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Minimizing p-Harmonic Maps at a Free Boundary.

FRANK DUZAAR - ANDREAS GASTEL

Sunto. – Studiamo le proprietà di regolarità delle mappe fra varietà di Riemann che
minimizzano la p-energia fra quelle che soddisfano una condizione di frontiera pa-
zialmente libera. Proviamo che tali mappe sono Hölder continue vicino alla fron-
tiera libera fuori di un insieme singolare, e otteniamo stime ottimali per la dimen-
sione di Hausdorff di questo insieme singolare..

1. – Introduction.

In this paper we investigate the regularity properties of maps u : MKN
between Riemannian manifolds which minimize locally the p-energy amongst
maps satisfying a partially free boundary condition u(S) %G . The parameter
domain M for our maps is a compact connected Riemannian manifold of di-
mension mF2, and the free boundary S is a non-empty, relatively open subset
of ¯M . As target manifold N we have a compact Riemannian manifold of
dimension nF1 which we assume to be isometrically embedded in Rn1k

for some kF0. The supporting manifold G for the free boundary values
is a closed submanifold of N of dimension d , 0 GdGn . We are then interest-
ed in mappings u : MKN of Sobolev class W 1, p (M , N)»4 ]u�
W 1, p (M , Rn1k ): u(x) �N for almost all x�M( which minimize locally the
p-energy

E(u) 4s
M

N˜uNp dvol

with respect to the free boundary condition u(S) %G . Here N˜uN4

m !
i41

n1k

N˜u i N2n1/2

. A map u�W 1, p (M , N) is termed to be locally p-energy

minimizing on MNS with respect to the free boundary condition u(S) %G
if there exists an open covering X of MNS such that E(u) GE(v) for
every v�W 1, p (M , N) which satisfies v(S) %G and which coincides with
u outside X , for some X� X . A point x�MNS is called a regular point
of u if u coincides with a continuous function on a neighbourhood of
x in MNS . The set of regular points is denoted by Reg u , and its complement
(MNS)0Reg u is termed the singular set Sing u . By the Sobolev embedding
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theorem regularity in the case pDm follows trivially. Therefore we restrict
ourselves to the case 1 EpGm . Our main result reads as follows.

THEOREM. – If u�W 1, p (M , N) is locally p-energy minimizing on MNS
with respect to the free boundary condition u(S) %G , then

H 2dim(SOSing u) Gm2 [ p]21,

where [ p]»4 max]l�N : lGp(. Moreover, SOSing u is discrete in MNS if
m21 GpEm .

With regard to interior regularity the corresponding theorem was proved
by Schoen and Uhlenbeck [9] in the quadratic case p42, and independently
by Fuchs [4], Hardt and Lin [5], and Luckhaus [7] in the general case 1 EpG

m . Regularity for minimizing maps at a general free boundary was considered
by Duzaar and Steffen [2], [3], and Hardt and Lin [6] in the case p42. Finally
in [1] the first author and Grotowski obtained an optimal partial regularity re-
sult when ¯Gc¯ is allowed and p42 (i.e. they studied a vectorvalued thin ob-
stacle problem).

2. – Notation and general assumptions.

First we describe our assumptions on the parameter domain MNS .
We assume that MNS is a connected Riemannian manifold with boundary
¯M*Sc¯ and interior M of dimension mF2 and differentiability class 2. In-
troducing local coordinates around x0 �S we specialize the parameter domain
M to the unit upper half ball B 1 »4 ]x�Rm : NxNE1, x m D0( equipped with a
C 1-Riemannian metric which is close to the Euclidean metric, and S to its
equatorial part D4 ]x�Rm : NxNE1, x m 40(. Then, similarly to [2, section 1]
and [5, section 7], we may restrict ourselves to the situation where the metric
is in fact Euclidean.

