (A) put 2 :=h (a, b). Clearly Q is open, cl 2c W and, by (42),
A4710)c Q. By (44), for some m >0,

min{ inf |||ok(x) ||, inf |||8h(ac)Uc9A(90)|||}>m.
xeh a, b) xed ~1(0)

For any xed '(0), m<||oh(x)Ud4(x)|| = sup

inf
uweD(0,1) Pedh(x)UdA(x)
Hence there is is u,e D(0, 1), such that

(P, u).

inf U,y >m  and inf Up) > M
pe 8h(w)<p » ) pe 8A(x)<p » ) ’
ie.

h(e; —u,) < —m and A°(x; —u,) < —m.

Since 2°(-; —u,) and A°(-; —u,) are upper semicontinuous, there is a neighbo-
rhood N, of x, N,c Q such that, for all ye N,,

y; —u,) < —m  and  A°(y; —u,) < —m.

(") We shall see that this implies, in particular, that # ~1(&) # ¢ for any Ee
[a, b].
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Similarly, for any x € 2\4 ~1(0), there is u, € D(0, 1) and a neighborhood
M,c 2\471(0) of x such that

(y; —u,) < —m, yeM,.

Let {4;};c; be alocally Lipschitz partition of unity inscribed into the cove-
ring {N,}oca10) YU {M,}ocou 10, Le. for any jeJ, 1;: RY—[0, 1] is locally
Lipschitz and supp 4;Cc N, for some ;€4 “1(0) or supp A jCM,, with w;e
\4 71(0). Define V: 2 —>RY by the formula

V(x) = Zij(ac) u;, ref,
jed

where u; := —u,, jeJ. It is clear that V is locally Lipschitz; for any xe Q,
|[V(x)| <1, and

(45) (e, Ve)) < —m  for xeQ,
(46) A%(x; Vk)) < —m  for xeN

where N is a neighborhood of 4 ~1(0) (in Q).
For any x e 2, the Cauchy initial value problem

J iO(t, x) =V(o(t, x))
dt
| 00, &) ==

has a unique solution o(-, x) in 2 defined on the maximal interval of existence
Jp i =(T_(x), T, (x)) with —o0o <=T_(x) <0<T,(x) <+ . It is well-known
(see [18]) that T'_(-), T, (-): >R U { = o} are upper semicontinuous and
lower semicontinuous, respectively; U:= {(t, x) |xeQ,teJ,} is open and
o: U—Q is locally Lipschitz.

Fix x € Q and let a(t, x) = (o (t, x)), ted,. It is clear that a, := a(-, x) is
locally Lipschitz and, by (45), for almost all teJ,,

iocx(t) <a ;1) $h°(a(t, x); ia(t, ac)) < -m.
det dt

Hence a(-, x) is strictly decreasing (we say that h decreases along trajecto-
ries) and, for all ¢, toed,, t; <t,,

ta

47) a—b<alty, x)—alt;, x) = f%ax(s) ds < —mf(t; —t;).

21
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b—a

Therefore, actually, |T.(x)| < . Since,

m

12}

|o(ts, ©) —o(ty, ) | < f |V(o(s, x)|ds <t, — 1y,
t

the (left and right) limits o(7. (x),x) :=t

liTm 0(t,x) exist, belong to el QcW
and )

-7+ (x

h(o(T_(x), ) =b, Wo(T,(x),x))=0a.

In this way both functions ¢ and a are well-defined on {(t, x)|xe®,te
cdJ,=[T_(x), T, ()]} and a((T- (x), T, (®)]1 x {x}) = [a, b].

Observe that T'_(-) (resp. T (+)) is also lower (resp. upper) semicontinuous
on Q. We prove, for example, that T', is upper semicontinuous. Suppose to the
contrary that there is a sequence {x,} in € such that x, —>xeQ and T, (x) +
eo<T, (x,) for some £, >0 and all n. For any t e J, and n, by (47) and the up-
per (resp. lower) semicontinuity of 7_(-) (resp. T, (+)),

a— Ot(t, xn) = lim 7(0‘('[7 xn) - a(t» xn)) < _m(T+ (%n) - t) = —mey.

=T ()

Hence, when n— o, a — a(t, x) < —me, and, when t =T, ()", 0 < —me,,
contradiction. In a similar manner we prove that 7'_ is lower semicontinuous.
Thus T. are continuous on Q.

