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On a characterizatioo 
of a certain set of orthogonal polynomials 

by W . A. A L - S A L A M (Texas, IL S. A.) (*) (**) 

Summary. - In this paper we characterise ail orthogonal polynomials 
| fn[x) | with a generating function of the form 

* (2xt +• *2) = S fn(x) ^~ . 

ni 

We assume weaker conditions than hâve previously been done. 

Let *(w) be a function w h i c h has a TAYLOR séries expansions 
A¥ith <î>(o)=J=0; and put 

W *(«** + t2)= 2 fniV) ~J > 
»=o m 

where fn(x) is a polynomial of degree n in x. Some years ago, 
K. P . W I L L I A M S [5] proved that if | fn(x) | satisfy a récurrence 
relat ion of the form 

(2) h[n) fn^{x) = î(n)x fn(x) + k(n) fn^{x) 

w h e r e h(n), l[n) and k(n) are polynomials then fH(x) is either the 
H E R M I T E or the G E G E N B A U E R polynomial (for définition see [3, 
pp. 191-201]). 

3t is w e l l k n o w n [1,4] that a necessary and sufficient condition 
for a séquence of polynomials \fn\, where fn(x) is of exact degree n, 
to be orthogonal is that they satisfy a récurrence relation of 
the form 

(3) fn+x(x) = (Anx + Bn)fn(x) + Cn fn^(x) 

/o(*) = l , Ul(x) = o. AnCn±0. 

Thus it might be of interest to replace (2) in W I L L I A M S ' 

(*) Supported in part by iSTational Science Foundation grant GKP-1593. 
(**) Pervenula alla Segreteria dell'U.M.I. il 25 agosto 1964. 
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resuit by the more gênerai condition (3). We prove the following : 

THEOREM : If j fn(x) | is a set of orthogonal polynomials which 
has a generating function of the form (1) then fjx) is either the 
Hermite or the Gegenbauer polynomial. 

PROOF. - We hâve from (1) 

(4) ( - l ) V J - * ) = /•„(*), 

which leads to Bn = o in (3). Formula (1) also implies (see [3, p. 131]) 

(5) nfn(x) = xf'n(x) + nf'n_i(x). 

Put 

(6) /»(»)= 2 &(n,ft)a!»-a*. 
fc=o 

Thus (5) and (6) imply 

n(n — 2k 4- 1) 
Hn, k) = - i ^ T ^ 6<n — 1- * —1) 

2 » * ! ( n - 2fc)! 
= ^ i 6(» — *, o) . 

On the other hand if we equate coefficients of xn~2k in (3) (with 
Bn = o) we obtain 

(7) n(n + l)b(n + 1 — fc, o) = ^„n(w + 1 — 2k)b{n — fc, o) + 

+ 2Jfc Cw6(n — fc, o ) . 

Since An = —T~. \— then (7) can be written as 
M o(n, o) v ' 

(8) n{n + l)An-h = n(n + l - 2k)An + 2k Cn (o<^2k^n). 

Pufcting k — 1 we obtain 

2Cn = «(n + l ) V i — n(n - 1)4«. 

If we now substituite this value in (8) and put k = 2, we get, 
after some réduction, 

An — 2An-i + An-2 = O . 
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Hence 

An = a + bn 

w h e r e a, 6 are arbitrary constants. 
If b = o w e hâve o(n, o) = an. Thus 

fM-{-ifB.(.y-i). 
On the other hand if 6 ^= o w e get 

b(n, o) = bn("MnHU o) 

W e remark that the condition of W I L L I A M S ' Theorem can be 
relaxed even further. For instance w e may assume that | fn(x) j 
satisfy the récurrence 

(9) f„+1(x) = (Anx + Bn) fn(x) + C„ fn-i{x) + Dn "s * Tt ff(x) 

where AH Cn 4= o. Quasi-orthogonal polynomials are of this type [2]. 
H o w e v e r this is somewhat trivial since it follows from (4) and (9) 
that Bn = Dn=o. 

REFERENCES 

[1] S. BEALE, On a certain class of orthogonal polynomials, « An nais of 
Matheraatical Statistics», vol. 12 (1941), pp. 97. 

[2] D. DICKINSON, On quasi-orthogonal polynomials, « Proceedings of the 
American Mathematical Society », vol. 12 (1961), pp. 185-194. 

[3] E. D. RAINVILLE, Spécial Functions, The Macmillan Co., New York, 
1960. 

[4] J. SHOHAT, The relations of the classical orthogonal polynomials to 
the polynomials of Appelle « American Journal of Matheraatics » vol. 58 
(1936), pp. 454-455. 

[5] K. P. WILLIAMS, A uniqmness theorem for the Legendre and Hermite 
polynomials, « Transactions of the American Mathematical Society », 
vol. 26 (1924), pp. 441-445. 


