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The 8uni of the flrst n ternis of an 5F4 

by LÉONARD CABLITZ (a Durhara TJ.S.A.) (*) 

Summary. - The sum of the flrst n terms of a spécial 5F4 is obtained. 
Some reîated séries are also discussed. 

i. Pu t 

m „ ^ (1 + 6 + c + d)w(l + 6),,(1 + ç)M(l + d)m 
{ ' - m ! (1 + c + d)m(i + b + d)m(i + b + c)w ' 

Then 

„ _ „ _ (1 + b + c + *)„,_,(! + tL- ,11 + 0,,-,(1 + d)w- , 
» *»-» m ! (1 + c + d ) J l + b + d)m(l + b + c)m 

• |( m + b + c + d)(m + 6)(m + c)(m + d) — 

— w(«* + c + d){m + 6 + d)(m + 6 + c) |. 

The quantity within braces reduces to 

(b + c + d)bcd + 2bcdm = bcd(b + c + d+ 2m), 

so that 

b + c + d + 2m (b + c + d)m{b)Je)Jd) 
**m — * * « . - ! = b + c + d m\(i + c + d)m(l + b + d)Jl + b+c)ti 

Now 

K°L » + 2m 

(R ' 
Thus if we put 

(2) a = b + c + d, 

(*) Pervenuta alla Segreteria dell'TJ. M. I. il 25 raarzo 1964. 
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we hâve 

(3) um — « „_ , = TJ 
(a)«(l + g«) (6Uc)»(d)B 

m\{^aj (i + a + 6U1 + a + c)M(l + o + d)rt 

Let 

p-^5 
alf ..., a p 

61 5 ..., bq 

£ (ai), - (a Jr 

"r=*r\[bt)r...(b9)r' 

Then it follows from (3) that 

1 
2 
1 (4) 5^4 

a, 1 + ~ a, 6, c, d ; 

2 a, 1 + a — & 1 — a — c, 1 + a — d 

( l + a U l +6), , ,(1+ c)w(l + d),H 

m \ ( 1 + a _ 6 ) m ( i + a _ C)J1 + a-d}n 

provided (2) is satisfied. 
If we let m —+• oo, (4) becomes 

(5) . ^ 
<*> 1 + 2 a ' 6 ' c> d> 

«a, 1 + a — 6, 1 + a — c, 1 + a — a 

r(l + a - &)r(l + « — c)r(l + a — d) 
" r(i + o)r(i + &)i\i + cm + d) 

This is of course a spécial case of the theorem [1, p. 27] in which 
(2) is not assumed: 

(6) 5 ^ 
a, 1 + g a, 6, c, d ; 

9 a, 1 + a — 6, 1 + a — c, 1 + a — d | 

r(l + a - &)H 1 + a — c)r(l + a — d>r(l + a - 6 — c— d) 
: T(l + o)r(l + a — c — djr(l + a - 6 — d)f(l + a — c — 6) ' 
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2. I t is of some interest to consider what we get using the 
method above when (2) is not assumed. We now put 

| 7 . „ _ (1 + a)Jl + s + 6)m(l + s + c)M(l + s + d) 
[ } m (1 + s)Ji + a - 6)m(l + a - c)m[l +a-d)> 

where 

(8) s = a — b — c — d. 

Them 

<o> „ _ „ (1 + 3),,,,,(1 + s + 6),,-,(1 + s + €),„-,(! + 8 + d)w_, 
w «*m «» - i - ( 1 + s ) w ( 1 + a __ 6 U 1 + a __ c U 1 + a _ du 

• | (m + a)(m + s + 6)(m + s + c)(m + s + d) 

— ( m + s)(m + a — 6)(m + a — c){m + a — d) |. 

