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SEZIONE SCIENTIFICA
B R E V I N O T E

Arithmetical Functions of a Greatest Coramon Divisor, II.
An Alternative Approach

by ECKFORD COHEN (a Knoxville) (*j

Summarv. - Tkis paper is concernée 7vith the average order of arithmetical
functions f{(vi\} n)) where f is of dtvisor or totient type, The methods
are elementary, and some of the results obtained refine previously pro*
ved estimâtes.

1. INTEODUCTION. - Let g(n) be a (complex-valued) arithmetical
function, a a real number, and let the greatest common divisor
of positive integers m, n be denoted by (m, n). In this paper, as
iu J[3], we consider the average order of the function /a((*w, n)),
where

(1.1) Un)= S âf(d)8°,

9(n) ^s bounded. Note, in the cases g(n) = 1 and.
g(n) = ï*(n) where \t.(n) is the Möbius function, that \fafo) reduces
respectively to the basic divisor and totient functions, «̂ (w) and
cpa(w). For simplicity we Write a^n) = a(n)^ «p̂ w), GQ{n) = T(n).

The method of I was based on a lemma which reduced the
problem under discussion to an analogous problem for functions
in a single variable. The key lemma of the present paper is a
resuit (Lemma 4.1) which makes it possible to détermine the ave-
rage order of fa|(m, n)) on the basis of that of <ra((wt, w)). The
main resuit is contained in Theorem 4.Ï. The result oblained for
ffa((w, n\) is given by Theorem 3.1, while that for <pa((w, n) appears
in Corollary 4.1. The treatement of (7a((m, n)) is along the lines
of Césaro's discussion of the special cases, oc = 1 and a = 2 [2].
Our resul!s are, honweverj more précise than those obtained by

(*) Pervenuta alla Segreteria deirU.M.L il 20 giugno 1962.
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Césaro, who failed to consider the remainder term. In this con-
nection we note that the order of the remainder obtained in I
in the case a = 1, 0{x^ log x), is improved in the present paper
to O[x3i2). WhLle the method of the present paper is quite different
from the treatment employed in I, both papers are entirely elemen-
in nature.

2. PRELIMXKTARY LEMMAS. - If x]>l , we define the summatory
fnnction H(x) of a fonction h(n) and the summatory function
H*(x) of fc((m, n)) by

H{x) = 2 h(n)} H*{x) = S h{{m, n)).

Similarly let G(x) and 6r*(o5) represent the summatory functions
of g(n) and g((m, n)). Also place

(2.1) f(n)= S g(d)h(ï>), k(n)= S h(d).
d§=n d | n

We recall the classical identities [6, (19), (27)],

(2.2) S h(n)— S fc(n)[?],

(2.3) S k(n)= S fff-) H- S ft(»)[-l-

where [̂ c] dénotes the largest integer ^ se, and

These identities are special cases (g{n) = 1) of the relations [3>
(2.2) and (2.3fl;

( 2 . 5 ] S fln)= S ö ( H ) f f f ? W S ( ) f

(2.6) S /(n)= S g{n)H(-)= S fe(n)G f?) -

We first prove the following tAvo-dimensional analogue of (2.5).

LEMMA 2.1. - If f(n) is defined by (2.1), ttirv

(2.7) S fiia.b))= S / / ( P i / r f - ^ S
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PROOF. - It is sufficient to prove the equality of the first and
third members of (2,7). We have

2 f((atb)) = Z S g(d)h(o)^
a, b^x a, b^v dS~(a, ö) a, b^

(Sdi—a, Sd 2 =

= S </(d)M8)= S MS) 2 g((du

In case gr(»)=:l, Lemma 2.1 yelds

LEMMA. 2.2. - If k(n) ïs defined as in (2.1),

(2.8) S ma, b))= S

From this result we can deduce another relation for fc((M
due to Césaro [2].

LEMMA 2.3 - If k(n) is defined as in (2.1), then

(2.9) S k((a,b))= S ( 2 * - l)H[-\.

PROOÏ\ - By (2.8)

S h{(a,b))= S fe(«) 2 1 = S S h{n)
b b { \

= S ff(?U S fff?)- S W?) = 2 S »ff(?U 2] flf?V

from which (2.9) results»
ïj'inally, we prove the following analogue of (̂ î.rf) for functîons

of pro variables.

2.4. - (cf, Césaro [2, (7)]). If 8M o2 ^afós/^ (2.4),

(2.10) 2 *((a, 6 ) ) = 2 (2* -
6 ^
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PROOF. - We apply (2.5) and (2 6) to the nght member of (2.9)
obtaining, with g(v) =i2n — 1,

S ~k((a,b))= 2 (2n-l)H(X-)+ 2 h(n) 2 (2m- l ) -

— »

-H(3 t ) S (2» —1)

and (2,10) foïlows on suiDTomg arithmetical progiessions.

3» THE AVERAGE OEDEB OF ffa((w, n)). - We first list several
simple estimâtes that will be needed in this and the following
section.

(3.1)

(3.2)

i f a > l ;

naz=-
n^x

if a > 0

if — 1 <

S - = log a-f-v-H of - ](3.4)

where v dénotes Euler' s constant. We use S(s) to dénote the Bie-
mann zeta-function.