Next, we specify the assumptions on the target manifold N and the sup-
porting manifold for the free boundary values G . We assume that N is a com-
pact C 2-submanifold of Rn1k , that G is a closed submanifold of N , and that G
as a submanifold of Rn1k is of class C 2 . These assumptions imply that N ad-
mits a uniform tubular neighbourhood Us (N)»4 ]q�Rn1k : dist(q , N) Es(

for some sD0, and that the associate nearest point map P : Us (N) KN is
well-defined and Lipschitz continuous with Lipschitz constants satisfying

Lip(PNUtr (N) ) I1 as tI0.
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Similarly, the nearest point map onto G , which is Lipschitz continuous and
well-defined on Ur (G ) for some rD0, is denoted by R and satisfies

Lip(RNUtr (G ) ) I1 as tI0.

3. – Extension and compactness.

Throughout this section we use the notation epf»4min]l�N4: pG l(.

LEMMA 3.1 (extension). – For 1 EpEQ , (epf21)OpEbE1, there exist
constants c1 (m , b , p) and c2 (m , p) such that whenever KD0, e�]0 , 1[, l�
]0 , 1 ] and u,v�W 1, p (S 1 , Rn1k ) with u(S 1 ) %G and v(S 1 ) %G satisfy

(i) s
S 1

N˜uNp 1N˜vNp 1
Nu2vNp

e p
dH m21 GK p

and

(ii) d»4c1 e 12b l (e pf2m) /p KEr ,

then there exists an extension w�W 1, p ( [0 , l]3S 1 , Rn1k ) such that
w(0 , x) 4u(x), w(l , x) 4v(x) for almost all x�S 1 , w( [0 , l]3¯S 1 ) %G ,
and

s
[0 , l]3S 1

N˜wNp dH m Gc2 (11LipRNUd (G ) )p lg11g e

l
hphK p(3.1)

and

(3.2) dist(w(t , x), ImuNImv)Gd for H m -almost-all (t , x) � [0 , l]3S 1 .

PROOF. – Like [DG] we assume l432n and decompose the unit cube
Q»4 [21, 1 ]m21 in Rm21 into 3n(m21) cubes of edge length 2l . For
l40, R , m21 we denote by Q l the l-skeleton of this decomposition. Q l is the
union of the closed l-cells Q l

i . We define

Z»4 ]x�Q : dist(x , ¯Q) Gl(

and observe that there exists a bi-Lipschitz homeomorphism (with bi-Lips-
chitz constants not depending on l) f : ZK [0 , l]3S m22 such that for l4
1, R , m21

f(Q l OZ0¯Q) 4]0 , l]3f(Q l21 O¯Q).(3.3)
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The construction from [DG] yields a bi-Lipschitz homeomorphism c : QKS 1

(cf. (2.7) of [DG]) such that for l40, R , m21

s
c(Q l 0¯Q)

N˜uNp 1N˜vNp 1
Nu2vNp

e p
dH l Gc3 (m)l l2m11 K p .(3.4)

Interpolating linearly on [0 , l]3Y between u and v , i.e.

z(t , x)»4g12
t

l
hu(x)1

t

l
v(x)

where Y»4c(Q e pf21 0¯Q), we obtain z�W 1, p ( [0 , l]3Y, Rn1k ) satisfying

s
[0 , l]3Y

N˜zNp dH e pfGc4 (m)l e pf2m11g11g e

l
hphK p(3.5)

and

Nz(t , x)2u(x)NGc5 (m , b , p)e 12b l (e pf2m) /p K .

In particular

dist(z(t , x), ImuNImv)Gc5 (m , b , p)e 12b l (e pf2m) /p K(3.6)

for almost every (t , x) � [0 , l]3Y . (3.5) follows from (3.4), and (3.6) follows
from [Lu, proof of Lemma 1].

Our aim now is to deform z on a neighbourhood of [0 , l]3¯S 1 such that
the new mapping w will obey the free boundary condition w(t , x) �G for x�
¯S 1 , t� [0 , l], in addition to (3.5) and (3.6).

Using the bi-Lipschitz homeomorphisms f and c , we will work on [0 , l]3

S m22 instead of a neighbourhood of ¯S 1 in S 1 . We define

uA: [0 , l]3S m22 KRn1k , uA »4u i c i f21 ,

vA: [0 , l]3S m22 KRn1k , vA »4v i c i f21 .

