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Bollettino U. M. 1.
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Some Remarks about Proper Real Algebraic Maps.

L. BERETTA - A. TOGNOLI

Sunto. — Nel presente lavoro si studiano le applicaziont polinomiali proprie
¢: R"—=RY.
In particolare st prova:
1) se ¢: R"—R ¢ un’applicazione polinomiale tale che ¢ ~1(y) é compatto per
ogni y e R, allora ¢ ¢ propria;
2) se ¢: R"—RY ¢ polinomiale a fibra compatta e p(R™) é chiuso in R? allora ¢ €
propricy

3) linsteme delle applicazioni polinomiali proprie di R" in R? ¢ denso, nella to-
pologia C*, nello spazio delle applicaziont C* di R™ in R%

Introduction.

Let ¢: X—Y be a continuous map between topological spaces, ¢ is called
proper if for every compact HcY the set ¢ ~'(H) is also compact.

In the first part of this article we study polynomial and analytic proper
maps.

In particular we prove:

1) Let ¢: R"—R be a polynomial map such that ¢ ~!(x) is compact for
any xe R, then ¢ is proper.

2) Let ¢: R"—=RY be an analytic map such that: ¢(R") is closed and
@ “1(x) is compact, for any x e RY then ¢ is proper.

In the last part we study some improvements of the classical Weierstrass
approximation theorem that asserts the density of the set P(n, q) of polynomi-
al maps ¢: R"—R? in the space C * (n, q) of C* maps y: R"— R? (endowed
with the usual C* topology). In particular we prove

3) The set Pr(n,q) of proper polynomial maps is dense in
C*(n, q).

Moreover if ¢ = n the set of polynomial maps ¢: R*— R? that have a prop-
er polynomial extension ¢: C"— C? is dense in C*(n, q).
Finally we prove a relative version of 3), see Theorem 4.



118 L. BERETTA - A. TOGNOLI

1. — Proper analytic maps ¢: R"— R

Let X be a topological space and ¢: X—R a continuous map, we shall
denote:

X,=¢ Ya) aeR
X, =¢ 'la+ =) X;=¢ 'd-,a,D.

If ¢: X—R is a continuous map between topological spaces we shall say
that ¢ has compact fibers if for any y € Y, ¢ ~!(y) is compact; ¢ shall be called
proper if ¢ “1(K) is compact for any compact set K of Y.

The map ¢: X—Y shall be called weakly proper if for any y e p(X) the
neighbourhoods of ¢ ~'(y) of type U = ¢ ~(B,), B, neighbourhood of y, are a
foundamental system.

All spaces considered in the following are metric and locally compact.

LEMMA 1.1. — Let ¢: X—Y be a continuous map between metric locally
compact spaces, and let us suppose ¢ has compact fibers, then the following
conditions are equivalent:

(i) @ 1is proper,
(i) @(X) 1s closed and @ is weakly proper;

(iii) @(X) is closed and for any yeY, ¢ (y) has a compact neighbour-
hood U in X, of type U= ¢ "'(B,), B, neighbourhood of y in Y.

ProOF. — (i) = (ii). It is known that a proper map is also closed; (X and Y
are metric spaces), so @(X) is closed.

If B, is a compact neighbourhood of y in Y, then U = ¢ ’I(By) is a compact
neighbourhood of ¢ ~'(y) in X.

Now we remark that: if {U;},., is a set of compact neighbourhoods of
@ ~(y) such that fDU 2 =@ '(y) and the family {U, } is closed under the finite

intersection, then {U,},., is a foundamental system of neighbourhoods of
@)

In fact if V is an open neighbourhood of ¢ ~!(y), then the setg u=U0,-V
are compact and Q U, = ¢ hence there exists 1 ... 1, such that ,r_11 U/, =0, and

this proves that {U,} is a foundamental system of neighbourhoods. Clearly
the family {U;} of compact neighbourhoods of type U, = ¢ "*(B}), B; com-
pact, satisfies the above condition and this proves that ¢ is weakly proper.
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(ii) = (iii). Let y ¢ @(X), then there exists a neighbourhood U,>y, such
that

e WU =0.

Let now y € ¢(X) and U, a compact neighbourhood of ¢ ~1(y), such a neigh-
bourhood exists because ¢ ~!(y) is compact and X is locally compact.

