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Operational Derivation-of Some Formulas for the Hermite
and Laguerre Polynomials

by W. A. AL-SavLam (%)

Summary. - Various generating functions and formulas are derived by
means of the operators e—D* and Dn.

1, The Hermite polynomials |H,(x)| may be defined by means
of the Rodrigue’s formula

(t1) DMe—* = (— 1)" e—** H,(x), D =D, = d/dzx.

Another operational representation, mentioned by GouLp and
HorPER [4], is

(1.2) e—Dix" = H, (x/2).

We shall employ these operators to obtain, in a simple and
rapid manner, various properties of the Hermite polynomials. One
of these, namely formula (1.7), is believed to be new.

To start with let us operate on the identity

o] ir
et = 3 " -
7n=0 n:

by means of e-D". The familiar shift rule gives for the left hand
side

e—D? gt — gt g—(D+1) 14
— e*t g—(D%}-2tD+12) 114

= e® e—t’ — etf—i’

(*) Pervenuta alla Segreteria dell’U, M I. il 24 maggio 1968,
)
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On the other hand the right hand side yields

SH (x/2)

n=0
‘We thus arrive at the familiar generating function
(1.3) et~ = 3 H (x) t*/n!

which is often used as a definition of the Hermite polynomials.
This derivation may be interepreted as a simple proof of (12).

Another way of deriving (1.3) is the following: We have
formally

w ‘_ 1)” tn

e—tD —
n= o n!

D"

Now multiply from the right by e—* we get for the left hand
side by TayrLor’s theorem

e—tD e—x' — e—(l-'—t)’
The right hand side gives

g e
n=o ! Hylz) e

Combining these two expressions we get (1.3).
We shall now derive the Mehler formula

@ " T "
(4 I 5 Hfa)H,(y)= (1 — )= exp 2xyt — (x* + y*) ]
n—o M:

2(1 — 1Y)

by means of this method.
‘We need the formula [3].

(1.6) esD! g—ka' — (1 + 4ak)—VY2 exp [1 . 4ak]
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which may be proved by expanding esD* and e—¥*' in their power
series, performing the differentiation operation and then sum-
ming the resulting series

Now replace ¢ by ¢D, in (1.3) and operate on both sides
e—¥, Wo have from the left hand side

1 - 2
exp{2xtD,—#*D?, ![e~¥"] = e2+!D, i exp ll _!I4t2]

(y + 2xt)*
* [ =

T Vioap'

The right hand side gives

H( )t" Dty 69 = e~ ¥

7n=0 n=0

‘_n.’ A.(a) H.(y)

Combining these two sides we get (1.4).

We also mention that (1.4) can be derived by operating
on e—<"~¥' by means of the operator e-0,D,.

A third variation of this method is to replace ¢ by ty in (1.3)
and operate on both sides with e—D?,.

Other generating functions can be obtained in this manner.

For example if we operate on e—** by means of Dt e—tD we get
[5, p. 197],

(1.6) % Hn+ k(-’v)

th = emt—8 Hy (x — 1),
n=0

On the other hand if we employ the operator D¥ e—tD* we get

® Hantkl®),, ik . 4ta? ( x
(L7 "ioTt = (1 + 4f)~ /2 5xp i+ Beli 1)

This formula may also be derived by operating on et® by means
of Dk ¢—D*, To the best knowledge of the writer formula (1.7) is
new. The cases k==0, k=1 are given by RooNEY [6].
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We now derive the formula [2]

(18) Hu (=) Hn () = 3y 1 () Hote2) Ham—nig).

Operate on both sides of the identity

(x -+ y)m(x —_ y)m —_ (.’12’ — yl)m = k’fo (__ 1)m+k (1]:‘) a2k yz'm—zk

with the operator ¢—Pj ~Dj = ¢—D; ¢—D,.
The right hand side gives the right hand side of (1.8) To eva-
luate the left hand side we first rewrite

1 1
D:,—Q— D; = Q(D,_.-i- D,)* + 3 (D, — D).

‘We then make the change of variables x+y=u, x — y=o.
Thus the left hand side becomes

foxo (= gt Jom Joxe (= g0t Jom ] = 2m i (75} 2 (5)

and thus (1.8) follows.
In a similiar manner the identity

[y

(x + y)2m + (x — y)2m =2 ’f (Zm) azk y2m—zk
k=o0 2k
yields 'the formula [2]

2m-1 | Hom(x + ¢) + Haoml®x — y}i = ’g (21‘:) HalV 2 x) Hym—2Y 2 Y)

2, The special Laguerre polynomials {L,(@-%)(x)| possess the
Rodrique’s formula

21) D'[2® e=]=nl as—ne-=L (o-nz) n=0 1,2 3,..
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‘We have by TAYLOR’S theorem
efD[xae—J l] —_— (x -+ t)tl e—x—t

Thus we get the generating, due to Erdelyi,
@©

(2.2) (14 ¢jo e—xt = 2 ¢» L 'a—")(x).
n=o0

If now we replace ¢ by t{D, in (2.2) and operate on yB e—¥ we
get from the right hand side

y2 e 3 nl ()" L) LE-(y).
The left hand side yields
2.3) (1 4 tDy)* e—»Dy[y? e—¥] = (1 + tD,)*y — xt)P e—y+at
Now replace y — «¢ by u then D, — D, and(2.3)-becomes
(1 + tD,)s e—2tDy [yBe—v] = (1 + tDy)*[ub e—¥]
=e~%1 + tDy — t)5[uf]

t

=Ml — tp(l + —

Du)*[uk]

=e ¥l — tjpul 2F |—a, — §;—;
=]
1—tu)]’

Here we need to add the assumption that either @ or B is a:
positive ifiteger. In this case the oIy is a finite series and may
ae writter as ¢ ,F, by summing backward. We get, after some
reduction, the formula [L, p. 151]

_ _ (1-2t)(1-yi)
. ; (L-ytys—BtBp! La(® a>(_ __t—_>
3 n14L,0—m(@)L,E-")y)=emwt
=0

| t-ati-ssaizo-of — (2ost)
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