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On the {H, p) summability of Fourier Series,

Nota di B. W. SAHNEY (a Sagar, India) (*)

Snmmary, - Siddiqui, Hiîle and Tamarkin have appUed harmonie &wm*.
mability method to Fourier Series. Hère the author has deflned a uew
process of summatio*?, of Fourier Series, which généralises the harmonie
summability introduced for the first tune by Kiess.

1. Let

(1.1) ®(£).oo S aHcosn£, <D(o) = 0.
n=l

foe the FOTJRTER Series assooiated with an even fnnction ®{t)
which is integrable in the sensé of LEBESGUE over the iuterval
(0, 2TT) and defined outside this range by periodicity with period 2TT.

We Write

t

(1.2) <b(t) - ƒ i <p(u) | du.

T. - If s„(t) be the n-th partial sum of the series
(1.1), then we say that the FOUIUER Series (1.1) is snmmable (H,p)
to the sum zero at the point i = 0, if

(1.3)
| (log)"» i

tends to zero as n —- oo, where p is a positive integer.
This généralises the Harmonie Summability of FOTJRÏER Series,

introduced by RIESZ [L], HILLE and TAMARKIN [2] proved the
following theorem of which a simple proof was later given by
SIDDIQUI [3].

THEOREM H-T. - If

(1.4)

(*) Pervenuta alla Segreteria dell' U. M. I. il 13 marzo 1961.
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then the Fottrier Series (1.1) is summabîe by H rmonic means -
(H, 1) to the sum &ero at the point t — 0.

We shall prove the following :

THEOREM I. - If

(1.5)

then the Fourier Series (1.1) is summabîe (H, p) to the sum zero at
the point t = 0.

Theorem I reduces to Theorem H-T when p = 1.

2. Transformation. - Since the n-th partial sum of the FOTTRIER

Series (1.1) is given by

71

(2.1) sn(t) =- I ®{t) — T — dt.
7T J ' t

0

Hence, <*n(p, t), the (#, p) transform of (2.1), by (1.3), is

129) a(v f\-fa) l 1 B i n ( n - ft)g
J l k=o

7T

r
n(p, t)dt, say.

where

3. We shall require the following lemmas.

LEMMA 1. - If Hn{p, t) is defined as in (2.3), then for

we have

(3-1) Hn(p, t) = 0(n).
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PROOF. - Since

(3.2) , * ) =
« Sin (n - k)t

A , 1

q=
= O(n).

This provee the lemma, which généralises Lemma 3 due to
SHAEMA [4].

LEMMA 2. - Tor -

n
(3.3) Hn(p, t) = 0 ( f i p ^ ï ) | 1

where S is some positive constant.

PROOF. - We have from HARDY-EOGOSINSKY [5] and TITCH-
MARSH [6]

« Bin(fe-*-!)*•
k=0 (k -H 1)

and

(3.4) = 0(1),

(3.5)
« Cos (k H- l)i

kZ0 & •+- 1)

Therefore

5 Sin(w-fc)f

Sin Cos (fc -h l)t

Cos (n -+- l)t «, Sin (fc
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= 0
11 (\ogfn

ÜUo( * )
*>n \ l \t |(log)^|/

This proves the lemma.

LEMMA 3. - If

PBOOF. - Since

(3.8)
» Sin (n — k)t

pn (iog)"(k +1)

B j applying ABEL' S transformation [7]] 9̂̂ e get

' — f£ -+* rt I it

Sini

1

q - 0

This complètes the proof of the lemma.
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4. Proof of Theorem I. - By (2.2), we have

TT

(4.1) <7„(p, t) =J<f(t)H„(p, t)dt

Now

(4.2)

Also

(4.3)

l / n 5 7T

Jp, t)dt
o l /w

Un

I, =j\(t)H„{p, t)dt
O

l /n

say.

/
=" / | <?{t) I • O(n)dt, by Lemma 1.

l /H

'o

n
= 0(n)

= 0 ~h O

= o(l)j as n —»- oo.

Un

o

= O ( l ) | | < p ( < ) |
l/n

• 0 ^) , by Lemxna 2
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Consider ing I t t l , w e have

« Ji,n .ƒ
m)

iln

1

q=C

o

= O
( l o g ) " n | / ^ V i

= o(l), as w-* oo.

Next

)
1/n

ƒ/

161

n
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ï \r \(l°ë)plt{dt

dt

ƒ dt

8

i/n

= o(l), as n —*- oo.

Thus from (4.3), (4.4) and (4.5). We have

(4.6) I% = o(l), as n —̂  oo.
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Finally

7T

(4.7) lz=J9(t)Hn(p,t)dt
s

dt b y L e m m a 3

= o(l), as n -* oo.

By collecting (4.1), (4.2), (4.6) and (4.7), we get

(4.8) cjp, t)— o(l) as n -^ oo.

This complètes the proof of Theorem I.
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