@ is weakly proper, hence there exists a compact neighbourhood B, of y in
Y such that ¢ “'(B,)cU,, ¢ '(B,) is closed and hence compact.

So the claim is proved.

(ili) = (i). For any y e Y there exists a compact neighbourhood B, such
that ¢ ~'(B,) is compact.

If KcY is a compact set, then K can be covered with B, ...B, such that
1) *1(Byi) is compact, clearly this implies that ¢ ~!(K) is compact.

The lemma is proved.

LemmA 1.2. — Let ¢: R*"—=R? be an analytic map with compact fibers,
such that @(R") is closed, then ¢ is proper.

Proor. — If we prove that ¢ is weakly proper the Lemma 1 proves the
claim.

The fact that ¢ is weakly proper is a consequence of Lojasiewicz inequali-
ties. Let

Y=l D gD and Ay = 3yl
then
Y=dogp: R">R
is an analytic function such that
{xeR"|P(x)=0}=¢ ' (y").
Lojasiewicz’s inequalities assure that the sets
U={zeR"||W@)|<e} =¢ " {{y} RS-y <e}) >0

are a foundamental system of neighbourhoods of ¢ ~!(y°).
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COROLLARY 1. — Let ¢: R"—R be a polynomial map, if there exists a e R
such that R = ¢ ~(a) is compact and non-empty, then, if n > 1:

p(R") = { gﬁ_’ o_:’o;[] for some BeR .

If @ has compact fibers, then ¢ is a proper map.

ProoF. — Let us suppose R}, compact and non-empty and let consider the
open sets

Ri =9 'la, +o) R =¢ 11— =, ad).

Clearly we have that R} contains the boundary of R * and R} -, a path from
xeRE' to yeR%™ contains a point of R.. L

These facts implies that one and only one of the sets R”*, R”~ is bounded
and hence compact.

So we have proved that

[B, + oo

(R") =
v {]—oo,ﬁ]

because any non constant polynomial map ¢: R—R is not bounded.

Let now suppose ¢ has compact fibers; we have proved that ¢(R") is
closed, so, from Lemma 2, we know that ¢ is weakly proper, hence from Lem-
ma 1 we deduce that ¢ is proper.

2. — Some remarks about the dimension of the fibers of a polynomial
map.

We shall denote by K the real or the complex field.
If n, m, p are positive integers we shall denote by Pg(n, m, p) the vector
space of polynomial maps

e=(¢1...0,): K"—K™
such that
degp,<p 1=1,...,m.

If Vc K* is an affine variety we shall denote by Px(V, m, p) the quotient space
of Px(s, m, p) given by the maps V— K™ that are restriction of elements of
Py (s, m, p).
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We shall also consider
PK(n’m):%IPK(/n’ m, p) PK(V7 m):Lp-JPK(Va m, p)-

The sets Px(n, m), Px(V, m) are endowed with the usual C * topology of uni-
form convergence on compact sets.

The sets Px(n, m, p) are, in a natural way, Euclidean spaces and they have
the topology induced by these (i.e. we parametrize the polynomials using the
coefficients).

On Pg(n, m, p) we can also consider the induced Zariski topology and on
Px(V, m, p) the quotient Zariski topology.

From the fact that Px(n, m, p), Px(V, m, p) are Hausdorff topological
vector spaces of finite dimension we have

THEOREM 1. — The natural injections Pg(V, m, p) = Pg(V, m) are homeo-
morphisms onto the images for any affine variety Vc K°.

If ¢: V— W is a map between affine varieties, we shall say that ¢ is alge-
braic if it is a rational regular map.

If : V— W is an algebraic map between affine varieties, we shall say that
@ is dominating if W = Zariski closure of ¢(V).

Now we recall two well-known results.

THEOREM 2 (Algebraic Sard Theorem). — Let ¢: V—W be an algebraic
dominating map between complex, irreducible affine varieties.
Then the set

W'={yeW|ep '(y) N Vg is regular}
contains a Zariski open dense subset of W. Moreover the set
W= {yeW|dim ¢ (y) =dim V- dim W}
1s a dense open Zariski subset of W.
See [2] page 42-46.

