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@-Symmetric Spaces and Weak Symmetry.

JURGEN BERNDT - LIEVEN VANHECKE

Sunto. — Proviamo che tutti gli spazi semplicemente connessi @-simmetrici sono
debolmente simmetrici e quindi commutativi.

1. — Introduction.

A connected Riemannian homogeneous space (M, g) is said to be G-commauita-
tive if G is a subgroup of the isometry group I(M, g) of (M, g) acting transitively
on M and if the algebra of all G-invariant differential operators on M is commuta-
tive. It is known that if (G, K) is a Riemannian symmetric pair, then the associa-
ted Riemannian symmetric space G/K is G-commutative (see [5, p. 343] for de-
tails and references). A Riemannian symmetric space is both I(M, ¢g)-commuta-
tive and I1°(M, g)-commutative, where 1°(M, g) denotes the identity compo-
nent of I(M, g). A. Selberg [13] considered commutativity for the more general
class of weakly symmetric spaces. A connected Riemannian manifold is said to
be weakly symmetric if any two points can be interchanged by an isometry.
This is not the original definition given by Selberg, but equivalent to it [3]. As
proved in [13], any weakly symmetric space is I(M, g)-commutative, but the
converse is not true [9], [10].

In this note we provide new examples of weakly symmetric spaces, and hence
of I(M, g)-commutative spaces. But we do not know whether these spaces are
I°(M, g)-commutative or not (see Remark).

THEOREM. — Any simply connected p-symmetric space is weakly symme-
tric and therefore I(M, g)-commutative.

These g-symmetric spaces were introduced by Takahashi [14] and are certain
circle or line bundles over Hermitian symmetric spaces. For example, the simply
connected ones over compact irreducible Hermitian symmetric spaces are
SUmn +m)/SUmn) x SU(m), SO(n +2)/SO(n), SO(2n)/SU(n), Sp(rn)/SU(n),
E/SO(10) and E;/E;. The complete classification of simply connected ¢-sym-
metric spaces has been achieved by J. A. Jiménez and O. Kowalski [7]. The
proof of the theorem is based on the existence of real forms (that is, fixed point
sets of anti-holomorphic involutions) in Hermitian symmetric spaces with the
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same rank. Such a real form can be lifted horizontally into the bundle space, up
to some isometric covering map. The reflections of the bundle space in these lif-
ted real forms give the isometries interchanging two points.

2. — Proof of the Theorem.

We refer to [4] as a basic reference for Sasakian structures. A g-symmetric
space is a connected, complete Sasakian manifold for which the reflection in any
flow line of its characteristic vector field is a global automorphism of the Sasa-
kian structure (¢, &, 1, g). Given a @-symmetric space M, the space N:= M/E
consisting of the flow lines of & can be equipped with the structure of a Rieman-
nian manifold such that the canonical projection 7z: M — N becomes a Rieman-
nian submersion. The Sasakian condition implies that N is a Kéhler manifold,
and the @-symmetry condition implies that N is Hermitian symmetric. There
exists, up to isomorphism, at most one simply connected g-symmetric space fi-
bering over a Hermitian symmetric space. The explicit classification of simply
connected @-symmetric spaces is given by J. A. Jiménez and O. Kowalski in
[7]. It is worthwhile to mention that a gp-symmetric space is always irreducible
as a Riemannian manifold, even when it fibers over the Riemannian product of
Hermitian symmetric spaces.

Let M be a simply connected ¢-symmetric space with Sasakian structure
(p, &, m, g) and w: M — N the Riemannian submersion onto the corresponding
simply connected Hermitian symmetric space N. Let p and ¢ be any two distinct
points in M. We now construct explicitly an isometry interchanging these two
points. To begin with, we connect p and ¢ by a geodesic y and denote by m the
midpoint between p and ¢ on vy, and by X the unit vector tangent to y at m.

Let N=N_,X...XN_{XNyxXN;X...XxN; be the de Rham decomposition
of N, where N, = C* with some k = 0 and where N, is an irreducible, simply con-
nected, non-compact (if v < 0) or compact (if v > 0) Hermitian symmetric space.
According to [11] or [15], in each N, there exists a connected, complete, totally
real, totally geodesic submanifold P, with dimg P, = dim-N, and rank P, =
rank N, (v=0). For v=0 we take Py=R*, Then P=P_, X ... X P_; X PyxX P; X
... X P, is a connected, complete, totally real, totally geodesic submanifold of N
with dimg P = dim- N. By the homogeneity of N we may assume that si(m) e P.
Recall that a flat in a Riemannian symmetric space is a connected, complete, to-
tally geodesic, flat submanifold whose dimension is the rank of the symmetric
space. From standard theory of symmetric spaces it is known that the isotropy
group of the isometry group of N, at («z(m)), acts transitively on the flats of N,
containing (z(m)),. Any tangent vector of a symmetric space is tangent to a sui-
table flat in that space. Since P, has the same rank as N, (v # 0), we may there-
fore assume that (7« X), is tangent to P,. Clearly, for v = 0 we may assume this
also.
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According to [11], each P, is a reflective submanifold of N,, that is, the
reflection of N, in P, is a well-defined global isometry of N,. Since P, is reflective,
there exists a connected, complete, totally geodesic submanifold @, of N, with
(7(m)), €@, and T(yy), Q, is the normal space of P, at (n(m)),. Then
RQ:=Q_, X...XQ_1XQyxQ; X...XQis a connected, complete, totally real, totally
geodesic submanifold of N with n(m) € @ and 7. X perpendicular to T, Q.