From (3.3) and the definition of Y we infer c21 (Y) 4Q e pf21 0¯Q , and there-
fore, using (3.3),

W(ZOc21 (Y) )4 [0 , l]3f(Q e pf22 O¯Q) 4: [0 , l]3X .

We also define

zA: [0 , l]2 3XKRn1k , zA »4z i (id3 (c i W21 ) ) .
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Then (3.4)-(3.6) directly imply

s
[0 , l]3X

N˜uA Np 1N˜vA Np 1
NuA 2vA Np

e p
dH e pf21 Gc6 (m)l e pf2m K p ,(3.7)

s
[0 , l]23X

N˜zA Np dH e pfGc7 (m)l e pf2m11g11g e

l
hphK p ,(3.8)

and

dist(zA(t , r , x), ImuNImv)Gc5 (m , b , p)e 12b l (e pf2m) /p K(3.9)

almost everywhere on [0 , l]2 3X .
For sD0 we now define

a(t)»4
l

2
2N t2

l

2 N for 0 G tGl ,

As »4 ](t , sa(t) ) : 0 G tGl(,

Ds »4 ](t , r): 0 G tGl , 0 GrGsa(t)(.

By the coarea formula we have

s
Ds3X

N˜zA Np dH e pf4s
0

s

s
As3X

a(t)

k11s 2
N˜zA Np dH e pf21 ds .

Therefore for each s�]0 , 2 ] there exists s� [sO2, s] such that

(3.10) s
As3X

a(t)

k11s 2
N˜zA Np dH e pf21 G

2

s
s

Ds3X

N˜zA Np dH e pfG

c8 (m)s21 l e pf2m11g11g e

l
hphK p ,

the last inequality following from (3.8).
Let m»412 (epf21)Op , d»4min]l , e (12b) /m(, and r�]0 , d]. Then, for x�

X the Sobolev inequality and (3.7) imply

(3.11) NuA(r , x)2uA(0 , x)NGc9 (m , p)r mg s
[0 , l]3X

Ñ uANp dH e pf21h1/p

G

c10 (m , p)r m l (e pf2m) /p K ,
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Note that r mGe 12b and dGl . Then from (3.11) we infer

NuA(r , x)2uA(0 , x)NGc10 (m , p)e 12b l (e pf2m) /p K .(3.12)

Recalling (3.9) and the definition of uA we obtain for (t , r , x) � [0 , l]2 3X

NzA(t , r , x)2uA(r , x)NGc5 (m , b , p)e 12b l (e pf2m) /p K .(3.13)

Combining (3.12), (3.13), and assumption (ii) we infer for any (t , r , x) �
[0 , l]3 [0 , s]3X

dist(zA(t , r , x), G)Gc1 (m , b , p)e 12b l (e pf2m) /p K4dEr ,(3.14)

which, of course, yields that R(zA(t , r , x) ) is well-defined for all specified argu-
ments (t , r , x).

We now let s»42dOl (such that (lO2)s4d) and choose an s� [sO2, s] ac-
cording to (3.10). In view of the inclusion Ds % [0 , l]3 [0 , s(lO2) ] % [0 , l]3

[0 , d] we can define wA �W 1, p ( [0 , l]2 3X , Rn2k ) by

wA(t , r , x)»4

.
`
/
`
´

R(zA (t , sa(t), x))

zA(t , r , x)

r

sa(t)
R(zA (t , sa(t), x))1g12

r

sa(t)
h zA (t , sa(t), x)

on [0 , l]3 ]0(3X ,

on ([0 , l]2 0Ds NAs )34X ,

on Ds 3X .

