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Infinitely Many Solutions for a Class of
Semilinear Elliptic Equations in RY (*).

FRANCESCA ALESSIO - PAOLO CALDIROLI - PIERO MONTECCHIARI

Sunto. — Si considera una classe di equazioni ellittiche semilineari su RY della forma
—Au+u=a(x) |u|?~ Lu con p > 1 sottocritico (o con nonlinearita pin generali) e
a(x) funzione limitata. In questo articolo viene presentato un risultato di generici-
ta sull’esistenza di infinite soluzions, rispetto alla classe di coefficienti a(x) limita-
ti su RY e non megativi all’infinito.

Introduction.

In this article we discuss some results obtained by the authors about the
semilinear elliptic problem

) { —Au+u=a(x) fu) in RN

uwe HY(RY)

where a e L *(RY) is such that l‘mll infa(x) >0, and fe C1(R) satisfies:

(f1) there exists C>0 such that [f(s)| <C(1+ |s|?) for any seR,

N”) it N=3, or p>1if N=2,
N-2

(f2) there exists 6 > 2 such that 0 < 6F(s) < f(s)s for any s # 0, where
F(s) = ff(r) dr,
0

where p e (1,

(f3) 1o <f'(s) for any s =0.
S

Note that f(s) = |s|P~'s verifies (f1)-(f3) for a suberitical exponent p, na-
]I\v’*z) it N=3, orp>1if N=1, 2.

Such kind of problem has been widely studied by variational methods. In

particular, solutions to (P,) can be obtained as critical points of the functional

mely, for pe (1,

(*) Comunicazione presentata dal secondo autore a Napoli in occasione del XVI
Convegno U.M.IL.
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@q: HY(RY) >R defined by

1
@q.(u) = EHuHZ — fa(x) Flu(x)) dx .

RN

Here ||ju|| denotes the standard norm on the Sobolev space H'(RY). Thanks to
the assumptions made on a and f, the functional ¢, turns out to be of class C'*
on H'(RY), and it satisfies the geometric properties of the mountain pass lem-
ma. However, in general, the Palais-Smale condition fails, because of the non-
compactness of the Sobolev embedding of H!(RY) into LZ(RY).

We point out that this lack of compactness is not just a technical difficulty
for the existence problem, due to the variational approach, but it is an intrinsic
feature of the problem itself, that may be responsible of nonexistence results,
as it happens in some cases. Nevertheless, as we will discuss in the next sec-
tion, one can take advantage of the lack of compactness in order to recover
even existence of infinitely many solutions to (P,) in a «generic» situation.

Before explaining this viewpoint in more detail, it is worth giving an over-
view of some results already known in the literature, which show quite clearly
that existence/nonexistence or multiplicity of solutions to (P,) is strongly af-
fected by the behaviour of the coefficient a.

In the simplest case a(x) =1, discussed in [33], one can recover compact-
ness, and then existence of a positive solution, by restricting to the subspace
of radial functions HL,(RY), which is compactly embedded into LY(RY) for
q > 2, q subcritical. We also remark that in this case some renowned results by
Gidas, Ni, and Nirenberg [21], based on the maximum principle, also guaran-
tee the uniqueness, up to translations, of the positive solution to (P,).

An important progress in the study of the problem (P,) has been made
with the celebrated papers by P.L. Lions on the concentration-compactness
principle [26]. This has supplied a better understanding of the possible ways of
losing compactness, and has permitted to consider the case of a nonnegative
coefficient @ such that there exists lim a(x) e (0, + o). Under this additio-

P
nal assumption one can prove that 1;}‘16,l Palais-Smale condition holds true at so-
me levels. This fact has been used to obtain many different existence results.
Among many others, we mention, as examples, [19, 34, 9, 10, 13, 23] and [5].

On the other side, small L * perturbations of the coefficient may change
from a problem in which compactness holds to a problem with no nontrivial
solution. For instance, in [20] it is showed that if a is nonconstant and monoto-
ne in one direction then the related problem (P,) has only the solution
u=0.

Another different kind of phenomena appear when the coefficient a has an
oscillatory behaviour. For example, when a is periodic, the invariance under
translations permits to prove existence, [30], and also multiplicity results, as in
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[8, 17, 1, 27], where infinitely many solutions (distinct up to translations) are
found. In fact, in this case, the noncompactness of the problem can be exploi-
ted to set up a new minimax argument, in the spirit of the works [16] and [32],
and then to exhibit a rich structure of the set of solutions.

Multiplicity results have been obtained also without periodicity or asym-
ptotic assumptions on a, in some «perturbative» settings, where concentration
phenomena occur and a localization procedure can be used to get some com-
pactness in the problem. A first result in this direction is the paper [24] con-
cerning the prescribed scalar curvature problem on S* and S*. We also men-
tion [31, 6, 7, 18, 22, 25] and the references therein, for the case of a nonlinear
stationary Schriodinger equation —e&?Au + V(x) u = f(u) with £ >0 small and
VeCYRY), V(x) = V,>0in RY, having local maxima or minima or other topo-
logically stable critical points. Similar concentration phenomena occur also

considering the equation —Au + Au = a(x) f(u) for 1 >0 large enough (see

[15]) or —Au + u = a(x) |u|p‘1u with p = Z;t; —¢, €>0 small, and N =3,

where a blow-up analysis can be done (see [28]).