The quantity in braces reduces after a little manipulation to 

(10) 6cd(s + a + 2m) 

for w * > l . I t therefore follows that 

/11» 1_L* * S , • _LO ^ 1 + ^ ( 1 + 3 + 6 ) , - , ( 1 + 8 + 0 , . - , ( 1 + 8 + ^ . , 
(11) l + ^ M a + a + B r ) ^ + , ^ + ^ ^ + ^ ^ + ^ ^ -

(1 + 8)w(l + 8 + 6),m(l + 3 + ¢),,,(1 + 8 + d)m 

(1 + s)w(l + a - 5)m(l + a - c)w(l + a - d)M ' 

where s is defined by means of (8). 
If we prefer we may replace the left meraber of (11) by 

bcd «J (a\ (3+&) ( 8 + c ) ( s + d L 
(12) 1 + S (8+a+2r) - v M M M ^ ' r a(s+6)(s+c)(s+d).= 1

x ' ( i + s y i + a _ 6 ) r ( i + a - c ) r ( l + a - d ) r 

6 c d m ( l + g(8+a)) (a)r(s+K(s+c)r(s+d)r 

= 1+ , , , „ , , , ,v S V / r 

a(s+6)(s+c)(s+d)r=i / ! / . A /« , w* i *w< . \ M . ^ 

Thus when s = 0 it is évident that (11) reduces to (4). 
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If we let m —» oo, (11) becomes 

(13) 1 + _ _ _ ^ _ _ s ( s + a + 2 r ) . ms+bus+cUs+d)r 
o(s+6j(s+c)(s+d)r=i '(i+s)r(l+a-b)r(l+a—c)r(l+a-d)r 

_ T(l + s)r(l + a - b)T(l + a - c)T(l + a-d) 
T(l + g)r(l + s + 6)1(1 + s + c)L'(l + s + d) ' 

The left member of (13) can be expressed in terms of an tFs. 

3. Beturning to (4), one can obtain a more gênerai resuit in 
the following way. If we put 

, . , . .. (1 + «),„(! + 6),,,(1 + C)md + d),„ 
1 ' " m!( l + 6'Ul + c'Ul + d')w ' 

then we hâve 

um » „ _ , _ m ! ( 1 + &'),„(!+ c ' U l + d')m * " ' 

where 

Km = (m + a)im + b)(m + c){m + d) - m(m + 6')(m + c')(m + d'). 

In gênerai Km is a polynomial in m of degree 3. If the para-
meters satisfy 

(15) a + 6 + c + d = 6' + c' + d' 

and 

(16) a(b + c + d) + cd + d6 + bc = c'd' + d'6' + 6V 

then Km is of at most the first degree. When (15) and (16) are 
satisfied we may put 

(17) Km = abcd + \m, 

vhere 

(18) X = a(cd + d6 + 6c) + 6cd - 6'c'd'. 
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It follows that 

um — W m - . = 
(<*)JbUc)jdy 

' « ">>n-l - M. ! Jl + d')nl{ ^abcd)' m ! ( l + 6 ' U l + c'), 

so that 

;
 r = 0 l "1"o6cd/w!(l + 6')„,(1 + c'>m(l.+ d'), 

(l + g),fl + 6),,,(1 + c ) w ( l+d) m 

m\(l + b')Jl + c')m(l + d') • 

I n partie ular, w h e n m — oo, w e get 

(20¾ 2 ( 1 4- — ï («UftUcL(d)M 

r==0\ ^ a 6 C d ; m ! ( l + 6')m(l+C')wl(l + d') 

_ T(l + 6'>r(l + c')ni + d') 
r(i + a)r(i + 6,r(i + c)r(i + d) ' 

It is assumed in both (19) aud (20) that both (15) and (16) are 
satisfied. 

Note that if b', c', d' are the roots of 

a;3 — (a + 6 + c + d)x- + (a& + ac + ad + cd + db + bc)x 

— a{cd + d6 + 6c) — 6cd = 0, 

then (20) reduces to 

(20) 4F; 
a, 6, c, d; 

Ll + 6', L + c', 1 + d' 
r(i + 6')r(i + C)r(i + d') 

r(i + aw(i + 6)r(i + C)r(i + d) 

The last resuit can be generalized to séries P + 1FP in an obvious way. 

REFERENCES 

[1] W. N. BAILEY, Generalized hypergeometric séries, Cambridge 1935. 


