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Gharacterîzation of certain g-identities 

by L É O N A R D CARLITZ (a Durham, U. S. A.) (*) 

Suoimarj. - Certain well known q-identities are characterised; see Théo-
rem 1, 2, 3 below. 

1. Consider a set of polynomials | *„(#) | such that 

(1) *oW = 1 

and 

(2) *•(*) = (1 + >n*)*W-i(«) (» = 1, 2, 3,...). 

Moreover assume that 

(3) 4>n(a;) = 2 C(w, r)af, 
r = 0 

"whére 

r4ï r,„ r, /(»)/(« -l)...f(n-r + l) 

and of course 

g{r)=\,0 ( r = l , 2, 3,...). 

Combining (2) and (3) w e get 

(5) C(w, r) = C(n - 1, r) + X„C(n - 1, r — 1) (1 < r < n) 

and 

(6) C(n, n) = X„C(n - 1, n - 1). 

(*) Pervenuta alla Segreteria dell'U. M.I. il 3 ottobre 1963. 
Supported in pan by NSF grant GP - 1593. 
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In view of (4),. (5) and (6) become 

(7) f(n) = f (n - - r) + \,g(r) (1 < r < n) 

and 

(8) An) = \lQ(n). 

Eliminating Xfl we get 

It is also évident from (7) that 

KoH) + K-iaV) = Ka(*h 
so that 

m Kw&) - OW) = K-xSW (» > 2). 

If 0(2) = g{l) it follows that 

*,. = 0 ( w > 0 ) , 

a case of little interest. Excluding this case, (10) gives 

(11) x„ = A»», 

where A and a are independent of n. Substituting from (8) and 
(11) in (9) we get 

g(n) = a—g(n - r) + g(r) = x-n+*g[r) + g{n — r). 

Thus 

g{n — y) g(r) 

1 __*-*+»• i _ a - p " 

If we take r = 1 and replace w by w -f 1 we get 

(12) £(n) = B(l - a-»), 
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where B is a constant. Then by (8), (11) and (12), it is clear that 

(13) f(n) = AB(*» - 1). 

I t follows from (4), (12) and (13) that 

C(n, r) = A'OL2 r(r+i) 

where 

(14) 
(1 — a»|(l — a""1)... (1 — otB-r + l) 

(1 - a ) ( l —a*) ..(1 - ^ ) 

Hence (2) and (3) reduce to the familiar identity 

H ( i _ a M a ; ) = 2 a^ ( r + 1 ) | Arx" 

We hâve therefore proved the following 

THEOREM 1. - Let the set of polynomials j <bn{x) \' satisfy (1), (2), 
(3), (4) and 

deg <&Jx) = n (n = 0, 1, 2,...). 

Then 

*„(œ)= - a2 ArXy, 

where A and a are arbitrary constants, A 4=0. 

2. In the next place we consider a set of power séries j xVn(x) j 
such that 

(15) 

(16) 

V,(x) = 1, 

(1 - \p)Vn{z) = *'„_,(*) (n = 1, 2, 3,...) 
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and 

(17) Wn(x) = 2 C(n + r — 1, r)x% 
r-o 

where C(w, r) is defined by (4). Then exactly as above. we get 

C(n+r—1, r)—XBC(n+r—2, r - l ) = C ( w + r - 2 , r) ( n = l , 2, 3,...) 

This reduces to 

(18) f(n + r - 1) - fln - 1) + Xnp(r). 

It foliows from (18) that 

^ ( 1 ) + ^+^(1 ) = ^ ( 2 ) . 

so that 

(19) \n = A*"-\ 

where A and a are constants. Substituting from (19) in (18) we get 

(20) f(n + r - 1) — f(n - 1) = Ai?-*g(r). 

In particular, when r = 1, this reduces to 

fin) - f(n - 1) = A*«-'ff(l). 

This evidently implies 

(21) f(n)=Ag(l)^-}^ + B, 

where B is a constant. Thus (20) becomes 

a"- 1 — a"-*"*""1 

^ ( 1 ) T ^ = Aa""^(r), 
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so that 

LEONARD CARLITZ 

(22) 9(r) = ff(l) 
1—g'-
1 — a ' 

Now (16) gives 

moreover 

80 that 

W,(x)=l+\x + \y + ...; 

Cil l\-™à 

f(l) = Xlâ,(l) = Ag(l). 

Comparing this with (21), it follows that J3 = 0. We therefore get 

C(n + r— 1, r) = Ar n + r — 1 

This proves 

THEOREM 2. - Let the set of power séries \^Jx)\ satisfy (15), 
(16), (17) and 

*.=M ( n = l , 2, 3,..). 

Then 

Wn(x) = 2 
+ r — 1 

Arxr = n (1 — a1^»)-1, 

where A and a. are arbitrary constants, A =|= 0. 

3. The identity [1, p. 66] 

(23) 
co 1 - q — i X g «(X),, B 
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where 

(24) (X)„ = (1 - X)(ï - *X)... (1 - «—»X), 

(a)„ = ( l - « ) ( l - a ' ) . . . ( l - * « ) , 

suggests considération of the following functional équation: 

io» F<M »(X, 1KX, 2)...(X, n) „ 
^ * • ( * ) " ; g(l)g(2)...g(n) x> 

TV hère 

i?"(a;) = ?c„x» (c9 = l). 
0 

It follows from (25) that (X, l)(X, 2)... (X, n) is a polynomial in 
X of degree n; hence (X, n) is a polynomial of degree 1. We shall 
assume that 

(26) (0, n) = 1 (n = 1, 2, 3,...). 

We hâve therefore 

(27) (X, f») = 1 - pMX. 

It also follows from (25) that 

m (V, 1)-(V, n) = 

n ûf(n)... o(w — *• + 1) 
2 «m «fr» ^ - ( ^ i ) - ^ 'Kl*. l)«.(l*, » -*•)•• 

r=o S'il) »• 0(r) 

In particular, for n = 1, 

(V, i) = (X, i) + Mi*, i) = (* i) + ^ . i) 
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so that 

( 1 - ( * ) ( ! - ^ ) = ( 1 - ^ ) ( 1 - M 

and (J, = 1. Similarly, when n = 2, we find that 

which implies 

0(1) p* 

We put 

(29) « = ?,, flf(l) = ^-»(1 - a), 

where il is a constant. We shall assume that 

(30) p „ = a — l , ^ ) = ^ - ^ 1 - ^ ) ( l ^ » ' < w ) . 

Then (28) becomes after a little réduction 

ion J ^ n > 1 - ^ ' V l n . , m i (X> w) t 
1 _ a«-ix + 

+ ̂ ).|rj^Sv-'|-»-
Interchanging X and a. we get 

i -

which reduces to 

(i - i*m,M»—' - ?„) = (i - ^"iWnK*"-1 - M-
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Therefore pn = a»-1 and by (31) 

Ag(n) = 1 — a". 

Substituting from (30) in (25) we get 

${x) o (a)n 

This complètes the proof of the following 

THEOREM 3. - Let 

' ( * ) = 2cB*B ( c 0 = l ) 
o 

satisfy the functional équation 

where 

Then 

Jftg) »(X, l)(Xt 2)...(X, n) w 

F(x) o g(i)gP)...g(nï 

(0, n) = 1 (n = 1, 2, 3,...). 

F(x) = n (1 - *nAx), 
0 

where A, a are arbitrary constants. 
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