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SEZIONE SCIENTIFICA
BREVI NOTE

Generating function for a generalized funection

S. K. CHATTERJEA (Calcutta, India).

Sunto. - Viene data la funzione generatrice di una funzione generalizzata
introdotia dall’ Autore.

1. - In a recent paper [1] we have introduced the generalized
function F,"(x; a, k, p) defined by

(1.1) F."x; a, k, p)= xc—%er="D"(xgh+a—ers")

and have studied some operational formulas connected with this
generalized function. It is of great interest to introduce such a
generalized function, because this function includes the HERMITE,
LAGUERRE, BESSEL polynomials and the generalized function of
GouLp and HoPPER [2], as special cases. In fact we note that

{1.2) H.(x) = (— 1)"F,®(z; 0, 0, 1)

(1.3) L.°(x) = %F,,“’(x; a 1, 1)

(1.4) Yul®, @ + 2, b) =b—"F,~Vx; a, 2, b)
{(L.5) H,"(x, @, p) = (— 1)"F,"(x; a, 0, p)

where H,(z), L,"x), ya(x. &, b) denote the polynomials of HERMITE,
Lacuerre and Bessen, and H,"(x, @, p) the generalized function
of GouLp and HoPpER.

The object of this paper is to give a generating function for
the generalized function F,"(x; a, k, p), whereby the well known
generating functions for the HErMITE, LAGUERRE, BESSEL polyno-
mials and also for the generalized function of GouLD-HOPPER, are
rendered intutive. A generating function for the special function
Fx; a —(k — 1)n, k, p) is also obtained.
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342 S. K. CHATTERJEA
2. - If ®(2) is derivable at z = and O(x)=4=0, and if
z=a + o),

then a function f(z) which is derivable at 2= x can be expanded
by Lagrange’s formula

o) = fiw) + £ 25 D"~ (o) "1 (@)}

Now differentiating with respect to » and afterwards writing
F(2) instead of ®(2){'(z), we obtain the expansion [3]

F(z) 2 2D D) I"Fla)

2.1) T—00T3) .2

Let ®(x) = x*, Flx) = x%¢~**". Thus we have

2 = x + wzk.
Now

[e's) B ot
Z F,"wx; a, k, p)
n=0 n.
x 0')" r T
= ﬁ_l x—er* D"[(.’.C"’)"- xe— P ]
e

” (,i o r
= g—%P* ) — Dn[(xh)n . xfe—rr ]
n=0 n.

zre—P"

=a%er’ _F°%
1 — wkzt—!

z\° -
- (Ja) (L — okg*—l)~ler"—"),

where z = x -} wz*.
Thus we get the desired generating function for F,"(x; a, k, p):

o) nh? z\2 .

2.2 TF, x; a, k, p) = = =] (1 — wkzt—")~1er@ —21
—o P x

where

2 =a -} wzk

It is interesting to mote the following special cases:

(a) HErMITE Polynomials.
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Using r=2, a =k =0, p=1, we have from (2.2)

@ 1
3 F.%(x; 0, 0, 1)%' = eo'—+",

n=0
Now since H,(x)=(— 1)*F ®(x; 0, 0, 1), and z=2x 4+ v, we
finally obtain
[¢'e) H o {— 7n
(2_3) 3 Mﬂ — e—m"'—zzw;
n=0 n:

which is the familiar generating function of the HxrMITE poly-
nomials.
b) LAGUERRE Polynomial:.
Using r=1, k=p =1, we have [rom (2.2) and (1.3)

o0
P

n! L,."(a:):—! = (Z)a(l — w)~le? 3,

(]

Here we have
x
l—o

s=x+wz ie, z=

Hence we get

—3W

S —
(2.4) 2 LA x)w"® = (1 —w)——e :

n=0

which is the familiar generating function of the LAGUERRE poly-
nomials.

¢) BesseL Polynomials.
Using r=—1, k=2, p=2>, we derive from (2.2) and (1.4)

” . o a
:Eoob Yal2, a”j; 2, b)-0 = (2) 1— 2(»5)—19"‘”_|":_I’.

Here we notice that
2 =z + 0z},
so that we have

1 —
g =5 (1 — V1I—daw),

because this root tends to « as « tends to zero.



344 8. K. CHATTERJEA

Hence we get
(bm)‘n

Z y,,(a:. a+2, b=
1

(2.5) =0 4P i
= (% + %Vl — 4&'0)) (1 — 4aw) 82x

which is the familiar generating function for the BESSEL polyno-
mials.

d) Generalized Function of GouLp-HoPPER.

Using k=0, we derive from (2.2) and (1.5)

§ oy

H,(x, a, p)= ( )ae”""-”

where
2=x-+ o.
Thus we have

(___ (',)n

(2.6) 5

n=0

H, (@, 0, p) = a=o(w + o)erl = —+ar)

which is the generating function for Gould-Hopper’s function
[2, p. 54].

3. — In this section we shall find the generating function for
the special function F,'(x; @ — (k — 1)n, k, p). From (1.1) we notice
that

8.1)  F."x; a —(k— 1n. k, p) = a—c+*r—Drgps" ygatng—pxT)

Now

b

Z F,x; a —(k — 1)n, k, p)
(3.2) n=0

[e'e) k— 1 12
e )
n!

n=0

Dn(xa-fne—pz").
Using the transformation xz = 1, we obfain from (3.2)

- ) n
2 Fa(e='; a— (b —1)m, k, p)
n=0

” (_ Uz‘z h)n

= gt tlgr™
n—‘O
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Now by Taylor’s theorem, we know that

§ ==y
n.

n=0

(43) 162 =tz — 0.

Thus we have

- (D%
Z et a— (b — 1, 2

n=0

—ky—

—_ za+lep:_r(z . u’zz—k)—a—le—p(:—mz°

In other words,

© wh
Y FNe; a— (B — 1), k, p) —
(3.3) n=0 n:

= (1 — ogr—l)—a—lgrz"|1—0—uz*~H="(
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