Fix xye 2 and p < ¢ in J,,. The compactness of the trajectory X', ,(xy) :=
{o(t, xy) |t e [min{p, 0}, max {q, 0}]} entails that both . and V are (globally)
Lipschitz of rank L, >0 on a neighborhood U of X, ,(x). The continuity of
T. (-) and o implies the existence of a neighborhood U, of x, such that [p, q]c
J,and X, ,(®) = {o(t, )|t e [min{p, 0}, max{gq, 0}1} c U for x e Uy(*). By
the Gronwall inequality (see [18, III, Th. 1.1]), for x;, €2 € Uy, t € [p, q],

(48) o, x1) —o(t, x2) | <M, |a; — a3
where M, = exp (Lymax{|p|, |¢|}). Hence, for such x;, x; and ¢,
49) |alt, x) —a(t, x) | = |Mo(t, 21)) — (o, x2) | < LgM, |2, — %2 .
For any se (a, b) and x e 2, let (s, x) be a unique time in J, such that

a(f(s, x), ) =s. Clearly, p(h(x), x) =0 and S(-, x) is decreasing on (a, b).
The function S : (a, b) X 2 —R is locally Lipschitz. Indeed, take x, e 2 and

() It is not difficult to precisely establish the size of U, knowing how large U is.
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c<din (a, b). Put p =p(d, xy), ¢ = f(c, xy). For any x;, 2, e Uy (U, was de-
termined above) and s; € [¢, d], putting t; = 5(s;, x;) (1 =1, 2), by (47) and (49),
we get

1
[t — 1t | < P |a(ty, x5) — alty, x) | <

1 1
%(|82_31 | + |alty, 1) — alty, 22) |) < EHSI_SZl + LoM, |2, — x2]) .

For any x € Q, there is a unique time 7(x) € J, such that 4(o(z(x), x)) = 0.
The existence follows since, by (43), 4 changes the sign along trajectories. To
see the uniqueness suppose that, there are ¢,t'ed,, t<t' such that
A(o(t, x)) =0=A4(o(t', x)). Since A decreases along trajectories contained in
N (see (46)), the set of zeros of A(o(:, x)) is isolated and, thus, ¢, := min{&e
(t,t'1|4(0(&, x)) =0} is well-defined and ¢, >t. The function [t,t]>
E—A(0(&, x)) is decreasing on intervals [¢, ¢+ ¢) and (¢; — ¢, ;] (for some

t—t
small 0 < e < 2

); hence it has a zero in [t + ¢, t; — €], a contradiction.

The function 7: Q2 —R is continuous. Indeed, let x,—x,e 2. By (42),
passing to a subsequence if necessary, t(x,)—>ftyeJ,; hence 0=
A(o(t(xy), ,)) — A(o(ty, xp)), i.e. ty= ().

We show that 7 is actually locally Lipschitz. Take x, e £2; the continuity of o
implies that there is ¢ >0 such that o((z(x) — €, () + €) X B(ay, €))C N
where NyC N (see (46)) is a neighborhood of o(z(x), 4y) on which 4 is Lip-
schitz with constant [ > 0. The continuity of 7 implies the existence of 0 <o < ¢
such that, for ¥ € B(x,, 0), |t(x) — 1(x) | < e. Take wx;, ¥ € B(x,, ) and suppo-
se that 7(x;) < t(az). Then

()

d
A(o(1(x2), v2)) — Ao (t(xy), ®2)) = f —A(o(s, ©p)) ds < —m(t(xz) — (1))

(1)

hence, by (48),

1
() — () < %[A(U(f(%l), X)) — A(o(t(xy), 22))] =
%[A(a(r(xa, 1)) — Alo(x(@y), 2)] <

l M
—[o(w(@y), ) — o (2(ay), 1)1 < —= |a; — | .
m m
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Observe finally that, for any xeA ~1(0) and teJ,, 7(o(t, x)) = —t. More-
over, for all x e 2, A(o(t, x)) > 0when T_(x) <t < (x) and A(o(t, x)) <0 for
t(x) <t< T, (x).

Take a<c<c, = ir}f h and an auxiliary number ¢>0 such that c—¢e>a.

4-10)
We define H: S—W and G : h*—W by the formulae
o ( Blc—¢,x) 1(a(B(c, ), x))
H(x)= (0 (Blc, ), )+ Blc,x) — fle—&,x)

X if xeh (=, c—¢],

x) if xeS\h 1(— o,c—¢]

X if xeh (-, c—¢]
G(x) = a( Blc—¢, x) 1(a(f(c, x), x))
plc—¢, x)—pc, x)

,x) if xeh Y(c—e¢,cl.

It is a routine to check that & o H does not increase and % - G does not decrease
along trajectories; hence H(S) = h°, G(h°) = S; moreover H o G is the identity
on ~° and G o H is the identity on S. Since H and G are locally Lipschitz, the
proof of part (i) of (A) is completed.

In a similar manner a homotopy y : S x [0, 1]—=W given by

o(T, (x), ©) if xeS\k% 1e[0, 1]

(x, 1) =
x {ac if xeh® A€[0, 1]

is easily seen to be continuous, maps S x [0, 1] onto S and provides the requi-
red strong deformation retraction of S onto 2. =

The above proof considerably simplifies if # ~![a, b] is compact. In this ca-
se the above homeomorphisms appear to be Lipschitz continuous instead of
being merely locally Lipschitz.
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