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The inverse Laplace transform of the Product 

exp — 2anPn K« 
[1 A i n — % 3, 4, 

Nota di F. M. RAGAB (al Oairo U.A.R) (*) 

Smnmary. - The inverse Laplace transform of 

exp l—Qanpn\Knv\^anpn\ 

where n = 2, 3, 4,... is obtained by formula (11) below. 

1. Introductory. 

Nothing is known in the literature [1] of the inverse LAPLACE 

transform of the function 

(i) exp 
i i 1 A 

Knv\ô<*"Pn\> 

where n is any positive integer greater than one and Kv(z) is 
the modified BESSEL function of the second kind. In this paper 

(*) Pervenuta alla Segreteria dell'TL M. I. il 25 novembre 1963. 
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it will be shown that the original function, whose LAPLACE trans
form is the function (1), is the function 

(2) 2 - W « 7 r - i B i ? S Î « [ A ( H ; nv), A(n; - »v): A ( » ; ~) : 5 Ç ] 5 ... 

where j», as usual, is complex, B(p) > 0, R(a) > 0, M, is any positive 
integer greater than one and the symbol S means that in the 

expression following it i is * to be reelaced by-* and the two 
expressions are to be added. Also the symbol A(»; a) represents 

a a -+- 1 oc -+- fl — 1 
the set of parameters - , , ..., . 

The function appearing in (2) is MACROBERT' S E-Îunction whose 
définitions and properties are to be found in [2], pp. 348-358. 

The following formulae are required in the proof of the LAPLACE 

transform relationship between the function (1) and (2): 

([2], p. 3 5 2 ) : ^ ¾ 

(3) E(p; a r :g; p, ; z) = 0 ^ ¾ ,2¾ p ; «r; g; p. : - 1/«), 

(\2lp. 353): If pï>q + l 

(4) E(p;xr:q]9t:s)= £ fi' r(«, - ar) | fi T(Pi - ar) | s«r . 
r = i 8=1 t= i 

• f + l ^ - l l * r » ar — PiH- 1, —, « r - p g + 1; «r —* 1 -4 - l , 

..., * , . . . , ar — a p - * - l ; ( - i ) * - * 3 | , ... 

([2], p. 394, ex 106): If R{*p+l)>0 

OD 

(5) Je-U'+i"1 JB(p ; *r : g ; p, : a/X)dX = JQ, -*-1; ar : q ; p, : s) 
0 

([2], p. 267): 

(6) W = 2 ^ [ i » l * ) - I v ( * ) ] , 

where !.(») is given by ([2], p. 347): 

(7) r«fo = fiTTV) (s ')* * " » ' • (̂  + ^ î 2v + 1 ; 2«) 
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([2], p. 346): 

(8) ^(oc; p; z) = e\Fx{9 - a; p; - s ) . 

([3]. P ; 759 and (4) p. 398) : If p > q •+-1 and n is any positive integer 

(9) S ~E[p; n*r, l : p ; «p.: se**] = ( 2 ^ ) - 1 ^ ^ ^ - ^ 

/ p ; A(n; nxr), A(H; 1) : (zin^Te^ \ 

s ! i 
<,-»* 

= 1*0 

1 2 M — 1 
, g; A(n; »pj 

\ « n7 w 

n r^i 

• S 7 E [ p ; A(»; nxr), 1 : g, A(n; »pa) : (s/»*-*)Me»*],... 
*, —• * 

where the symbols A, 2 hâve the same meaning as in (2). 
Also the following relations will be utilized: 

(10) r(s)r(l—0) = it/sin TU s. 

2. The Laplace transform relationship. 

We shali now establish the following LAPLACE transfsrm theo-
rem in which the original function is the function of t is the 
LAPLACE transform parameter whose real part is greater than 0: 

1\ . ae** 
t 

(11) /"«-* S j E L(n ; wv), A(» ; - »v) : A (n ; | j : ^ 
0 

= 2 2 8TT2 p - 1 exp 

dt = 

where n is any positive integer greater than one, i2(a)>0 and 
the symbols A, £ hâve the same meanings in (2). 

i.—i 
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To prove (11) substitute in the left side t = X/p and apply (5) 
in which ihe value of ap+1 is set equal to one. This yields 

Te-" S ^ U ( n ; nv), A(»; - n v ) : * ( n ; - j : ^ | ( « = 

0 

1, A(n; nv), A(w; - nv) : A {n ; gJ : Î^Lj = 1 1 ' 
= - S ±E 

Pi,-t* l 

= ( 2 7 : ) 8 ^ ^ - 1 S \E^ 1, nv, - nv: _a»p«e<TT ,, 

by (9) with p = 2 and g = 1 there. 
We now express each of the last two JE-functions in terms of 

the value given by (4) and combine the two resulting expressions 
by factoring out common terms. The terms which resuit from 
z*r in (4) are transformed by means of (10). We also use the défi
nition of the generalized hypergeometric function to cancel factors 
in the numerator and denominator. 

Thus we hâve 

00 

fe-"' S j J s U n ; nv), A(n; — nv) : A (n ; gJ : ̂ 1 dt = 

0 

= V*)*('+"p-'£ n - 8 » ' l (npy.j , ! ' •>•«.; 1-1-2»»; - « î j î 

— r(J_.) >2 

;(«+!) 
^=(2*r p-'-sexp -§«"J» 

1 i A' 

S r( - nv a«p» 
exp ri1 1 

. * , H- nv ; 1-4- 2nv 
1 41 ; *V|, 

by (8) 

:(2w)i<"+ 1 )w-t|)- lexp 1 i i l y * 1 i i. 
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by (7). The resuit n o w follows from (6) and (11).is proved. 

A s particular cases, w e take n = 2 in (1) and (2). Then the 
or ig inal function whose L A P L A C E transform is the function 

(12) 

i s the function 

1 A i. 
K2 

1 A i 
9a%P% 

„8, 3 - l , - V J 4 < + i, - , , - , + ^, |?£) . 

Also w h e n n = 3, then the original function whose L A P L A C E 
transform is 

(14) 

i s the function 

« 3 

exp 
1 A A 

K,v g ospa , ... 

(15) MiM-Hv v + g , - v , 
3 ' 

2 . 1 1 5 . ae<* 
3 * 6 ^ 2 ' 6 ' 27* ) • 
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