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Sieves with generalized intervais 

K. G. B U S C H M A N and M. C. WUÏTDERLICH (Buffalo, N.Y., U.S.A.) (*) 

Summnry. - The effects of alterxing the length of the sieving interval in 
a modification of the îucky number sieve are investigated. The asym* 
ptotic behavior of the nth term of such sieve gênerated séquences iscon* 
sidered for cases both with and without feedback. 

I n récent papers of W. E. B R I G G S [1] and M. C. W U N D E R L I C H 

[2] s ieve generated séquences are considered in which the s ieving 
interval is of length an, the n e w élément retained at the previous 
s i ev ing stage. W e wi l l consider sieves with intervais of length 
(*„, where p . n > l . (If [*n<£l, the séquence terminâtes). To define 
the s ieve process let Aay=\ak)\. aï* = k + 1, and let A{n~*~l) be 
derived from Ai1l) by deleting the rn,k — th élément of the interval 
Jk

n) = (n + (k— l)fxM, n + Ày„] where 1 ̂  r„, /, < HV The ultimate 
séquence A = | ak | is defiued by ak — ak . I n particular, for certain 
subclasses of thèse séquences, we wi l l obtain a lower bound on 
ak and then an asymptotic estimate for ak. 

Let fn(x) dénote the number of éléments not exceeding x which 
are s ieved out of A{n) to produce 4 < n + , ) . Then fn(x) = Bn(x) - Bu+l(x) 
where Rn(x) dénotes the number of éléments of A{u) w h i c h do not 
exceed x. If x e Ik

n) w e hâve two cases, depending upon whether 
n + rntk + (k — 1)[JLA exceeds x or does not exceed x; that is 

fjx) = * - 1 or = * if n + (fc - 1)Î*„ < Rn{x) <n + ky.n. 

This y ie lds the formula 

fn(x) = [(Bn(x) - n) (*„] + •„ 

w h e r e eM —0 or = 1. Fo l lowing the methods of Briggs, if w e now set 

ff„ = n (i - uH) 

we hâve by analogous steps 

%n+M) = "„(M - 1) + «„(«), EJV = S EkTJx)9 

w h e r e 

Et, «(*) = K K H I «*(*) - *)/!** ! + */i** - «*)• 

(*) The research conducted by the second author was supported in part 
by N.S.F. contract GP-1823, Univers! ty of Colorado. 
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I n order to estimate En(x)^ we note that <^J^k^l and since 

after summing we obtain 
n 

- n-<sEn\xXn+ E kjpk. 
fc=i 

Since Rn + X(an + 1) = n = cltan + En(an + 1) > <rnan — n, we hâve 
<*nan < %n- From l/<yA — l/<rA_, = (ff̂ w-jt)-1 it follows that 

1 K = î + S ( f f ^) - i . 

This can be estimated if there is a reasonable connection (feed-
back) between j / . n and a(l. Let u.„ = \tan so that 

l/<rfl = ï + S ( ^ V J - 1 > 1 + \ S ( » , ) - ' . 

If there is no connection (no feedback), then since 

ak>(1 + !/(*,)& we hâve (fc^)"1 = aklik^k)^(1 + l/f^fc 

Hence 

and l/<7„ can be estimated directly froni the u.k's. 
In order to obtain a lower estimate on a„ we note that for ail m 

n^Bm^{au + 1) = *man + EJan + l)<<rman + m - 1 + S fc/^. 

This yields 

an > (1/^ J ( » + 1 - m - S fc/u4ï. 
/ C = l 

For the lower estimate to be useful we make 

ASSUMPTION: 1. - pjn ;> a > 0. 

{For the feedback case this is realized if f/.M = lnan where * n > A > 0, 
for then (*„> Xa„ > X(l + l / ^ n ) . From Assumption 1 we hâve 

<*„ > ( l / 0 ( « + 1 - ( 1 + l/*)m) 
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which is positive if n = (j + 1)[1 + l/a]m {J>OL), since 

n + 1 — (1 + l / a ) m > ( j + l ) f l /x |« - (1 + l/a)m = (j/a - l )m. 

This results in the estimate 

an > (l /ffjt/ /* - 1)»* = «» <xfl)l with a = (| j + 1)[1 + 1/a])-1-

Some spécial examples of interest are 

1- H = hak (x ^ h < A)» «» > «» log n; 
2. \kk = (log &)aA., an > cw log log n ; 

3. [xt = AaA, an>cn\ 

4 . K-A- = A^ l °g ^ aN > c n l °g log n ; 
5. aA = Xfc. a„ > en log n. 

(In each of thèse examples w e assume that JJL1 . * , , ..., af are sepa-
rately defined if necessary to insure lhat y.k > 1 for ail k and 
the g iven formulas are used only for large k). 

