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Beat transiter ot laminar forced convection in 
doubly connected régions 

by U. A. SASTBY (India) (*) 

Sumraary. • In this payer the heat transfer of laminar forced-convection 
in a pipe whose outer cross-section is a Booths' Utnmscate and tnner 
cross section a circle has been tttvestigated by using Schnars's Alter* 
nating Method. 

Mathematical Formulation. 

Let us consider a steady fully developed laminar flow with 
arbitrbry heat génération in a pipe of cross-section D bounded by 
a closed curve L. Suppose the axis of the pipe be in the 3-direc-
tion. The basic m om en tu m and energy équations of the constant 
property non-dissipative fluid in cartesian coordinates are 

(1.1) V2t* = C,, 

(1.2) v*t=z[C%u- C8). 

where 

cp = spécifie heat at constant pressure, u = viscosity, 

h = thermal conductivity and <p •= density. 

Q = heat source intensity, v* i"3 t n e LAÎ»LACE operator in two di
mensions. 

Boundary conditions. 

Consider the problem of forced-convection in non-circular pipes 
with the boundary conditions 

(1.3) w = 0, t=:tw. 

where 

u = local velecity, t = local température, tm = wall température. 

(*) Pervônuta alla, Segreteria dell'U. M. I. il 17 maggio 1963. 
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Writing z = x-hiyi ë = x — iy, T = « - < w ) we can easily 
deduce the expressions for the velocity > and température (heat 
génération is constant) in the form 

(1.4) ,« = Cxai/4-4-(4/C,)[*'(«) + <F^j], 

(1.5) T=^-*-i-â<l>(a) + «*(ij-t-tKa)-f-<Wâ) 

—— C.B2 

+ 4> i (g)H_4> l {g) 1 -
where &(z), |(s) and <&&) are functions holomorphio in the région D 
of the cross-section satisfying the given boundary conditions. 

The average velocity t*OT, average température T(rt, the mixed 
mean température TM, the heat transfer rate q, the heat transfer 
coefficient h and the NUSSELT number based on the mixed mean 
température are given by 

(1.6) Aum=judA, 
D 

(1.7) ATm=ÎTdA9 

D 

(1.8] AumTM=fuTdA, 
D 

(1.9) q = (Ctum-CJkA, 

(1.10) h = — qlSTx, 

(1.11) -Nu = (hDJk) = *(AIS)>(Ct - . C%uJI TM. 

where A i s the area of the section, De is équivalent hydraulio 
diameter =(44 /8 ) , S is the circumfèrential length of the section. 

Alternating Melhod of Schtvarz. 

^Thê région B1% can be considered as the intersection of infinité 
région Bt bounded by Lx with finite région Bt interior to Lt. 
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First we write the boundary condition on (Lx -+- Lt) as 

(2) £(*) = «*) 

where L is an operator with the usual meaning. 
To obtaîn the first approximation 4>(1) to 4> we détermine the 

functions in the région Rx so that 

(»•!) L{&»)\Ll = f\u 

To obtain the second approximation we consider the solution 
in Bt such that 

(2.2) £(*<*>) lu, = f \u - £(•(«) \u 

For the third approximation we détermine in the région Bx 

the solution satisfying the condition 

(2.3) ^ " O l L i - f k - l H * " ' ) ^ 

and so on. Then * = <t>m -f- 4>(2) -f- 4><3> •+-... is the required solution. 

Cross-section bounded extemally by a Booths' lemniscate and 
internally a circle. 

Let us find the velocity field satisfying the boundary conditions 

(2) w = 0, on L, 

(3) w = w0. on L} 

u0 is a constant to be determined. 
TTsing (2) and (3) in (1.4) we find 

(4) 4>(*) -+- *(?) = — Ctt/16, on L% 

(5) = — CR*/16 -h C.Mo/4, on L, 

« = Ë*, on £ j . 

JVr«£ approximation. 

Let <f>(l) be the first approximation to <t> which is to be deter
mined in the région interior to Lt satisfying 

(6) £(*(,>) \L, = f\u 
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The function 

(7) « = K/(l + ifiT), | m | < l / 2 

maps the région interior to Lt onto the unit circle in the Ç-plane. 
Using (4), (7) in (6) and multiplying the resulting équation by 

g—. ;—•—=: where X is a point inside the unit pircle we easily find 

(8) Ô Ç) = - C6'*/32 -+- C6smKf/16(l + mV) 

The above équation can also be written in the form 

(9) <&<»(*) = - (Ckb%l32) 2 c\zin 

0 

where cn' = cwpn, p = ( 4w/62) 

(10) Ç = (b - V o* - Ïmz*)l2ms, k = 1/(1 — m1) 

Integrating (9) we obtain 

(11) S><»(s) = - (Ckb7IS2) ? c'„s*tt+V(2» •+• 1) 

Second approximation. 

