BOLLETTINO
UNIONE MATEMATICA ITALIANA

J. L. LAVOIE

Partial sums of coefficients of well-poised
hypergeometric series.

Bollettino dell’Unione Matematica Italiana, Serie 3, Vol. 21
(1966), n.4, p. 346-352.

Zanichelli
<http://www.bdim.eu/item?id=BUMI_1966_3_21_4_346_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamen-
te per motivi di ricerca e studio. Non é consentito 'utilizzo dello stesso per
motivi commerciali. Tutte le copie di questo documento devono riportare
questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=BUMI_1966_3_21_4_346_0
http://www.bdim.eu/

Partial sums of coeffleients
of well-poised hypergeometric series

J. L. LavoIE (Québec, Canada) (*)
Summary. - The sum of the first n terms of a 5F,(1) is obtained in ferms
of a terminating Saalschiitzian F3(1). This relation, which generalizes
a result of Carlite, is obiained as a special case of a well-known irans-

formation for gemneralized hypergeometric series due to Whipple. Spe-
cial cases of this formula are also discussed.

1. We start with WHIPPLE’S theorem on well-poised series [4]:
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wherea=x+y+2z—u, u+v+w—t—x—~y—2=1, and one
of &, x, y, 2 is a negative integer.

This formula transforms a terminating Saalschiitzian ,F(1) into
a well-poised ,F (1), and was used by BarLey [1; 94] fo find the
sum of the first n terms of a Saalschiitzian ,F,(1).
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Then setting w =2+ 1 and letting x— —n where % is a positive
integer, we obtain:
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where a=y—n—1, v+nw4+n=y+1t

(*) Université Laval, Dépt. de Mathématiques.
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To preserve symmetry we wWrite b=w — ¢, c=v—1{, and z= d;
we thus obtain v=1+4+a—b, w=1+a—¢, and y—2z —n =
1+ a — d; this yields:
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‘We have thus expressed the first » + 1 terms of a well-poised
s Fy(1), with the second parameter in a special form, in terms of
a terminating Saalschiitzian, and we note that the initial condi-
tions are.automatically satisfied.

2. We now apply a relation between terminating Saalschiitzian
4F5(1), given in [1; 56|, to obtain a more elegant version of (2).
The result is:
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If d=§+§a and d=§a in (3), we obtain respectively:
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and we deduce that:
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1).

If we let d— oo in (2) we obtain a formula, equivalent to (7),
which has already been given by BarLey [2: 516]. He calls it a
«<curious results.

Finally, it follows from (9) that
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3. Starting from the formula (3), we choose the parameters so
that the series on the right-hand side can be summed, and we
use SAALSCHiiTz’s theorem [1; 9] in the form
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provided that a=5b+¢ + d. This result has recently been obtained
by CarLiTz [3].
Using (11), we also have
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From (4), we find that
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Also from (7), with ¢=1+a —b, or from either (8), with
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Finally we note that the well-poised ,F,(1) on the left~hand
side of (3) can be summed, when #n—co, by a formula in BAILEY’s
tract [1; 27]. But this series converges only when 1+a>b+4c+d
so that when this condition holds the limit of the right-hand
side is:

rM4+ae—-—8rl+a—cfit+a—dfl +a—b —c—d)
rl+afl+a—b—dfl4+a—b—cfl+a—c—d)’

when n — co.

4. There exist well-known formulas which express the sum
of n terms of an ordinary hypergeometric series with unit argu-
ment in terms of an infinite series of the type ;Fy(1).

From. Eq. (2) of [1; 93], for example. with f=14 a —b and
n replaced by n 4+ 1, we have
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A comparison of this relation with our formula (6) yields an
interesting relation between two Saalschiitzian series, namely
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The series ,F; terminates while the series ,F, does not.

For b = — 5 the ,Fy(1) reduces to unity and we have
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R 1 . . .
while if =1+ a4, and with the aid of SaaLscHiiTz’'s theorem
we find that
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‘We have thus obtained the sum of two particular, non-termina-
ting, Saalschiitzian series of the type ,F,(1), which are, at the
same time, nearly-poised series of the second kind.
I wish to thank Professor L. Carrirz for his encouragement.

REFERENCES

[1] W. N. BaiLry, Generalized Hypergeomeiric Series, Cambridge Univer-
sity Press, 1635.

[2] W. N. BaILEY, Some Identities Involving Generalized Hypergeometric
Series, Proc. London Math. Soc. {2), 29 (1929), 503-516.

[38] L. Carrirz, The Sum of the First n Terms of an 3 F,, Boll. Un.
Mat. Ital.,, vol. 19 (1964), 436-440.

[4] P. W. WHIPPLE, On Well-Poised Series, efc., Proc. London, Math. Soc.
2), 24 (1925), 247.263.

Pervenuta alla Segreteria dell’ U. M. .
il 14 giugno 1965