On Ds 3X we compute
¯

¯t
wA,

¯

¯r
wA, and ˜x wA and get, using 0 GrGsa(t) and

Na 8 Nf1,

N ¯

¯t
wA(t , r , x) NG

1

a(t)
NR(zA (t , sa(t), x))2zA (t , sa(t), x)N1

N ¯

¯t
R(zA (t , sa(t), x))N1N ¯

¯t
zA (t , sa(t), x)N ,

N ¯

¯r
wA(t , r , x) N4

1

sa(t)
NR(zA (t , sa(t), x))2zA (t , sa(t), x)N ,

N˜x wA(t , r , x)NGN˜x R(zA (t , sa(t), x))N1N˜x zA (t , sa(t), x)N .
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These inequalities together imply

(3.15) N˜wA(t , r , x)Np G

c11 (p){ 1

(sa(t) )p
dist(zA (t , sa(t), x) , G)p1(11LipRNUd (G ) )p Ñ (t , x) z

A (t , sa(t), x)Np}.

To estimate the first summand in the right hand side of (3.15) we observe that

dist(zA (t , sa(t), x) , G)GNzA (t , sa(t), x)2uA(0 , x)NG

t

l
NuA (sa(t), x)2vA (sa(t), x)N1 s

0

sa(t)

N ¯

¯r
uA(r , x) N drG

t

l
NuA (sa(t), x)2vA (sa(t), x)N4 (sa(t) )121/pu s

0

sa(t)

N ¯

¯r
uA(r , x) N

p

drv
1/p

.

The same estimate with uA(0 , x) replaced by vA(0 , x) shows

dist(zA (t , sa(t), x) , G)G

l2 t

l
NuA (sa(t), x)2vA (sa(t), x)N1 (sa(t) )121/pu s

0

sa(t)

N ¯

¯r
vA(r , x) N

p

drv
1/p

.

Both inequalities together with the definition of a(t) imply for t� [0, l], x�X ,

(3.16) dist(zA (t , sa(t), x) , G)p Gc12 (p){ a(t)p

l p
NuA (sa(t), x)2vA (sa(t), x)Np 1

(sa(t) )p21 s
0

sa(t)

N ¯

¯r
uA(r , x) N

p

1N ¯

¯r
vA(r , x) N

p

dr}.

Integrating (3.16) over Ds 3X we obtain, using (3.7),

(3.17) s
Ds3X

(sa(t) )2p dist(zA (t , sa(t), x) , G)p dH e pf (t , r , x) G

c12 (p){s 2p l 12p s
[0 , l]3X

NuA 2vA Np dH e pf21 1l s
[0 , l]3X

N˜uA Np 1N˜vA Np dH e pf21}G

c12 (p)c6 (m)l e pf2m11g11
e p

s p l p hK p G

c13 (m , p)l e pf2m11g11maxme p(12 (12b)Om) ,g e

l
hpnhK p ,
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the last estimate following from sFs/2 4d/l4min]1, l21 e (12b) /m(. Since
bD (epf21)Op (by assumption) we have ep(12 (12b)Om)E1, and from (3.17) we
derive

(3.18) s
Ds3X

dist(zA (t , sa(t), x) , G)p

sa(t)p
dH e pf (t , r , x) G

2c13 (m , p)l e pf2m11 K pg11g e

l
hph.

Now, we estimate the integral of the second summand of the right hand side
of (3.15). Using (3.10) we find

(3.19) s
Ds3X

N˜(t , x) z
A (t , sa(t), x)Np dH e pfG

2p/2 ss
X

s
0

l

a(t)

k11s 2
N˜zA Np (t , sa(t), x)k11s 2dtdH e pf22 x4

2p/2 s s
As3X

a(t)

k11s 2
N˜zA Np dH e pf21 Gc14 (m , p)

s

s
l e pf2m11g11g e

l
hphK p G

c14 (m , p)l e pf2m11g11g e

l
hphK p .

Combining (3.15), (3.18), and (3.19) we finally arrive at

(3.20) s
Ds3X

Ñ wANp dH e pfGc15 (m , p) (11LipRNUd (G ) )p l e pf2m11g11g e

l
hph K p .

Now, we define w�W 1, p ( [0 , l]3Y, Rn1k ) compatible with the free
boundary condition by

w»4
.
/
´

wA i (id3 (f i c21 ) )

z

on [0 , l]3YOc(Z),

on [0 , l]3Y0c(Z).