THEOREM 3 (Local Triviality of Semi-Algebraic Maps). — Let X, Y be semi-
algebraic sets and ¢: X—Y a continuous semi-algebraic map.
Then there exists:

@) a finite semi-algebraic stratification {Y;...Yg} of Y;

() a collection of semi-algebraic sets {F,...Fg};
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(iii) @ collection of semi-algebraic homeomorphisms
gi:FiI—>Yi><F7j FiI:(pil(Yi) 1=1..K

such that for every i =1...K the following diagram 1is commutative

e \(Y)=F 5 Y.,xF

N @ v
Y

where p; is the natural projection.

Moreover we may suppose that ¢ is a trivial (i.e. equivalent to a projec-
tion) semi-algebraic map over each connected component of Y — Y1, where Y!
18 the union of the strata of dimension lower than p = dim Y.

See [1] page 98.
If X is a semi-algebraic set we shall say that X is pure p-dimensional if it
has dimension p in any point. From the above results we deduce:

LEMMA 3. — Let ¢: V=W be an algebraic dominating map between real
affine irreducible varieties, then there exists an open dense subset, (dense in
the usual topology), W' of Wy such that ¢ ~'(y) N Vi is regular for any
yeW' and dim ¢ *(y) <dimV — dim W.

Moreover there exists a nonempty open semi-algebraic subset W"c W'
such that

dim ¢ (y) =dim V—-dim W if yeW".

PrOOF. — Let ¢: V—Whbea complexification of ¢ and
W' ={yeW|§ () NV, is regular}.

By Theorem 2 W' contains a dense, in the usual topology, Zariski open subset
of W.

We recall that in W the usual closure coincides with the Zariski closure,
this implies that W'= W' NW contains an open and dense subset of
Wieg- _

It is known that if ¢ ~'(y) NV, is regular, then ¢ ~'(y) N V., is regular
and clearly

dim:¢ 1 (y) = dimp ¢ "1(y)

so we have proved the first part of the claim.
To prove the last part it is enought to remember that ¢ is dominating,
hence ¢(V) must contain an open set of W.
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Now Theorem 3 applied to the map ¢ *(W') —> W' proves the lemma.

REMARK 1. — Let VcK"™ be a cone with vertex in the origin and
PV, m, p) the set of ¢ = (¢1...¢,,) € Px(V, m, p) such that any ¢, is homo-
geneous of degree p. It is possible to extend the previous result to the homoge-
neous case.

For example we have that there exists an open dense subset B of
PL(V, m, p), such that for any ¢ = (¢;...¢,,) € B we have

dimVNn(N{g;=0})=dim V-m.
Infact we can take ¢; such that {¢;=0} »V, ¢, in such a way that
{@2=0} VN {p,=0}() ...

LEMMA 4. — Let ¢: X—Y be a semi-algebraic map between semi-algebraic
sets of pure dimension p, q and let us suppose ¢ is dominating, then there
exists an open dense subset, Y'cY such that

yeY' = ¢ (y) is pure p — q-dimensional

Moreover if Y is pure g-dimensional, ¢ is an open map and foryeY', ¢ ~1(y)
18 pure p — q-dimensional, with Y' dense subset, then X is pure p-dimen-
stonal.

ProOF. — The claim of the lemma follow easily from Theorem 3, in fact
there exists an open dense subset Y'cY such that on any connected compo-
nent Y; of Y’ we have

@ 1Y) =Y/ X F;.

So if X is pure p-dimensional, F'; must be pure p — g-dimensional.

On the converse if ¢ is open and F; is pure p — g-dimensional then the set
Ug ~1(Y/) must be dense in X, and this implies that X is pure p-dimensional.
K3

A criterion to recognize when a map is dominating is given in the
following.

LEMMA 5. — Let @: V—W be an algebraic map between real irreducible
affine varieties and @: V—W a complexification. If there exists y,e W such
that

dim¢@ ' (y,) = dimg V — dimp W

then @ is dominating.

(\) Where » means: doesn’t contain any irreducible component.
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ProOF. — The map

V=@V
is dominating, where ~ is the closure in the Zariski topology. If we prove
that
dimc@(V) = dim W = dimp W
then we have W = @(V) (because W is irreducible) and clearly ¢ is dominat-
ing.

By a classical result (see [2] page 45) we know that
dime @~ (y) = dimV — dime @(V)

for any y e (V).
So the hypothesis

dime @' (y,) = dimeV — dim W

implies

dim (V) = dim W
and hence the claim.

Let Vc K* be an affine variety, we shall denote by P2(V, n, p) the subset
of Px(V, n, p) of the elements that are restriction to V of homogeneous poly-
nomials of degree p.

