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Combiuatorial équivalents of certain thêta formulas. 

by L. CARLITZ (Durham, Norfch Camlina, U S A . ) 

Suinmary. - The paper contants a combiuatorial theorem équivalent ta 
the thêta formula (5) below. 

P u t 

<1) II (1 + x"yn~l){i + xn~lyn) = 2 <x(m, n)xmy", 
«—1 »»,»=0 

so tha t <x(tw, n) is t he na rnbe r of pa r t i t i ons of (m, n) in to dis t inct 
p a r t s 

{2) (a, o - l ) , ( 6 - 1 , b) (a, 6 = 1, 2, 3, ...)• 

T h e w r i t e r [1] showed tha t the J A C O B I thê ta formola 

(3) S (1 — qtn) (1 + q*'+H) (1 + g»'-1*-1) + S g»'*» 

is é q u i v a l e n t to 

{4) a.(m, n) = p | n — ^ In — m) (n — m + 1) j , 

w h e r e p(n) dénotes , as usua l , the nu tnbe r of unres t r ic ted par t i t ions 
of n, B . M. W R I G H T [4] has g iven a combinator ia l proof of (4); 
C H E E M A [2] has g iven a combina tor ia l proof of a différent formula 
t h a t is also é q u i v a l e n t to (3). 

I t n iay be of i n t e r e s t to s ta te combinator ia l équ iva len t s of o ther 
i den t i t i e s i n v o l v i n g thê t a funct ions. F o r s impl ic i ty and concre teness 
w e sha l l l imi t ourse lves to the fo l lowing iden t i ty [3, p . 468]: 

(5) |S| + |4 | = | 3 | ' + | 4 | ' , 

w h e r e 
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and 
2w'= —w+x+y+z 

2x' = w — x + y + z 

2y' = w + x — y + z 

2z' = w + x + y — z. 

We recall that 

fr3(x) = n (1 - g"') (1 + g5»-^'") (1 + g*»-'e-*'-«), 

&4(a;) = II (1 — gT") (l — q™-W) (1 — g'"-^-"*). 
n=i 

If we put 

(7) a = exiw, b = e*'", c = etfV
9 d = eiiz, 

| 3 | and |4| become 

8 |(1 — qtn)* n (1 + g*»-1**) (1 + g^-'a-1)! 
n = i a,b, c, d 

and 

n ((1 - g*")4 n (l — g ,M-'a) (1 — g»»-1*»-1)!, 
n = i a,b,c,d 

respectively. Thus (5) becomes 

(8) U H ( l + g 2 » - ^ ) ( l + g2"-1a- ,) + 

« = i a,b,c,d 

+ ff n (l — g2«-'a)(l — g«n-ia-i ) = 

= n n (l + g1—•a') (1 + g1"-1^"1) + 
n = i a,fr,c,d 

+ n n (1 — q,n-'a-) (1 — g^- 'a '-1) , 
» = i a,b,ctd 

where 

{9) a' = e«'»', b' = eu*', c' = e*"', à' = e2»'. 

We now put 

<10) g = arsCoCCjXjaîâ  

17 
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and 

(11) a = aSoÔ ïKj""1, 6 = x^x%xz~
x, c = x0x3x4~

l, d = x^x—1. 

Then by (6), (7), (9) and (11) we hâve 

^.LuJ \M •— "'o 1 î ' — XQX% X^, C — **̂ o 3 •* 4 î " ^~ "*0 4 l * 

Substituting from (10) and (11), the left member of (8) becomes 

(13) S II (1 + a! ,"- |aî0
,, ,¾ l

f , ,aî1
1,,"¾ l

,"- |a!4
,"- |) 

+ n n (i —œs"-vM«i'X8"~?«3ï,,~1^42""1) 
fl = l 3 , 2 , 3 , 4 

/y.2«— 1/« SH—2/« W—?/« SU—1~ ï « — l/y. t)î — 1 \ 
*o ^/Q a | *Oj u:3 u,4 j y 

where n indicates that the product is extended dver the cyclic 
1 , 2 , 8 , 4 

permutations of 1, 2, 3, 4. 
Similarly, by (12), the right member of (8) becomes 

(14) II II (l + xtn-lx0*
nxl'

n-'xs*
nxt

tn-ïx4
tn-1) 