The integrability condition for a submanifold in N to admit locally a horizon-
tal lift is to be totally real [12]. So, let @ be a local horizontal lift of @ with m e Q.
Then, clearly, X is perpendicular to T,,Q. Moreover, Q is totally geodesic in M
[12]. Now, Q is also reflective, which implies that at each point of @ there exists a
totally geodesic, totally real submanifold of N containing this point and being
tangent to the normal space of @ at this point. All these perpendicular totally
real, totally geodesic submanifolds have local horizontal lifts, each of which is
totally geodesic in M. So, if R¥ denotes the Riemannian curvature tensor of M,
the Gauss equation yields that R™(X, Y)Z is perpendicular to @ whenever
X, Y, Z are horizontal vectors perpendicular to Q. We also have

RY"X, Né=9g(Y,H)X—9(X,5)Y

for all X, Y e TM [4]. Using this we may conclude that R¥ (X, Y)Z is perpendi-
cular to @ for all X, Y, Z perpendicular to @. Thus, the normal bundle of @ is
curvature-invariant. It follows that the local reflections of M in @ are isometries
[1]. As M is complete, connected, simply connected and real analytic, these local
isometric reflections extend to a well-defined global isometric reflection f of M
in some totally geodesic submanifold containing @. Since X is perpendicular to
@, the reflection f reverses the direction of y and hence interchanges p and ¢. By
this the theorem is proved.

REMARK. It is not known to the authors whether these g-symmetrie spaces
are I°(M, g)-commutative or mnot. The Stiefel manifold V,(R"*2) =
SO(n + 2)/SO(n) of orthonormal 2-frames in R” "2 is a g-symmetric space fibe-
ring over the Hermitian symmetric space Gs" (R"*%) =S0(n + 2)/SO(n) X
SO(2), the real Grassmann manifold of oriented 2-planes in R” "2 In [6] it has
been stated that for n > 29 these Stiefel manifolds are not 1°(M, g)-commutati-
ve. This result has been mentioned in [1], [2] and [8]. Unfortunately, the proof in
[6] is not correct due to a wrong use of the action of the isotropy group. So it is
still open whether these Stiefel manifolds are I°(M, g)-commutative or not.

Added in proof.

Recently, D. Akhiezer gave an affirmative answer to the question stat-
ed in the Remark. See his preprint A remark on Stiefel manifolds
SO(n +2)/SO(n).



392 JURGEN BERNDT - LIEVEN VANHECKE

REFERENCES

[1] J. BERNDT, PH. TONDEUR, L. VANHECKE, Examples of weakly symmetric spaces in
contact geometry, Boll. Un. Mat. Ital., (7) 11-B (1997), Suppl. fasc. 2, 1-10.

[2] J. BERNDT - F. TRICERRI - L. VANHECKE, Generalized Heisenberg groups and Da-
mek-Ricci harmonic spaces, Springer-Verlag, Berlin, Heidelberg (1995).

[3] J. BERNDT - L. VANHECKE, Geometry of weakly symmetric spaces, J. Math. Soc. Ja-
pan, 48 (1996), 745-760.

[4] D. E. BLAIR, Contact Manifolds in Riemannian Geometry, Lect. Notes. Math., 509,
Springer-Verlag, Berlin, Heidelberg, New York (1976).

[6] S. HELGASON, Groups and Geometric Analysis, Academic Press, Orlando (1984).

[6] J. A. JIMENEZ, Stiefel manifolds and non-commutative @-symmetric spaces, pre-
print.

[7] J. A. JIMENEZ - O. KowALSKI, The classification of p-symmetric Sasakian manifol-
ds, Monatsh. Math., 115 (1993), 83-98.

[8] O. KowALSKI - F. PRUFER - L. VANHECKE, D’Atri spaces, in Topics in Geometry, In
Memory of Joseph D’Atri, Birkhduser, Boston, Basel, Berlin (1996), 241-284.

[9] J. LAURET, Commutative spaces which are not weakly symmetric, Bull. London
Math. Soc., to appear.

[10] J. LAURET, Modified H-type groups and symmetric-like Riemannian spaces, pre-
print 1997.

[11] D. S. P. LEUNG, Reflective submanifolds. I11. Congruency of isometric reflective
submanifolds and corrigenda to the classification of reflective submanifolds, dJ.
Diff. Geom., 14 (1979), 167-177.

[12] H. RECKZIEGEL, Horizontal lifts of isometric immersions into the bundle space of a
pseudo-Riemannian submersion, in Global Differential Geometry and Global
Analysis 1984, Lect. Notes Math., 1156, Springer-Verlag, Berlin, Heidelberg, New
York (1985), 264-279.

[13] A. SELBERG, Harmonic analysis and discontinuous groups in weakly symmetric
Riemannian spaces with applications to Dirichlet series, J. Indian Math. Soc., 20
(1956), 47-87.

[14] T. TARAHASHI, Sasakian ¢-symmetric spaces, Tohoku Math. J., 29 (1977), 91-113.

[15] M. TAKEUCHI, Stability of certain minimal submanifolds of compact Hermitian
symmetric spaces, Tohoku Math. J., 36 (1984), 293-314.

Jiirgen Berndt: University of Hull, Department of Mathematics
Hull HU6 7RX, United Kingdom

L. Vanhecke: Katholieke Universiteit Leuven, Department of Mathematics
Celestijnenlaan 200 B, 3001 Leuven, Belgium

Pervenuta in Redazione
il 19 giugno 1997