Now we consider the affine varieties

I'y(V,n,p)={(a, x)ePx(V,n, p)xV]a(x) =0}
F}IL((V) n, P) = {(a5 x) EP[?(V’ n, p) X V|a(90) = 0}
and the natural projections

p: FK(V9 n, p)_)PK(V5 n, p)-

ProPOSITION 1. — Let Vc C? be an affine irreducible variety with dimV = n.
Then there exists a dense open Zariski subset U of Po(V, n, p) such that for
any ae U we have

dim p (a) =dim V—-n
and

dim I'¢(V, n, p) =dim Po(V, n, p) +dim V—n.
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A similar result holds for the projection

Ph: F}(]}(V7 n, p)_)P(};(V7 n, p)-

ProoF. — The hypothesis dim V=n, K= C and the classical elimination
theory assure that the maps p and p, are dominating. It is known that

1) g=dim I'¢(V, n, p) =dim Pc(V, n, p) + dim V —n.

2) There exists an open dense Zariski subset U’ of Pq(V, n, p) such
that if ae U’ then

dlm p 71(&) =q— dlm PC(V7 n, ]0)

(see [M] page 46).
Now we shall show that for a dense subset U"c Po(V, n, p) we have

3) aclU” = dimp Ya)=dimV-n
If we prove 3) then from 1) and 2) it follows that
q=dim Po(V, n, p) +dim V—n

and hence from 2) and Theorem 2, that there exists a Zariski open dense sub-
set U of Po(V, n, p) such that

aelU = dimp Ha)=dimV-n.

To prove 3) let us consider a = (a;...a,) e Pc(V, n, p).

If a, is constant we can approximate «; with a non-constant element
B1ePc(V, 1, p).

Let now x; ...x,, be a finite set of points such that any irreducible compo-
nent of VN {#;=0} contains one ;. If a, is identically zero on some irre-
ducible component of VN {#, =0} we approximate a, with §, such that

Balaf) =0 V.

So finally we approximate (a;...a,) with (8;...,) and by construction we
have

dim VN (D{ﬂj=0}) =dim V-n.

The proposition is proved for the map p, the demonstration runs in a similar
way for py,.

COROLLARY 2. — Under the hypothesis of the proposition, there exists a
Zariski open dense subset U of Po(V, n, p) such that
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(I If P=(Py...P,) €U then P; is mot constant on

N{Px=0} j=1..n
K¢‘7

Proor. — If condition (I) is not satisfied then

=
s

I{PKZO}:V)

or

n

dim K[]I{PK=0} >dim V—n.

So the proposition proves the corollary.

q
If Py, ..., P, are elements of R[x;...x, ], then the set V= ﬂl{Pj =0} may
j=

have codimension greater than ¢ and in general V is not purely dimensional.

Let now consider C" = {z;=u; +1%y;...2,=a, +1y,} and for any Pe
Clz;...7,] the decomposition P =P’ +iP" into the real and the imaginary
part.

DEFINITION 1. — An element
PeRlw;... 2y, y1---Ynl

shall be called real (imaginary)part if there exist Q e Rlx; ...x,, ¥ ...¥,] such
that P+ 1Q(Q + iP) 1is element of Cl[z;...z,)

We shall denote (Ri[«x, y1)? the vector space of g-uple of elements of

R[xl <y Y1 'yn]

that are real parts. We have

PROPOSITION 2. — There exists an open dense subset U of (Rglx, yi, g<n
such that

q
(P{..P))eU = V= ﬂl{P]f =0}
=

s pure 2nm — q-dimensional.
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Proor. — We recall some well-known facts:

1) if P’ eRg[x, y] the element P” such that P’ +iP" e (C[z] is deter-
mined, up to an additive constant, (one can reduce the proof to the case n =1
and use the Cauchy-Riemann conditions).

q
2) Let P;=P; +1iP] e ([z], jqz 1..q; if V= ‘n1{Pj =0} is regular of
=
complex dimension % — g, then V = le{ P; =0} is regular of dimension 2n — q

(the problem is local and we can use the implicit function theorem).

3) If W is a complex affine variety, then the set of regular points is open
and dense, in the usual topology, in W (see [M]).