+ n n (î-^-v^/^^V"1^2""1 

(l — x^-'x^-^x^x^-ix^^x*1-1). 
If we put 

00 

n 
« = 1 1 , 2 , 3 , 4 

(i5) n n (i + x*n-wnxi2*Wn~Wn~lx4*r,~l) 
(1 + x*n-lxù

fn-*xl*—tx1
lnx9*"-lx4'

n-i) "4 

oo 
= S a(n, n0, ni, nt, n-è, wj^œ^oœ^ix^arj"»»^, 

it is clear that a(w, w0, n , , n , , w8, w4) is the number of partitions 
of (n, nQ, n n ws, w3, w4) into distinct parts of the following kind: 

Î
(u> u-\-e, * t+e , u e, w, tt), (w, u-\-e, u, u+e, u- e, u), 

(w, w + e , w, u, u+e, u-e), (u, u+e, u—e, u, u, t*+e) , 

where u = 1, 3, 5, ... and e = dt 1. Thus (13) becomes 

(13)' 2 S Qn(2n* n0 , nl9 nt, w8, w4)a5lna;0"o... a4*4. 
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On the other hand, if we put 

(17) lT II (1 +x2n-*x0
tnxl*

n-*xi
2"x3

in-ix4*
n-1) 

(1 + X*?lX*n—'X^T^-^X^-'X*"-') 
oo 

= 2 S(n, nQi » , , ni9 w3, nA\x"x**xfiXf*xz
n*xA

n*, 
» j * l 0 , . . . , » 4 = 0 

it is clear that |3(n, nQf » l s n2, n3 , M4) is the number of partitions 
of (n, n0, n19 ni9 nZ9 n4) into distinct parts of the following kind: 

( (te, u— e, i*+e, tt—e, te, u), (M, W e, -w, u+e, u—e, u)> 

(u, u—e, t*, te, t e+e , te—6), (te, te—e, te —e, te, te, t e + e ) , 

where te = 1, 3, 5, ... and e = =t 1. 
Note that in comparing (16) and (18) the ouly change is the 

sign of e in the second blank. 
Thus (14) becomes 

00 
(14)' 2 S P(2n, n 0 , H!, n t , n , , n4|»,Haî0»o„.a:4»4# 

Comparing (14)' w i th (13)' w e get 

(19) a(2?t, n0, n | f nt, n 3 , nA) = p(2n, n0J n , , n , , n 3 , n4), 

that is, the number of partitions of 

[2n, n0, n19 nS9 nt, nA) 

into distinct parts (18) is equal to the number of partitions into 
distinct parts (16). 

If in place of (10) and (11) we take 

q = xfixlxixixA 

and 

a = x~xx%x%xA, 6 = xïx%—lxzx4, c = 35,05,35,-^, d = xxx^xzyA~x
9 

which implies 

a'^x^ V=xt\ c'=xt', d'=A\ 

w e get another resuit l ike (16) concerning partitions of vectors 
(n, n19 nt9 n%9 nA); however the «parts» are less symmetrical than 
(16) and (18). 



238 L. CARLITZ 

REFERENCES 

[1] L. CARLITZ, A note on the Jacobi thêta formula. Bulletin of the Ame
rican Mathemathical Society, vol 68 (1962), pp. 591-592. 

[2] M.S. CHBEMA, Vector partitions and combinatorial idenhties, Mathe-
raatical of Compilation, vol. 18 (1964), pp. 414-420. 

[3] E. T. WHITTAKBR and G. N. WATSON, Modem Aualysis, fourt édition, 
Cambridge, 1927. 

[4] E. M. WRIGHT, An enumerative proof of an tdentity of Jacobi, Journal 
of the London Mathematical Society. 

Pervenuta alla Segreteria deïl'U.M.I. 
il 4 agosto 1966. 