THEOREM 3.1. - (Cf. [3, Corollary 3.1]). If a > 1, Men

(3.5) S aa((a, 6)) = ^ t l f »(») - (̂â H- 1

(3.6)

(3.7),

(x > 2)

o g x

(a,&)) = x2(log -J-f)+ 0
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PROOF. CASE 1 (a > 1). - In this case we have, by Lemma 2.3
(with h(n) = n«*) and (3.3),

id.8) S <ra((a, 5))= 5 (2^ — 1) S d*

y A vt A \ . n ( . . . w ^ ^ 3

= : - f-2Ç(a) - C(« + 1)) + 0 (JB^-1 S A

--» that, by (3.1), (3.H), and (3.4),

S *.((«, 6)) = Ü Ü l f ^ a ) - ?(a -t- 1)) + O(*') -f- O(Ea(x)),

which proves (3.5 .̂

CASE 2 (a == 1). - In (2.10) we place h(n) = n, 0 = S, = 8, = \fx
to obtain^ with a slight computation omitted

= 2 (2» _ jw* 2 (» - m - a - if,
hence

S ff((o, b)) = S l/f fa» - I V ? + O(l))2 - i frf/. -f- 0 (1) )V O(o;3/2)

£;'• ï - ï «2I - ï
and (3.7) results, by virtue of (3.4) and (3.1). This complètes Oie
proof of Theorem 3.1
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4. THE GÉNÉRAL, CASE. - In this section we define q(n) to be
the « arithmetical derivative » of g(n)>

(4.1) q(n)= 2

Correspondingly, k(n) as defined in (2.1) in the « arithmetical
intégral » of h(n). We now prove

LEMMA 4.1. - If f(n) and k{n) are defined as %n (2.1), then

<4.2) S «(o, 6)) = 2
6

where K*(x) is ffee summatory function of k((m, w)).

PBOOF. - We recall the classical relation between arithmetical
derivatives and intégrais ([4, Chapter X, (l3)]> [1]),

the lemma resnlts on applying Lemma 2.1.
We shall also need the estimate,

LEMMA 4.2. - If g(n) is bounded, then q(n) = O(n£) for all e>0 .

PROOI1. - By (4.1) and the boundedness of \t.(n) and g(n), it fol-
lows that q(n) ~ O[t(n)) ; henee the lemma is a conséquence of the
familiar estimate, t(n) = Q>{n% [5, Theorem 315, p. 260]*

We place, as in J,

L(8,g)= ï M,
n=i -*&

and dénote the derivative of L(s, g) by L'{s, g). It is recalled that

ï~>(s)= S

so that

(4.3) L
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Our principal resuit is contained in

THEOREM 4.1 - (cf. [3, Theorem, § 3]). Suppose g(n) to be boun-
ded. then if % > l,

(4.4) 2 U((a, b)) = L{*^> a \ . (2Ç(a)-Ç(«+l))«*+i+ O(Ea(x)),
a, b^x (* -+- lj^a + 1)

where Ea(x) is defined by (3.6); in case <x= 1,

1 » I * «H ̂  *
(4.5)

"-+- L'(2, g) J

PROOF. - Dénote by Sa*(#) the summatory function of aa((m, n)).
Then by Lemma 4.1, with h(n) = na,

(4.6) S fa((o,6))= S gln)S.*(?).

We now apply the result obtained in Theorem 3.1 for oa*(ac), con-
sidering separately the two cases a > 1 and a = 1.

CASE 1 (a > 1). - In this case let £ represent any real number
satisfying 0 < Ç < 1. Also place c1 = («+ l)~](2^a) — ̂ a -+- i))- W e

have then by (4.6), (3.5), and Lemma (4.2),

S Ma, 6)) = cl!B-+i 2 ^ + o ( S

1, q) -4- 0 fa;*+l S ^ _) H- O ( 2

-4- o ( S ne).

\ n^x I

It follows readily, using (3.1) and (3.6), that
2 Ma, 6))'= cia;«+iL(a - i -1 , 3)

and (4.4) results by (4.3).

CASE 2 (a = 1). - In this case let € dénote a real number,

0 < € < | ; also place c2 = 2v = ^ 2 ) + l)/2. On the basis of (4.6)
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with a = 1, (3.7), and Lemma 4.2, it follows that

a, i^x n£x » «SE

0 ffi»/« S JjW_L\ — (ast log x •+• c,)L(2, 9) -+- as«L'(2, q)

-t-o(x*logx S -L-W of»» S l^\-t-o(x*l* 2

Application of (3.1) and (3.2) yields then

S f,((a, 6)) = (as* log x + c,)L(2,-q) + »«L'(2, g)

x)

and (4.5) follows on the basis of (4.3). The theorem is proved.
The special case a(n\ =: \i(n) yields the followmg resuit for

4.1 - (cf. [3, Corollary 3.2]). If a > 1, then

(4.7)

where Ea(x) is defined by (3.6) ;

«48, ^ ^ * . , 6,) = ^ (log .
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