The estimates (3.5), (3.8), and (3.20) yield

s
[0 , l]3Y

N˜wNp dH e pfGc16 (m , p)l e pf2m11g11g e

l
hphK p ,(3.21)

and from (3.6), (3.9) and (3.14) we obtain

dist(w(t , x), ImuNImv)Gc17 (m , b , p)e 12b l (e pf2m) /p K(3.22)
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for almost all (t , x) � [0 , l]3Y. The inductive procedure of homogeneous ex-
tension from [Lu] together with the modifications described in [DG] can now
be used to construct the map w�W 1, p ( [0 , l]3S 1 , Rn1k ) satisfying the as-
sertions of the lemma. r

We apply the extension lemma to prove the following compactness theorem
for p-energy minimizing maps at a free boundary.

THEOREM 3.2 (compactness). – Suppose G i , Ni , and ui �W 1, p (B 1 , Ni )
with ui (D) %G i , i�NN ]Q(, satisfy:

(i) Ni admits a Lipschitz neighbourhood retraction P i : Us i
(Ni ) KNi

which satisfies lim
sK0

Lip(P i NUs (Ni ) ) 41;

(ii) G i admits a Lipschitz neighbourhood retraction Ri : Ur i
(G i ) KG i

for which

liminf
iKQ

r i D0 and liminf
iKQ

Lip(Ri NUt (G i ) ) EQ for some tD0;

(iii) each v�W 1, p (B 1 , Rn1k ) with v(B 1 ) %NQ and v(D) %G Q is the
W 1, p-limit of maps vi �W 1, p (B 1 , Rn1k ) with vi (B 1 ) %Ni and vi (D) %G i ;
and

(iv) the ui are p-energy minimizing maps from B 1 into Ni with respect
to the free boundary condition ui (D) %G i for i�N and converge weakly in
W 1, p (B 1 , Rn1k ) to uQ .

Then uQ is p-energy minimizing in W 1, p (B 1 , NQ ) subject to the free
boundary condition uQ (D) %G Q , and ui KuQ strongly in W 1, p (B 1

s , Rn1k )
for any 0 EsE1.

The assertions of the compactness theorem follow from our extension lem-
ma using a direct adaptation of the arguments from [7, p.357 ff] to the free
boundary situation considered here. One merely has to replace balls Bs and
spheres Ss by half-balls Bs

1 and hemi-spheres Ss
1 before applying the exten-

sion lemma.

COROLLARY 3.3. – Suppose (ui )i�N%W 1, p (B 1 , N) is a sequence of p-
energy minimizing maps subject to the free boundary condition ui (D) %G ,
and

sup
i�N

s
B 1

N˜ui Np dxEQ .

Then there exists a subsequence (ui ) and a map u�W 1, p (B1, N) which
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is p-energy minimizing w.r.t. the free boundary condition u(D) %G such
that ui converges strongly in W 1, p (B 1

s , Rn1k ) to u for any 0 EsE1.

4. – An e-regularity theorem.

Our line of reasoning follows exactly to that of [1, Section 3] which, of
course, is based on [7, Proposition 1] (see also [11, Theorem 10.3]). One merely

has to replace the scaled 2-energy s 22m s
B 1

s (a)

N˜uN2 dx by s p2m s
B 1

s (a)

N˜uNp dx

for half-balls Bs
1 (a)»4 ]x�Rm : Nx2aNEs , x m D0( %B 1 centered at a�D

by the scaled p-energy s p2m s
Bs

1 (a)

N˜uNp dx , and, instead of [1, Lemma 3.1], to
use:

LEMMA 4.1. – Let j�W 1, p (B 1 , Rn ) be p-energy minimizing with respect
to the free boundary condition j(D) %Rd 3 ]0( %Rn . Then, for any 0 EsE1
we have

s
B 1

s

N˜jNp dxGcs n s
B 1

N˜jNp dx ,

where c is a constant depending on m, n and p only.

PROOF. – For j41, R , d we define j
A j to be the extension of j j to B by even

reflection (across D). Moreover, for j4d11, R , n we let j
Aj to be the exten-

sion of j j to B by odd reflection. Then it is easy to check that j
A

»4 (jA1 , R , j
A d ) is

weakly p-harmonic on B , i.e. for any f�C 1
0 (B , Rn ) we have

s
B

N˜j
A

Np22 ˜j
A

Qfdx40.

