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Note on Schur* s expansion of sinrca;. 

L. CARLIÏTZ (Durham, North Carolina, TJ.S.A.) 

Summary. - An explicit formula is obtained for the coefficients in Schur' 
expansion 

00 • 

s i n 7 i a ; = 2 An{x(l—x))n 

n — 1 

1. The formula 

a) sin « . -^ i - ) ^ ( 1 + 4 + ^ ) 

is proved in PÔLYA-SZEGÔ" [5, p. 128, n. 227]. I t follows from (1) that 

oo 
(2) s i n 7 T a ; = 2! An(x(l — x))n 

and that 

An > 0 (n = 1, 2, 3,...) 

This resulfc is attributed to SCHUR. 

It is évident from (1) that 

(3) A1 = AÎ = K; 

however it is not clear how a simple closed form can be obtained 
for An. Such a resuit can be derived in the followiug way. We 
recall (see for example 1, p. 203) that 

x — y 

It follows that 

= 2 ( - ! )"(* r)lx + yY*-*r{xy)rm 
2r<n \ r I 

W 2 a ; - 1 2î.<=„ \ r ) K x " 
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Then bv (4) 

xcosnx — (l — x)cosn(l—x) °P n 7t2K xtn+1 — (1 — xfn^1 

2x— 1 = „f x
 (— 1)M (2^7T 2a ;—1 

00 °° 7c8n /2n — r\ 

ri**—rJt«-"*-Wi( •• )' 
Since cos n(l — x) = — cos ira;, this reduces to 

(5) cos «, = (2, - 1)£(,(1 - *r j[(- 1)-^,(^7 '), 
so that 

(6) sin « = - 1 W i ^ l * ? (_ ^-,. i Ç (*• ~ '). 
r=o r + 1 M = / > (2n) \\ r ) 

Comparing (6) with (2) we hâve 

(7) <'+^-—2 (- l ,~w(9V ,> 
In the next place 

« i<-«-wr.-)-i-""w.rr') 

say. Then 

-J(--'SA(2:)(^i) 
s=0\r - a) 2„V x' (2»)!U/ 

= S ( " M 2 ( - 1 ) - - ^ / 2 ^ 
w<;r \»- — 2s) „>3 (2n) ! \2s ) 

+ z ( ~r ) 2 (-l)«-'Jï!L( 2n ) 
2s<r \r — 2s — 1/ „>,v ' (2n) ! \2s + l) 

*--2s;(2s)!„= s
v ' (2w —2s)! 
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r - 2 s j ( 2 s + l )! nJ7+ i ( 2 n - 2 s - l ) ! 

* ' 2r<s ' \ r — 2 ^ ( 2 s ) ! 

On the other hand, since 

s = ( / ' (2s)l\ r ) 

and 

(2 S
r 1 = 0 (r<2s<2r), 

it follows that 

Hence, provided r > 0, 

m •-'-(-•r-^-D-^j^y+f;')!. 

Now it is easily verified that if a j>0, 6 > 0 and a = b (mod 2), then 

Indeed 

(-a+r3-<-<+î vi-ii-c+î-1) 
—Hrt-ivmi—<:T 

Thus (9) becomes 
(10) S - T = - S ( - 1)" j £ L ( 2 r - 2 s ) (r < 0). 

2s^r (2s) ! \ r / 

Substituting from (8) and (10) in (7) we get 

2s^r (2s) ! \ r / 
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which holds for r > 0. For example 

Ai = n, 3̂ = 5 (6 — ï ) ^ ^=^(10-**) , 

n(ntx 15 . n*\ 

^ = 5l7 0—8n , + a)-

2. Logarithmic differentiation of (1) gives 

(12) 7tcc(l— x)cotn:x = (l — 2«) | 1 + S (—1)^(^(1—a;))*<rA |, 
fc=l 

where 

- y 1 
ff* " i W n + 1))*" 

Put w = a.(l — x), so that 

as = £ (1 — V l ~ 4 w ) . 

¥ e recall [2, p. 101] that 

X"-W»F(- ^ t i . n + 1 . 4 ^ - S ( n ) 8 -

* - W J P U ' 2 ' n + 1 ' 4 W ] - r i 0 r ! ( ^ + l ) f 
Differentiating Ave get 

oo (n _j_ 2r + 1) ! 
v \ . = 0 r !(w + r ) ! 

00 m 4- 2r — 1\ 
(13) (1 — x)x" = (L - 2x) 2 ^ wB + r . 

r=o \ r / 

so that 

jw + 2r — 1\ 

r=o 

We recall also that 
00 (2nx)*" 

n» cot KX = ^ ( - 1)" -jg-jT B2» > 

where JB2H dénotes the BERNOTTLL.1 number in the even suffix 
notation. Then by (13) 

oo (2TT)*" °° /2n + 2 r — 1 \ 

nx(l - x) cot nx = (i - 2x) J J - 1)« l ^ y B1H • ̂  ( ^ r ) 

00 (27t),n /2fc — 2n — 1\ 

- o - ^ i - " «.«-vWi »-1. ) B -

wr 
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«Comparison w i t h (12) yie lds 

This resu i t is due to G L A I S H E R [3]: it has beeu ex t ended by 
P . K. M E N O N [4]. 
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