Main result.

In the paper [4], we adopt a quite different viewpoint from the ones follo-
wed in the works quoted in the Introduction, and we show that the existence of
infinitely many solutions for the problem (P,) is a generic property with re-
spect to ae L * (RY), with 1|1£r|1 jgfa(x) = 0. Precisely we prove

THEOREM 1. — Let fe CY(R) satisfy (f1)-(f3). Then there exists a set @
open and dense in {aelL *(RY): lllgrﬁl‘n _}I;fa(oc) =0} such that for every ae @

the problem (P,) admits infinitely many solutions.

In fact, given any a € L * (RY) with lim infa(x) > 0, for all @ > 0 we are able

X
to construct a function a e C(RY), 0 < Ia‘(x) < @ in RY, such that the problem
(Py+ ) admits infinitely many solutions.

The function « is obtained in a constructive way that can be roughly descri-
bed as follows. First, we introduce the variational setting and we make a care-
ful analysis of the hull of the functionals «at infinity» {¢;: be H. (a)}, where
H . (a) is the set of the w™-L * limits of the sequences a(- + x;) with (x;) cRY,
|; | — oo . All the functionals at infinity have a mountain pass geometry and,
called c¢(b) the mountain pass level of ¢, we can show that there exists a,, e
H . (a) such that c(a.) < c(b) for any be H,(a) and the corresponding pro-
blem (P, ) admits a solution characterized as mountain pass critical point.
Then, following a suitable sequence (x;) c RY such that a(- + X)) >0 wH-L7,
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we construct a family a, (o >0 small) of perturbations of a by setting:

_(1 w2|ac . |2) for |x—u; | < 2 = j(w)
a - - i - i = = w
o, (@) = g T =7

0 otherwise ,

where @ > 0 is fixed small enough, and j(w) is a suitable positive integer (in
fact, j(w) — + ® as w—0). Note that for every w >0 small, |, |. =@ and

the support of a,, is the union of infinitely many disjoint balls of radius 2 and
w

center x;. Then, we focus on the family of functionals ¢, = ¢, ., and we pro-
ve that they satisfy local compactness properties in some sets of the type

Aj(w) = {ueHI(RN): @) <cla, +a)+¢,
lp,wll<e,
Jy e By, (90]‘) s.t. ”uHHl(Bl(y)) = 5}

where ¢, 0 > 0 are some constants independent of w and j. Finally, the moun-
tain pass structure of the limiting functional ¢ .. = ¢, ;7 permits to define lo-
cal minimax classes for the perturbed functionals ¢, related to the sets A;(w).
This fact, together with the compactness properties that hold in A4;(w), yields
the existence of a critical point in A;(w), for any @ > 0 small enough, and j e N
sufficiently large. Such as critical point turns out to be «stable» under pertur-
bations of the cofficient a + a, which are small in L ~.
Hence, the following result holds true:

THEOREM 2. — There exists w > 0 such that for every w € (0, w) the problem
(Po+a,) admits infinitely many solutions. In addition, there exists o> 0
such that for all € (0, ®) and B e L * (RY) with ||Bl|, =y, < Bo, also the pro-
blem (P, ., +p) admits infinitely many solutions.

We point out that the perturbation «, is explicitely known, up to the se-
quence (x;) that depends on the behaviour of a at infinity. However, in some
simple cases, also the sequence (x;) can be prescribed a priori. For instance, if
a(x) >a, (0, + o) as |x|— o, then any sequence (x;) cRY such that
|21 | — |2 | = + » works well. Similarly, if @ is periodic in each variable,
then one can take (x;) on the period lattice, with the same divergence property
as before.

We note that, by a standard argument (taking f instead of f, defined by
f(t)=0fort<0andf(t) =f(t) for t > 0), it is possible to show the existence of
infinitely many positive classical solutions of the problem (P,) for any a e d, a
smooth.
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Finally we want to point out some possible easy extensions of our result.
We observe firstly that with minor change, our argument can be used to prove
an analogous result for the class of the nonlinear Schrédinger equations
—Au + b(x) u = a(x) f(u) with be L * (RY), b(x) = b, >0 for a.e. xR, and a
and f as above. Moreover, we point out that in proving Theorems 1 and 2 we
never use comparison theorems based on the maximum principle. Then our ar-
gument can be repeated exactly in the same way to study systems of the form
—Au +u = a(x) VF(u) where FeC?(RY, RM) satisfies properties analogous
to (f1)-(f3). In particular the result can be established in the framework of
the homoclinic problem for second order Hamiltonian systems in RY (see [3]
and the references therein).

Secondly we remark that the solutions we find satisfy suitable stability
properties. These can be used to prove that in fact the perturbed problem
(Py + o) admits multibump type solutions (see [32]) with bumps located around
the points x;. We refer in particular to [2] for a proof that can be adapted in
this setting.

Finally we mention also the fact that if a is assumed to be positive and al-
most periodic (see [12]) then it is not known whether or not the problem (P,)
admits solutions. Following [3] it is possible to show that in this case one can
construct a perturbation o almost periodic and with L * norm small as we
want, in such a way that the problem (P, ,) admits infinitely many (actually
multibump type) solutions. Then we get a genericity result (with respect to the
property of existence of infinitely many solutions) for the class of problems
(P,) with a e C(RY) positive and almost periodic.
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