4) By Proposition 1 there exists an open dense subset U of Pc(n, ¢, p)
such that

(P,..P)elU = dimcjﬁl{Pj=O} =n—q.
Moreover we may suppose, (see Corollary 2), (P;...P,) e U = for any
Jj=1...q, P; is not constant on KQ_;'{PK: 0}.
Let us consider the natural map
p: Po(n, @) = (Relx, yD
that associate to an element (P;...P;) e Po(n, q) the real parts
(P{...P}) e (Relex, yDi.

Clearly p is surjective and open, hence from Corollary 2, we deduce that there
exists an open dense subset U of (Rg[x, y])} such that if (P/...P;) e U then
for any choice of (P{’...Pq”) such that (P; +iP1"...Pq+qu”)ePC(n, q) we
have

q
dim V' =dimc (1 {P;=0} =n—q P;j=P/+Pj.
=

q
Let now x’e V= ﬂl{P,»’ =0}, (P{...P;) e U, then we can choose the additive
jo

constants in such a way that

q
x"e N{P/=0} with P/ +iP/eClz]
e

Now the point x° is limit of regular points of V and hence from the above
points 2) and 3) we know that V is of dimension 2% — ¢ in the point °. The
proposition is proved.
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REMARK 2. — A similar result, with the same proof, holds for the imaginary
part of elements of C[z].

3. — Some improvements to the Weierstrass approximation theorem.

The classical Weierstrass approximation theorem states that any C~
map

@: R"—>R?

can be approximated, in the C* topology, by polynomial maps.
The following are natural questions:

(I) any C* map ¢: R"—RY can be approximated by proper polynomial
maps ¥ ;: R*"—R?

(IT) when a C* map ¢: R"—RY can be approximated by polynomial
maps 1, such that y,: C"— C? is proper?

(ITI) Let VcR" be a compact affine variety and ¢: R"—=R? a C* map
such that ¢/V is polynomial, when can we approximate ¢ with polynomial prop-
er maps ¥ ;: R"—R? such that

Y, /V=qe/V?

The purpose of this paragraph is to give some positive answer to the above
questions.
In the following we shall consider K" canonically embedded in P, (K)

1: K" P,(K)
and we shall denote

Let ¢: V1—V; be an algebraic map defined between two affine K-varieties, we
shall call @: V;— V, a projective compactification of ¢ if there exist:

1) two algebraic embedding
4 Vi—>KY j=1,2
such that V; = Zariski closure of 4;(V;) in P, (K)
2) an algebraic map

@: ‘71*‘72
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such that the following diagram is commutative

12

Vi = V,
l \’
Vi 5 V.

As before we shall denote Vf = TA/] = (V)).
We shall say that ¢ is a good (projective) compactification if
(Vi) c V5.
We have the
LEMMA 6. — Let ¢: V—W be an algebraic map between affine K-varieties,
then @ has a projective compactification, ¢: V— W.

If @ is a good compactification, then ¢ s a proper map.
If K=C and ¢ is proper, then @ is a good compactification.

PrOOF. — Let
VcK" WcK™

and
r,cK"xK"cP,(K)XP,(K)

the graph of ¢. R
Let us define iy: V—T, iy(x) = (x, ¢(x)), V = Zariski closure of I, in
Py(K)>P,(K)x P,,(K) and @ the natural projection

P,(K)xP,(K)—P,(K)

restricted to T, -

P, (K) is compact, K = R, C, hence if ¢ is a good compactification then ¢ is a
proper map.

On the converse if K = C, then the Zariski closure coincides with the usual
one, and hence, if ¢ is proper, then ¢ is a good compactification.

If Vc K" and ¢: V— W is an algebraic map, then, in general, the projective
compactification ¢: V — W cannot be found in such a way that Vc P,(K). We
shall try to find a sufficient condition to realize V in P,(K).

Let us consider a polynomial map

@=(@1, .- @p): K"—>K"
given by
(@))] yi=@j@..x,) j=1l.m degg;<p.
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If we consider the homogeneous coordinates

u/] ’Uj
Uy - Uy, y7=— Vo..- Uy ;)(;7:_
Uo Vo
then the relations (1) give:
U; v Uy, .
@) —]=<pj(—1...—) j=1..m
U Vo Vo
and hence
d. v
w; Ve (vy...0,) ]
3) Y _ W% Y j=1..m
U ”Ug)
where

p=supdeg ¢; d;=p—deg¢;

v ! vl /Un ’
(p](vo/l)n):/l)gh(p](——) d] =deg(p].
Vo Vo

If we now suppose d; = p, for all j, then relation (3) are satisfied if

@ V= o

If vy# 0 relations (4) give the algebraic map ¢, if they define a regular

map

¢: P,(K)—P,,(K)

then @ is the unique algebraic extension of ¢, and ¢ is a good projective com-

pactification of ¢.