Hence, from [12, Theorem 3.2] we infer

s
Bs

N˜j
A

Np dxGc(m , n , p)s ms
B

N˜j
A

Np dx

which clearly yields the corresponding estimate for j on Bs
1 . r

As in the case p42 [1, Theorem 3.4] (see also [2, Theorem 5.2], [6, Theorem
3.4]) we can now state an e-regularity theorem for minimizing p-harmonic
maps at a free boundary.
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THEOREM 4.2. – Given N and G satisfying the assumptions given in sec-
tion 2, and a�]0 , 1[, there exist constants C and e 0 depending on a , m, n, p,
N and G only such that every map u�W 1, p (B 1 , N) which is p-energy mini-
mizing w.r.t. the free boundary condition u(D) %G and which has small
scaled p-energy

e p »4s p2m s
Bs

1 (x0 )

N˜uNp dxGe 0
p

for some half-ball Bs
1 (x0 ) %B 1 , x0 �D , Nx0 NG1O2, satisfies

r p2m s
Br

1 (x1 )

N˜uNp dxGCe pg r

s
hpa

for all x1 �Bs/2
1 (x0 )OD , 0 ErGsO2. r

Combining Theorem 4.2 with the corresponding interior result [4], [5], [7]
we see that p-energy minimizing maps at a free boundary are Hölder continu-

ous with exponent a for all 0 EaE1 on B1/4
1 provided s

B 1

N˜uNp dxGe 1
p where

e 1 D0 is a constant depending on a , n , m , p , N and G only. (Note that we also
have to use the monotonicity formula Lemma 5.1.)

5. – Partial regularity.

We begin this section by deriving a monotonicity formula for maps
u�W 1, p (B 1 , N) which minimize the p-energy subject to the free boundary
condition u(D) %G (cf.[8], [9], [4], [5], [7] for the interior case, and [2], [6], [1]
for the case p42 at the free boundary). Given f�C 1

0 (B , Rm ) satisfying
f m ND 40 we define Xt to be the solution of X

N

t 4f i Xt with initial condition
X0 4 id . Then ut »4u i Xt is an admissible variation for u , and the minimizing
property of u yields

0 4
d

dt
E(ut ) N

0
4 s

B 1

!
i , j41

m

(N˜uNp d ij 2p˜i u Q˜j uN˜uNp22 )˜i W j dx .

Then, exactly as in [1, Theorem 4.1] we prove

THEOREM 5.1. – Let a�B 1ND and 0 ErEsE12NaN be given. Then,
any map u�W 1, p (B 1 , N) minimizing the p-energy w.r.t. the free boundary
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condition u(D) %G satisfies:

(5.1) s p2my s
Bs

1 (a)

N˜uNp dx1 s
Bs

1 (a *)

N˜uNp dxz2

2r p2my s
Br

1 (a)

N˜uNp dx1 s
Br

1 (a *)

N˜uNp dxz4

py s
Bs

1(a)0Br
1(a)

R p2mN˜uNp22N ¯u

¯R N
2

dx1 s
Bs

1(a *)0Br
1(a *)

(R *)p2mN˜uNp22N ¯u

¯R * N
2

dxz ,

where a *4 (a 1 , R , a m21 , 2a m ), R4Nx2aN , and R *4Nx2a * N . In par-
ticular,

r p2my s
Br

1 (a)

N˜uNp dx1 s
Br

1 (a *)

N˜uNp dxz
is monotone non-decreasing on ]0 , 12NaN[. r

As a first consequence of the monotonicity formula we observe that the
density function

U u (a)»4 lim
rK0

r p2my s
Br

1 (a)

N˜uNp dx1 s
Br

1 (a *)

N˜uNp dxz
is well defined for a�B 1ND . Note that

U u (a) 4

.
`
/
`
´

lim
rK0

r p2m s
Br (a)

N˜uNp dx

2 lim
rK0

r p2m s
Br

1 (a)

N˜uNp dx

for a�B 1 ,

for a�D .