Let 4><a) be the second approximation to <t> which is to be cal-
culated subject to the condition 

(12) L(^>) | i l=n^-^(* t , ,) l^ 

using (5), (9) in (12) we find 

(13) *(1)(<) + &*\t) = — CiP/16 + Ctw0 4 -h 

-H (C»«/82) ? c'„ (*ïn -+- *•») 
o 

since 4>(S) is holomorphic outside Lx we may take $tS)(oo) = 0. 
Multiplying (13) by dtj2Tii(t — z) where z is a point outside the 

circle Lx we obtain after intégration 

(14) 4>(ï)(s) = (Cfc6«/32) ? c'nE^lzx\ 
i 
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From the équation (18) we also hâve 

(15) u, — 0,(11* — &o*)/4. 

Integrating (14) we find 

(16) *(l î(s) = — (Cfc68/32) 2 c'HB*nl(2n - l)^""1 

i 

Using (9) and (14) in (1.4) wo find 

- Ckb* °° 
(17) u = Cx(zz — Jb&")/4 -T- Re 1 c'H(zin — R4nlz*"). 

4 i 

Let us find the température field subject to the boundary con
ditions 
(18) T = 0, on Lt 

(19) T= T0 . on Lx 

T0 is a constant to be determined. From (18), (19) and (1.5) we hâve 

(20) mt) + Wt) H- w) -*- W) +- *i(*> -*- $!(*) = 

cyï QW")1 _ 
= —A —Trr~ ° n Lt* 

4 64 * 

(21) -Sf-^+r.onL, 

Let <&(1>, '4>(1), ©,(I) be the first approximation to be determined 
in the région interio^ to Lt satisfying 

(22) u^\ +«>, */ 'r^=fiL a 

From (20), (22) we obtain after multiplying the resulting equa-
1 d<r 

tion by -̂—. , -, and integrating 

(23) J,(,>(s) -+- <!>(»(«) + = f (1 •+- ? c>?") — 
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- 256" U * 2 C> , P)2 - O -+- Ck 2 (c'n6*«+V(2w + 1) 

' p=o p=o 

where 

», = - (o/2m) 2 c>V-" 
i 

Second appoximation 

Let ^ 8 ) , +(î), ¢ / ^ be the second approximation to ¢ , <]/, ¢ 1 which 
is to be determined in the région exterior to Lx subject to the 
condition 

(24) H ^ » , +<», *| ( i )) lia = / k - L(*(1>. +(1>, *.(») k 

Using (21), (23) in (24) and multiplying the resulting équation 
by dtj2m(t—a), where z is a point outside the circle Lx and in
tegrating we find 

(25) +««(0) -+- *»>(•) = (CA&*/32) 2 c '^^'+VJ*» 1 - W 
i 

- (fl/2) 2 e'^'le** •+- (C64fc*/256) 

J2 Ï C ^ - H ( Î c'^lz**) | 

-+- (Cfc/32) 2°c'n6,n+V(2n + 1 ) ! 2 £ , ( 0 / 2 ^ ) ^ + ^ ^ •+-
1 ' p = i 

P = I î 

where 

0 , = 2 c'jRW-l>lz>i-1 

1 

(26) JT = (6*fc/8)(Ct - CoWfc/8), G = (tf— C64fc8/64 - Cft6'/2 

T0 can be determined fronr (6.23) using the fact that <{/<f)(oo) = 
¢^)(00) = 0. 
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The usual complex torsion function is related to the function 
¢(0) by the relation 

(27) ¢(0) = 4^0) 

writing Cx = — 2, Ct = 8, C = — 16 we obtain the expression for 
the torsion function and the torsional rigidity is given by 

(28) D* = 2yiAum 

where 

(C.M./4) = 2*C [- i gj ! ] - 32 16^2(1 f-m«)-JP | 

, o o c o / o o —(2n+i) v 

_(fc6*/32) 2 c'M6Srt+V(2w-h 1) 2 ( 2 (-l)"»'+ '(2r-*-l) Cp -+-

» fi' i 2 4 " 00 / CO -f2»-hl) \ . 

and 

(30) A = ic[*W(l -+- m1) — S2] 

The stress components are given by 

X \Gkb2 °° i i24Msin(2w-f-l)ô ) 
(31) ^ = ( ^ ï nc'H)r8»->sin(2n-l)6 _ L _ ^ L | _ w 

Y rCfcfc2 °° . I . , ,« „,A E4wcos(2n-f-l)ô] 
(32) ^ = [^-< 2 nc'n j r*"-1 cos (2n-l)Ô -H r ^ + 1 ( + * 

Writing i2 = 0, in the expressions for the torsional rigidity 
and the torsion function we obtain known results. 
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