Clearly relations (4) define a regular map in a neighbourhood of
@, ..., v,) if one, at least, of the numbers g?)j(T)O... v,), Yy is different from

Zero.

Let now Vc K" be an affine variety and ¢: V— K™ a polynomial map.

DEFINITION 2. — If relations (4) define a projective compactification

@: VP, (K)

then @ shall be called a very good (projective) compactification.
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PROPOSITION 3. — Let Vc C™ be a complex affine variety of dimension n, if
q =n, then the set of elements of Po(V, q) that have a very good projective
compactification is dense in Pc(V, q).

In the real case the same result holds for any q = 1.

ProOF. — Let ¢ = (¢...¢,) € Pc(V, q) and
ws:(¢1+8w1y~~-?¢q+£y)q): V—C1 ceR.

By Proposition 1 we may choose (y;...9,) in a open dense subset U of some
PL(V, q, p) in such a way that ¢, has a very good projective compactification
for any eeR’, R’ open dense subset of R.

In fact if (y;...9,) have the property

q
dim ﬂo{wjzo} =0 and degg;<p
e

relation (4) define the desidered compactification.
It is now clear that ¢ = hr% @,, hence the proposition is proved if

K=C. m
In the real case let us define y,=..=v,= X «? with d big
enough. =0

REMARK 3. — In the complex case the hypothesis ¢ = dim V is necessary be-
cause if @ has a good projective compactification then it is a proper map, and
hence with finite fibers.

In the following we shall state a relative approximation theorem.

Let VcR" be an affine variety, WcV a closed affine subvariety and
@: W—R? an algebraic map.

We shall denote C*(V, ¢, q), P(V, ¢, q) the spaces of C*, and algebraic
maps V—RY extending ¢.

By Pq(V, ¢, q) we shall denote the subspace of the algebraic maps that
have a good projective compactification and extend ¢.

We recall that an affine variety W is called quasi regular if in any point the
germ of the algebraic complexification coincides with the germ of the analytic
complexification.

We have

THEOREM 4. — Let V be a real affine variety, W a closed affine quasi-regu-
lar compact subvariety and ¢: W—R? an algebraic map.
Then Po(V, @, q) is dense in C*(V, ¢, q).



132 L. BERETTA - A. TOGNOLI

ProOF. — We wish to prove the following claim:
under the hypothesis of the theorem, for any compact set H c V there exists
an algebric map g: V—RY such that:

1) there exists an open set U>oW U H in V, such that g: U—¢(U) is an
algebraic isomorphism;

2) there exists a sphere SY " 'cRY such that g(W) =g(V)NnS¥ L

ProOF (of the claim). — a) if Vc R” there exists a polinomial P e R[x; ...x, ]
such that

W={xeR"|P)=0}.

Using Segre’s map we can find an embedding i: V— R" such that there exists
an hyperplane 7cRY with the property i(W) =i(V) NI (see [2]).
b) If we consider the inverse of the stereographic map

o:S¥—-1{0} >RY
we verify that o ': R¥—S% can be extended to an algebraic map
o1 Py(R)—>SY

(see [T]).

The map o !

is an isomorphism on RY and the constant map on
Py(R)™.

c¢) If we consider the composition
g=0ltoi: VSV
it easy to verify that g: V—g(V) is an algebraic isomorphism and
gW) =gV)ynas ).

It is well-known that the inverse of stereographic projection sends linear sub-
spaces into spheres, hence o !(I) is an N —1 sphere and the claim is
proved.

PRrOOF (of the theorem). — We can suppose VcRY in such a way that
N
W= {er| i1 =0}.
i=1”

It is known (see [T]) that P(V, ¢, q) is dense in C*(V, ¢, q) because W is
quasi regular.
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Let now y e P(V, ¢, q), then
N 2d
1/)8:1/)4—8(2 96]2_1>
i=1
is, for small ¢, an approximation of y and, if d is big enough,
ngPC(V’ @, q)

The theorem is proved.
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