THEOREM 5.2. – Suppose that uj �W 1, p (B 1 , N), j�N , is p-energy mini-
mizing subject to the free boundary condition uj (D) %G . Suppose also that
uj Ku strongly in L p (B 1 , Rn1k ) and that

sup
j�N

s
B 1

N˜uj N
p dxEQ .
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Then for a�B 1ND , aj Ka implies

U u (a) F limsup
jKQ

U uj
(aj ),

i.e. the density function is jointly upper semicontinuous.

PROOF. – In view of Corollary 3.3 we have uj Ku strongly in
W 1, p (Bs

1 , Rn1k ) for any 0 EsE1. For a�D consider r , eD0 such that r1

eE12NaN . From (5.1) we infer

U uj
(aj ) Gr p2my s

Br
1 (aj )

N˜uj N
p dx1 s

Br
1 (aj*)

N˜uj N
p dxzG2r p2m s

Br1e
1 (a)

N˜uj N
p dx

for any j such that Na2aj NEe . Now, the strong W 1, p-convergence of uj on
Br1e

1 (a) yields

limsup
jKQ

U uj
(aj ) G2r p2m s

Br1e
1 (a)

N˜uNp dx .

Letting first e and then r tend to zero, the assertion follows. The case a�B 1

follows similarly. r

Next we discuss tangent maps at the free boundary. For a�D , 0 ErG

r0 E12NaN we define the rescaled map

ua , r (x)»4u(a1rx) for x�Br/r0
1 .

Then, the monotonicity formula and Corollary 3.3 provide as in [10, Section 3]
(see also [1, Section 4]) that a sequence (ua , ri

)i�N , ri K0, converges strongly
in W 1, p (Bs

1 , Rn1k ) for any s�]0 , Q[ to a map W : Rm
1KN which is p-energy

minimizing w.r.t. the free boundary condition W4 (Rm21 3 ]0() %G . Any such
map is called a (free boundary) tangent map to u at a.

We now follow the arguments of [10, Section 3] almost verbatim. First we
deduce the following important properties of tangent maps at the free
boundary:

U f (0) f2r p2m s
Br

1

N˜WNp dx4U u (a) for all rD0;(5.2)

W is homogeneous of degree zero;(5.3)

a�Regu¨u has a constant tangent map at a ; and(5.4)

for a�B 1ND we have: U u (a) 40 `a�Regu .(5.5)
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THEOREM 5.3. – H m2p (Sing(u) )40, in particular Sing(u) 4¯ for p4m .

Next we consider homogeneous degree zero maps f : Rm
1KN which mini-

mize locally the p–energy subject to the free boundary condition f(Rm21 3

]0() %G . Then:

(5.6) U W( Q ) achieves its maximum at 0;

(5.7) W it a4W for any a�S(f)»4]b�Rm213]0(:U f(b)4U f(a)(;

(5.8) S(W) is a linear subspace of Rm213]0(;

(5.9) if dimS(W)4m2[p]11 then Wfconst; and

(5.10) S(W)%Sing(W) if W is non-constant.

Here t a (x)»4x1a for x�Rm . Finally, we return to the situation of u�
W 1, p (B 1 , N) being p–energy minimizing w.r.t.u(D) %G . For j40, R , m2

[p] we define:

Sj »4 ]a�SinguOD : dimS(f) G j for every tangent map W to u at a(.

THEOREM 5.4.

(i) S0 % S1 %RSm2 [p]21 % Sm2 [p] 4SingOD ;

(ii) for each lD0, S0 O ]b : U u (b) 4l( is discrete; and

(iii) for j40, R , m2 [p]21 we have H 2dimSj G j .

As an immediate consequence of Theorem 5.4, (iii) and the corresponding
interior regularity result of [4], [5], [7] we obtain

THEOREM 5.5. – Let u�W 1, p (B1 , N) be p-energy minimizing with respect
to the free boundary condition u(D) %G . Then

H 2dim( Singu) Gm2 [p]21 if 1 EpEm21.

In the case m21 GpEm , SinguO (DNB 1) consists of isolated points. r
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