Asymptotic estimâtes can next be generated aualogous to "WUN-
DERLICH [2|. W e split the sum Eu[au + 1 ) into three parts (assuming 
q(n) tends to infiuity), 

^ , , (0 , ,+ 1) = 10 + ^ + 2 , , 

where 2 0 extends over ail q[n\<k<,n with fk(an) = 0, Sj over 
q{n)<k<n w i th fk(au) = 1, and 2 2 over l<Lk<q(n). Since 
J S 4 , „ ( a I I + l ) < l + 1 / o i by Assumption 1, 2 t = 0(g(n)). I f / i ( a j equals 
0 or 1 then from the formula for fk{an) w e can simplify the^ 
Efrufan+l) terms obtaining, respectively, 

£*„.(o» + D = K/^)U«*(o„ + i ))/(**). 
and 

= K/ff*)((B*laM + 1))/¾ - 1) 

Since for ^(oM) = 0, i2A(a„ + 1 ) < 2w and for fk(an) = 1, / y a „ + 1 ) < 3 n ; 

2 0 <n£>(S(n)) , 2 1 < 0 ( S ( m ) - S, (*>*). 
fc>g(«) 

where 

N e x t we consider the sum invo lv ing ffB/<rft, 

i > ^ > / , = n ( 1 - 1 / ( 1 , ) 
ft>q(«) 
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= fi ( ( 1 - l / a , ) e ^ , ) e x p ( - S 1/pJ-

The first factor is a partial product of a convergent product^ 
hence tends to 1. so that 

n f(l - l yjei/p*) - exp ( S {log (1 — l/a,| + 1 / ^ 

= exp( S e[lfrA 

= exp [0(ilq[n))) 

= L + 0(llq(n)). 

The second factor can also be .estimated since 

exp(— S l/aA.) = exp(— S(n))>l - S[n). 
\ k>q(n) J 

Futting thèse together we obtain 

1 > <r,>4 > 1— 0[S[n)) + e(llq(n)) 

so that 

^ ( 1 ) > S, ^ / ^ ^ ï i t D + neiSinrt + Otn/gln)). 

We now let Z(n) dénote the number of k such that fk(ait) = 1, so that 

- S < r > 4 a = - ï ( n ) + ©(«(»)»+ nfl(S(»)) + 0(»/g(»)). 
fc>q(w) 

This yields finally 

EH(an + 1) = - l(n) + eftfn)) + nô[S[n)) + 0(n/g(n)). 

We note that if q(n) = o(n), n/q{n) = o(n), 5(n) = o(l), then 

EH(aa + 1) = - l(n) + o(n). 

From this the case of feedback, uM = lnan, results in 

<jna„ con + l(n) or *„*„, oo X„(n + l(n)). 
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If we set k!(k + l(k)) = d{k). then 

l/a„ cv̂  1 + E <*(*) (jfcX J. 

Also, however, 

l/att CN3 a„/(n + *(n)| = and{n)/n, 

so that 

aMoo(n/d(n))(1 + S d(k)lklk). 
k=i 

This would lead to formulas analogous to WUNDERLICH [2] in that 

a n oon logn i f f [ 1 + ï d(k)ftk\k)\csDd{n) logn 

or in a more symmetric form 

an co (n log n)/XB iff (1 + S d(k)(k\)) oo (d(n) log *)/X„. 

If we now consider the subclass of sequeuces which satisfy 

ASSUMPTION 2. - u(i > cnL(n), where L'n) is an m-fold iterated 
logarithm (m ;> 2). 

{This assumption is satisfied in the feedback case if [/.„ = Xna„ 
where X n *>X>0 and aH > cnL(w)). From Assumption 2 

S(w) = S 1 K < S (cnUn))-* 
k>q{n) k>q(n) 

However, q(n) is the largest q(n) such that q n) + u,(J1) < CiW so 
that ctnjL[n) < g(n) < cznjL{n) and 

n 

S(n) < 0 ( j (xL(x))~l)dx\ == 6(log n/L(n) - log »n)/L(g(n))). 

Since log g(w) = log n - log L(w) + o(log L(n)) and i(g(»)) ~ L(n), 

S(n) < <9(log njL{n) — (log n/L(n))(l — log L(n)/log n)) 

= fi(logli(n)/Hn)) = o(l). 

Thus g(n) = o(w), w/g(n) = o(n), S{n) = o(l) so that the results hold. 
We summarize this into the 
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THEOREM. - If an > cnL(n), where L(n) is an m-fold iterated 
logarithm m > 2, and y.n = X„au, Xn > X > 0, then 

n ' 
an oo n log n iff (1 + S d(fc)/(fcXA.)) CVD d(n) log n. 

fc=i 

Also, this can be written in the form 

an co (n log n)j\n iff (1 + S d{k)l(klk) oo (d[n) log n)/Xn. 

The spécial examples 1 and 2 satisfy the assumption. W e note 
in partieular that if X„ = X then from example 1 

an CVD (n log n)/\ iff 1 + (1/X) 2 d(k)ik oo (d(n) log n)/l. 

Since ~ < <2(n) < 1, in example 2 w e hâve 

1 « 
i l , + x log log n < ^ + S d(fc)/(HA) < 4 , + log log n, 

* ' k=j 

but Q <(cZ(w)logn)/Xn< 1̂  which yie lds the conclusion that a^cv^n 

and ano^nlogn do not hold. 
For the cases in which u.„ is explicitely g iven (no feedback) 

ll<sn can be computed directly so that for examples 4 and 5 w e 
hâve, repectively, 

l/ffw oo cl log n)xlx and l/<rn CVD CM1/*-. 

Hence from a„ oo (l/ffjfn + l[n)) w e hâve, respectively, 

o„ CVD cn(iog n)1!^ + l(n)/n) and an co cw l+ lA(l + l(n)/n). 

It is interesting to note the différent rôle played hère by the 
scalar multiplier X from that in the case of feedback. 
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